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Sur un Probleme relatif a la deformation des surfaces. 

Par B. Goursat. 



1. Dans son Memoire sur la deformation des surfaces,* Bour a montre 
qu'on pouvait toujours, 6tant donnee une surface de revolution quelconque, 
trouver une infinite d'autres surfaces de revolution applicables sur la premiere, 
de telle fapon que les m6ridiens et les parallfeles se correspondent. Une pro- 
pria analogue appartient encore aux surfaces moulures et a une classe plus 
generale de surfaces que nous allons definir. Nous nous proposons pour cela le 
probl&me g6n6ral suivant :f 

Peut-on de/ormer une surface de telle fagon qyHune serie de sections planes, dont 
les plans sont paralfeles, se change en ime skrie de sections planes dont les plans sont 
paraTMes ? 

Soit z=/(x, y) liquation d'une surface S. Toute surface S 1 applicable sur 
la premi&re peut etre definie en regardant les coordonn6es X, Y, Z d'un point 
de S 1 comme des fonctions de x, y, assujetties k verifier la relation 

dX* + dY 2 + dZ 2 = (1 +jfi)da* + Zpqdxdy + (1 +<f)dtf, (l) 

o\X _ df _ df 

Chacune des fonctions X, F, Z doit verifier Fequation aux d6riv6es partielles 
du second ordrej 

(#—rt)(I*+(?-l) + (S*-RT)(l+p % +tf)+(rT+tR+ (2) 

* Journal de l'Ecole Polytechnique, 89* me Cahier. 

t Depute que ces lignes sont ecrites, j'ai eu connaissance d'un travail de Mr. B. Mlodzieiowski, public 
dans le Bulletin des Sciences Mathematiques (Avril 1891), oil l'auteur signale en passant les surfaces 
etudiees ici. Mais il ne s'est pas pose la question a un point de vue general et n'a pas indique le mode 
de gen6ration de ces surfaces. E. G. 

X Darbouz : Logons sur la theorie generale des surfaces, t. m, p. 262. 
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2 Goursat : Sur un ProbUme relatif h la deformation des surfaces. 

P, Q, R, S, Tdesignant les dSrivees premieres et secondes de la fonction incon- 
nue. On ne restreint Svidemment pas la g6neralit6 du probl&me en supposant 
que ce sont les sections planes paralleles au plan des yz qui se correspondent dans 
les deux surfaces, de fapon que X se rSduise k une fonction de x seulement 

X = $ (x) . 

L'equation (2) devra admettre pour integrate une fonction de x seulement. Pour 
cette integrate on aura Q = r S=0, T=0, et l'equation (2) se rSduit k 

(s*—rt)(P®—l) + tpRP = 0. 

On a toujours la solution 6vidente P 8 = 1 , ou 

X= =fc x + x 

qui ne fournit que des surfaces S* 6gales k S ou k sa symStrique. Pour qu'il 
eziste d'autres solutions que celle-la, il faut et il suffit que 

# — rt 
tp 
soit une fonction de x seulement 

** — rt = tpF(x), (3) 

et le problfcme se ram&ne k Fint6gration de liquation (3). Nous voyons dej& 
que les solutions connues ne peuvent etre les plus g6n6rales, puisque liquation 
(3) contient une fonction arbitraire F(x), et Fint6gration en introduira deux 
autres. On voit en outre que, si la surface S satisfait k liquation (3), il existera 
une infinite de surfaces S f rSpondant k la question et dependant d'une constante 
arbitraire, car on aura pour determiner X = $(x) une Equation diff&rentielle 
du second ordre 

dont Fintegrale generale est 

<p= A/ 1 + Ce-tA^dx + 0'. 

On pe.ut toujours supposer C = , car cela revient k transporter la surface par- 
allMement a elle-meme. 

2. Liquation (3) s'intfcgre facilement par la m6thode de Monge et d'Amp&re. 
On aura pour les Equations diff&rentielles des caracteristiques* 

dpdx + dqdy + p F(x) da? = , 
dpdq +p F(x) dqdx = ; 

♦Darboux : t. in, p. 264. 
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on en deduit aussitot les deux combinaisons integrables 

dq=0, dp+pF(x)dx=0. 

Comme F(x) est une fonction arbitraire de x, on peut toujours poser 

ij> (x) designant encore une fonction arbitraire. On obtient alors pour liquation 
(3) Pint6grale intermediate 

P±(x) = *(?)> (4) 

$ (q) etant une fonction arbitraire. Pour int6grer cette Equation par la m6thode 
de Lagrange et Charpit, je pose q=.a, a 6tant une constante arbitraire ; on 
aura ensuite • 

dz = vM dx + ady , 

V 0*0 

ce qui fournit Tintegrale complete 

z = <p(a)f(x) + ay + b t (5) 

oft /./ \ r dx 

/(x) =J W) ■ 

La m6thode de la variation des constantes donnera ensuite Pint6grale g6nerale et, 
en changeant un peu les notations, on a les formules definitives 

y=f(x)<p?(a) + <V(a), 

qui donnent Fint6grale gen6rale de Fequation 

(s> - rt)f {x) + ptf (x) = 0. (3)» te 

3. Les surfaces repr£sent6es par les equations (6) dependent des trois fono- 
tions arbitraires /, $, ^. Ces surfaces sont susceptibles d'une definition g6ome- 
trique analogue a celle des surfaces moulures. Remarquons d'abord que les 
courbes x= C l , a= G 1 forment sur la surface un reseau conjugue. On a, en 
effet, en regardant x et a comme les deux variables independantes, 

^=°> aSfc=/wc«>. ra=-V<?)*<«>. 



[a) — aty (a) , ) 



(7) 
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et, par suite, 



dy dz 



dx 

da 
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Les courbes x = G l sont les sections de la surface par des plans parallfeles au 
plan des yz ; par consequent, les courbes a = C 1 sont les courbes de contact des 
cylindres circonscrits ayant leurs generatrices parall&les au plan des yz. Or ces 
courbes a= C 1 sont des courbes planes dont le plan est parall&le a Faxe des x, 
comme on le voit imm6diatement d'apr&s les Equations (6). II suit de \k que, si 
on considfere les sections de la surface par des plans parallMes au plan des yz, 
les tangentes a ces differentes sections aux points oii elles sont rencontr6es par 
une meme courbe a = O l sont parallMes. Si on projette toutes ces sections 
planes sur le plan des yz, on aura un reseau de courbes planes jouissant de la 
propri6te suivante : les points de ces courbes oii les tangentes sont parall&les sont 
toujours sur une meme ligne droite. On en deduit la construction suivante de 
la surface : 

Prenons dans le plan des yz deux courbes quelconques C, G 1 et faisons cor- 
responds les points M, M 1 des deux courbes oil les tangentes sont parallfeles. 
Joignons M et M 1 et prenons le point m qui divise le segment MM 1 dans un rap- 
port donn6 x. Lorsque les points Jf, Jtf 7 dScrivent les courbes C, G\ le point m 
d6crit une certaine courbe C K , et, en faisant varier le rapport *, on forme un 
r6seau de courbes planes. D6plapons chacune de ces courbes d'une quantit6 
arbitraire parallfelement a Ox; la surface ainsi engendree est la surface la plus 
g6n£rale r6pondant & la question. Les deux courbes C, G 1 et la loi du deplace- 
ment donnent bien trois fonctions arbitraires. Parmi les cas particuliers remar- 
quables, on peut citer les suivants : 

1°. Si les courbes G } G 1 sont des circonferences concentriques, la surface 
obtenue est une surface de revolution. Plus g6n6ralement, si les courbes G et G 1 
sont deux courbes paraXIMes quelconques, la construction pr6cedente donne une 
surface moulure. On aura dans ce cas 



$ (a) = Va* + 1 , 
et, de plus, ^ (a) = , si la surface est de revolution. 
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2°. Prenons pour G et G 1 deux courbes 6gales, C se dSduisant de G par une 
simple translation. Alors toutes les courbes G K seront Sgales k G et la surface 
sera engendr6e par un mouvement de translation de la courbe C, chacun des 
points de cette courbe dScrivant une courbe plane dont le plan est parall&le k 
l'axe des x. Si on suppose en outre que ce plan est parall&e au plan des 
xz, $ (a) se reduira a une constante, et la surface aura une Equation de la forme 

z = F(x) + F 1 (y) ] 

on voit qu'elle admet un double mode de g6n6ration par un profil anim6 d'un 
mouvement de translation. 

3°. Supposons que les courbes G et *C soient homothStiques ; les courbes 
G K seront 6galement homothStiques aux deux premieres. Si en particulier G 
et C sont des ellipses homothStiques et concentriques, la construction donnera, 
en choisissant convenablement la loi de emplacement, les surfaces du second 
degr6. II faudra prendre ici ^ (a) = . 

4°. Si f(x) = Ax + B, la surface (6) est une surface d6veloppable, ce dont 
il est aise de se rendre compte par quelques considerations geometriques. 

4. Les fonctions /, $, ^ etant connues, proposons-nous maintenant de 
trouver toutes les surfaces S' applicables sur la surface S, de telle fapon que les 
sections planes parall&les au plan des yz se correspondent. II est clair que ces 
nouvelles surfaces seront de meme nature que la premiere. Pour simplifier les 
formules, nous ecrirons les formules (6), en changeant un peu les notations, 

y=Ax)O l (a) + Vl (a),\ inWu 






z=/(x)6(a) + 
les fonctions 0, d Xl rj y rj x satisfaisant a la relation 

ri (a) - FJa) ~ A " V 8 ) 

On en tire : 

dy =f (x) X (a) dx + [/(x) e[ (a) + y,[ (a)] da , 
dz=f(x)d(a)dx + lf(x) ff (a) + r,' (a)] da, 
d£ = dx* + dtf + d£ = dx 9 +/''(x)[?(a) + P 1 (a)]dx*, 

+ ¥'(x)[/(x)\e i (a)$[(a)+e(a)e'(a)\ + d l (a)y l {(a)+e(a)r ! '(a)]dadx . , . 
+ [/ s (xW(a) + dC(a)\ + 2/(x)i&{a)n'(a) + 6i(a) v {(a)} ( K ' 

+ n' % (a) + *7i"(a)] da*. , 
Soient X, Y, Z les coordonnees d'un point de la nouvelle surface, que nous 
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supposerons exprimees en fonction de x et de a ; X etant suppos£e fonction de x 
seulement, on aura, nous Favons vu, 

X'X" _ rt — s* _ f"(x) 
X' % -\- tp -f(x)' 

et on en deduit, en negligeant une constante additive, 

X=f*/i+nf % (x)dx, (10) 

n designant un param&tre arbitraire. Nous prendrons pour T et Z des expres- 
sions de la forme suivante 

F=/(x)e 1 (a) + H 1 (a),) (n) 

Z = /(x)e(a) +H(a), ) 

0(a), @i(a), H (a), H^a) Stant des fonctions a determiner. Des formules (10) 
et (11) on d6duit, pour le carre de 1 'element lineaire de la nouvelle surface, 

dS* = da? + f (x)[& (a) + ©f (a) + n] aV 

+ 2/' (x)[/ (aOje, (a) ©{ (a) + © (a) 0' (a) \ 

+ 0! (a) H{ (a) + (a) H' (a)] dadx 

+ If'' (*) { ©'' («) + ©T («) \ + V{*)\& («) H' (a) + ©i* (a) H{ (a) } 

+ H" (a) + Hr (a)] <Za». 

En identifiant les formules (9) et (12), on obtient les relations ci-dessous : 

(A) ©» (a) + ©? (a) = 0» (a) + 0f (a) — n, 

(B) (a) 1 (a) + © x (a) ©,' (a) = (a) 0* (a) + X (a) 0{ (a) , 

(C) (a) H ' (a) + 0x (a) Hf (a) = (a) V (a) + X (a) ,{ (a) , 
' (D) 0"(a.) + 1 '» = 0"(a) + 0i"(a), 

(E) 6» (a) H' (a) + ©,' (a) H/ (a) = P (a) >/ (a) + Of (a) irf (a) , 

(F) H'' (a) + H," (a) = V* (a) + tf (a) . 

La relation (B) est une consequence de la relation (A) ; les deux equations (A) 
et (D) determinent (a) et @ x (a) par une quadrature. On en d6duit, en effet, 

(0» (a) + 0? (aJX© 7 * (a) + e? (a)) 

= (0 (a) ©' (a) + ©, (a) ©J (a)) 8 + { © (a) ©{ (a) - © x (a) ©« (a) }», 
cad. 

{0»(a) + %(a)-n\\P(a) + 0f(a)} 

= {0(a)0'(a) + e i (a)eUa)} , + {0(«)0a(«)-0i(«)0'(«)h 



^ 



(12) 
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et par suite 

e(a)e{(a) — e 1 (a)&{a) 
&(a) + et(a) 



d . 0,(a) 

arctg 



". da "* v W£> (a) 

- e*+e>—n 



Une fois (a) et © x (a) obtenus, on aura 3 equations (C), (E), (F) pour calculer 
H'(a), Hi (a). Les Equations (C) et (B) 6tant du premier degr6, on en tire 

11 - 00{ — ©i©' 



Hi = 



@0{ — ©^ 



En tenant compte des relations (8), (A), (B), (D), on vSrifie sans peine que ces 
valeurs de H', Hi vSrifient la derntere Equation (F). 

5. Les formules pr6c6dentes renferment, comme cas particuliers, les formules 
de Bour. Si on suppose $ (a) == 1 , on est conduit au r&ultat suivant, dont la 
verification est immediate : toutes les surfaces representees par les formules 



X=yV 1 + (1 — n 2 ) F ft (x) dx, 
Y =fsfl + (l-±)F!(y)dy, 
Z=nF(x) + Fl{i/) 



r 



n 

sont applicables but la surface qui a pour equation 

z = F(x) + F l (y). 

Si on suppose rj = ri x = 0, on aura aussi H' = H{ = 0, et on n'a plus que deux 

0i 

quadratures & effectuer, Tune pour avoir X, l'autre pour avoir arc tg -gr- . 

Remarquons que ces deux quadratures sont absolument ind£pendantes Tune de 
l'autre. 

Prenons par exemple Pellipsoide 

y=\/i — -£rBco8t, 



z —v 1 jr V*™ <> 
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oik A, B, G sont les trois demi-axes, x et t les param&tres variables. Posons 
@* (0 + ©i (<) = -B* o°s f t + C 2 sin* < — n; on aura ensuite, 

J- mUt Ml 



_*/{(&— n)co&t+{C i —n)Bm t t\{B l 8m't+C*cos t t\—(B*—C*) i 6in i tcof?t 



(B> — n) cos* <+((?» — n) sin* t 
toutes les surfaces representees par le systeme des 3 equations 

no 8 



= /V,+ 



* (• - i) 



dx, 



F =\/i-^-©(0. 



v 



A* 



sont applicables sur l'ellipsoide. Si on pose tg t = u, il vient: 



0! _ /»V{-g«— n + (C*— n)tf\\B*u % + C % } — (B 1 — C*) % 



arctg-^-=/ 



w 



du 



B* — 7i + (C' — n)u % 



1 +«* 



on est ramene a deux integrates elliptiques de modules differents. 

On trouverait de meme des surfaces applicables sur le paraboloide quel- 
conque, mais les resultats obtenus plus haut fournissent une solution encore plus* 
simple. Ainsi les surfaces representees par les trois equations 



*= /^l + (1 -*)-£- <fa, 



r=/%/i + (i -£)£*, 



z= 



2a~ "*" 2bn 



sont toutes applicables sur le paraboloide 



_ a 2 y* 



Park, Mai 1891. 



Sur une expression nouvelle des fonctions elliptiques 

par le quotient de deux series. 



Par P. Appell. 



D'apr&s les th6oremes gen6raux de la thSorie des fonctions, on reconnait 
a priori Texistenoe d'une infinite de representations analytiques d'une fonction 
mfoomorphe dans tout le plan, c'est a dire uniforme et n 'ayant que des poles k 
distance finie, oes representations analytiques etant assujetties & donner la fonc- 
tion pour toutes les valeurs de la variable. Bi Ton se limite aux representations 
qui donnent la fonction sous forme du quotient de deux series convergentes 
pour toutes les valeurs de la variable, il existe encore une infinite de represen- 
tations differentes. Les plus simples sont 1°) celle qui donne la fonction sous 
forme du quotient de deux series entieres, par exemple celle qui donne les 
fonctions elliptiques sous forme du quotient de fonctions ©; 2°) celle qui donne 
la fonction sous forme d'une s6rie unique mettant en Evidence les poles et les 
parties principales correspondantes, serie qui est d6finie par le th6oreme de M. 
Mittag-Leffler. 

Plus g6n6ralement, en admettant que la fonction ait pour z6ros les points 

1 > 2 , • • • • £*v , • • • • 

et pour poles les points 

0j , Oj , • • • • O v , • • • • , 

on pourra la regarder comme le quotient de deux fonctions m6romorphes 

P(z) 

Q (*)" ' 

la fonction P (z) ayant pour zeros une partie des points a v et pour poles une 
partie des points b v ; la fonction Q (z) ayant pour zeros les autres points b v et pour 
p61es les autres points a ¥ . Ces deux fonctions P et Q sont, d'apr&s le th6oreme 
de M. Mittag-Leffler, representees par des series convergentes dans tout le plan, 
2 



10 Appell : Sur tvne expression nouvelle des fonctions 

La seule difficult^ qui se presentera et qui pourra etre considerable sera de 
calculer les coefficients des series et surtout ceux de la partie entifere des dSvelop- 
pements. 

Nous nous proposons ici de faire ce calcul pour les fonctions elliptiques en 
prenant, pour Q(z), une fonction enttere ayant pour zeros les poles de la fono 
tion situes dans une moitie du plan et, pour P (z) , une fonction ayant pour poles 
les poles de la fonction situes dans Pautre moitie du plan. 

Ces recherches se rattachent k une etude deja ancienne* sur les fonctions 
que Heine a introduites comme une generalisation des fonctions Euleriennes T,f 
et h des resultats que M. Poincare a indiques dans ses m6moires sur les inva- 
riants arithmetiques (Comptes Rendus 1879 et Congres de P Association franpaise 
pour Pavancement des Sciences, Alger 1881). Elles donnent les fonctions 
elliptiques sous une forme nouvelle mettant en 6vidence la double p6riodicit6 
d'une mani&re differente de celle qui se pr6sente dans les expressions connues. 
Voici comment Pon arrive a cette forme. 

Soient o et J les deux periodes choisies, comme on le fait habituellement, de 
telle fapon que le module de la quantite 

q = e w 
soit moindre que Punit6. Posons 

g = n(i-^) = (i-2*)(i-2<)(i-? 6 )....] 

I (!) 

1 J 

La fonction entire de z 

n= od 

w = -i [' + E ( - ■)• t , -w 4-) .... (i -n '"-"J ■ (2) 

v6rifie, comme on le voit sans peine, les deux relations 

m G(z + «) = G(z),) 

(l — g»«-V) Q ( 8 + <y) = a (z) ; J 



•Comptes Rendus des Seances de 1' Academic des Sciences, T. 89, pages 841 et 1031.— Mathem attache 
Annalen 1881. 

t Heine : Handbuch der Kugelfunctionen, p. 109 et suiv. 



elUptiques par le quotient de deux series. 11 

cette fonction 0{z) est identique a la fonction qui, d'apr&s les notations de 

Heine, s'ecrirait 

1 



*(*• ■?■) 



Si Ton avait une autre fonction F(z) satisfaisant aux deux relations 

^ F(z + o) = F(z), | 

le quotient ^ { fournirait une fonction doublement pSriodique de z aux p6riodes 

iwxi 

a et 2o'. Cherchons d'abord s'il n'existe pas de s6rie entifere en e w de la forme 

2n**i 






n = — oo 



convergente dans une certaine bande du plan des z et verifiant les relations (4). 
Si, pour simplifier, nous faisons 

Uzi 

e* = x, <f — t 
la serie cherch6e F(z) deviendra 



+ 0D 



F 1 (x)=Y^^nX 1 



00 



et elle devra verifier la relation 

(te — 1) F x (tx) = F x (x) . (5) 

Cette Equation donne entre deux coeflScients consScutifs la relation 

A n (l+t n )-A n ^^ = 0. 
D'ou, en supposant n positif 

n(n-hl) 



°(1 + <)(1 +<•)•• ••(! + <") 

et -4— r= 24,(1 + <)(1 + *) (! + <")• 

Par suite, en prenant ^ = 1 , et posant 



» = « n(n+l) 



■ ■ ■ ■■ — ^m^^ im i ■ ■■ i ■■ i i ■ « — ■ ^. ■ ■,■■!-. ■ — i- ,■-■■■ ■ ■ i ii -■ ■■ ■ i — ^^—i i i ■ 

♦Handbuch der Kugelfunctionen, page 105, 6q. (4, b). 
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et 



n=aoo 



♦ (.) = 4 + ^ g + OP+fr; ••(' + '•) (7) 

n = l 

on aura, pour satisfaire a Tequation (5) la fonction 

J\ (*) = ♦(*) + *(x) . 

La serie (6) est convergente quel que soit z, mais la serie (7) n'est convergente 
que si le module de x est plus grand que l'unit6. II resulte de la qu'il n'existe 
pas de fonction entire de z satisfaisant aux relations (4). Les deux fonctions 
$ (x) et ^ (») verifient, respectivement, les deux relations 

(tx— l)$(tx) = — 2 + <p(x), (8) 

(tx — l)^(tx) = 2 + ^(x). (9) 

La fonction ^ (#) n'est definie, d'apr&s ce qui precede, que pour les valeurs de x 
de module plus grand que 1. Pour achever de definir cette fonction, considerons 
la serie 



+ (x)=2Q 1 . 



fl = oo 



X 



_1_ , V (- 1 ) n - <* L_ 

— 1 T Z-/ (1— 0(1— f) • • . (!—<•) ' x — t n 



(10) 



Cette serie est convergente pour toutes les valeurs de x , sauf pour x = et pour 
certaines valeurs particuliferes g=l, sc = £, etc., qui rendent infini un des 
termes. Je vais montrer que cette serie (10) est identique a la serie (7) lorsque 
le module de x est plus grand que Funite ; et dans la suite lorsque je parlerai de 
la fonction ^(x) t j'entendrai par la la fonction (10), me rappelant seulement que 
cette fonction ^ (x) peut etre representee par la serie (7) lorsque mod. x ]> 1 . 

Pour montrer Pidentite des series (7) et (10) lorsque mod. x > 1 je remarque 
que, dans ce cas, la serie (10) peut etre ordonnee suivant les puissances positives 

croissantes de — ; et que les deux s6ries verifient la premifere la relation (9), 

la deuxieme une relation de la forme 

(tx— l)^(tx) = 2h + ^(x) y • (9 bl8 ) 

h designant une constante exprimee par une serie en t : c'est ce qu'on voit sans 
peine sur le developpement (10). En cherchant par la m6thode des coefficients 
indetermines la fonction la plus generale de la forme 

x HF '•'••' x n ' ' * " 



elliptique8 par le quotient de deux s&ries. 13 

v6rifiant la relation (9 tolB ) , on trouve que cette fonction est 6gale & la s6rie (7) 
multipliee par la constante h. La fonction 4<{x) definie par la relation (10) est 
done 6gale a la fonction ^ (x) definie par la relation (7) multipliee par A. Mais 
si on multiplie la s6rie (7) par (x — 1) et qu'on fasse tendre x vers 1, le produit 

tend vers la limite 2 II (1 + £*), e'est & dire 2Q Xl d'apr&s un th6oreme que j'ai 

n = l 

demontrS,* et il en est de meme Svidemment de la serie (10) ; done les deux 
series sont identiques, et h = 1 . 

En revenant a mon probleme, j'ai une fonction meromorphe satisfaisant aux 
relations (8) en prenant 

F(z)=<l>[e>>) + + [e-) (11) 

OU / %**i \ ST* ^»(» + D ***** 

f[< ' )al+ 6f (l+rt-..(l+^ ''' 

^ = »ft[-J-, +E ( i-i~ ^X-^y ^-r • 

Si alors on pose 

*^ - <?(z)' 

.F(z) et G (z) 6tant les fonctions (11) et (3), cette fonction <&(«) est doublement 
p6riodique, car elle v6rifie les relations 

4> (z + o) = 4> (z) , 4> (z + o') = — 4> (z) . 
Cherchons les infinis de cette fonction. Le denominateur G(z) Stant 6gal & 
d'aprfes les notations de Heine a pour zeros les valeurs 

I— 1 , . . . , I — QO 



\p= — oo, . . . ?j p= + oo/ 



/ 2**t\ 

le num6rateur F{z) se compose d'une partie entifere $\e m ) et d'une partie mero- 
morphe qui a pour infinis les valeurs 

Z=0 , . . ., 1= + qo 



V = — oo, . . . , p = + oo/ 



Comptes Rendu 8, tome LXXXVII, page 689. 
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Done les in finis de 4>(z) sont (Id + po), I et p 6tant deux entiers qui repoivent 

toutes les valeurs possibles. Or la fonction © x (25) admet les memes valeurs pour 

zeros ; done le produit 

tp ( z ) = X ( z ) <f> (z) 

est une fonction entfere qui satisfait aux relations 

*(* + ©) = — *(*), 

ip( z + cy) = — e ~^P(z) 

par consequent, en employant les notations de l'ouvrage de Briot et Bouquet 

* (z) = (70, ( 8 ) , 

(7 etant une constante. La fonction doublement p6riodique <I> (2) est, de cette 
fapon, exprimee a l'aide des fonctions 0, et Ton a 

W)~ ©TOO ' l 

Pour determiner (7, multiplions les deux membres de la relation (12) par 2, puis 
faisons tendre 2 vers 0. Le produit zF{z) tend vers -^r <2i> et comme 6r (0) 

7U 

est 6gal i 1, et Q * L? & V#, on a: 

On a done enfin pour la fonction elliptique v (z) la formule 



F{z) w / o' \ 



L'on obtient ainsi des expressions nouvelles des trois fonctions elliptiques 
Jt(z), /k(z), v (2) au moyen du quotient de deux fonctions d^finies par des series 
convergentes pour toutes les valeurs de z : il sufBt, pour avoir X (2) et (i (2) de 
transformer la formule ci-dessus en ajoutant ou retranchant a z des demi-p6riodes. 
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Fourth Memoir on a New Theory of Symmetric 

Functions. 

By Major P. A. MacMahon, R. A., F. K S. 



§15. 

194. At the conclusion of the previous memoir I applied the linear operations 

9o> 9i> 9 r — i > • • • • 

directly to the theory of separations ; I proceed to the further development of 
this part of the subject ; it will be merely necessary in general to consider sym- 
metric functions symbolized by positive non-zero integers. 
A previous result, given in §14, may be written 

^■= £ E ?~'"ffk~^ <- • • • 3 " 2 ' ,1P,) *■■■■»* •"■ + -'" + -'» 

v p 

the right-hand side may be broken up into fragments, in each of which the 
numbers 

are constant. 

We may thus write 

*=£& = J2 { ~ f 'i X ?^ 1 } ! ^2 (' • • • 3 p '2M*)a(....sP.+-.,P.+-.i*,+«0. 

w p 

where the linear operator 

v 
in which the numbers 



• • • 



are constant, and the summation is merely in regard to the numbers 

• • • *Pzi P%> Pli 
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that is, to every separate 

( 3Pt+»iafc+M*«+»«) f 

is one of the fragments above mentioned. 

This fragmentary operation has of course a weight 8 ; but further it may be 

regarded as having a partition 

( 3*»2^1*') 

of the number «; we may so define the fragment and may write, for brevity and 
convenience, 

7 A 3^2 p 'l^)3(....3P>+'^ + 'u^ + *0 = 9 r (....3 ir t ir n'>). 

p 

The operator relation is now written 

the summation being in regard to every partition 

( 3*»2*»l ,r 0. 

of the number s, which occurs in the given separable partition. 

195. Considering a perfectly general separable partition, every partition of* 
may occur, and it is, in consequence, convenient to discuss the full result 

(-) 8 V^(-) 2 *(2tt-l)! 

the summation having reference to every partition of the number s. 

106. Just as in the ordinary theory we meet with a linear differential 
operation corresponding to every number, so here in the wider theory of separa- 
tions we are brought face to face with a linear differential operation which is in 
correspondence with an arbitrary partition of an arbitrary number. 

197. In the simplest cases we have the equivalences 

9i = 9o)> 

9* = 9<P) — ^9(2D + 3<7 (8) , 

ft = 9{V) — 4 &*i«> + 2 9m + 4 9w) — 4^4), 
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each weight operator g Xl g 2l g 3l g 4 , . . . . being expressible as a linear function of 
its fragmentary partition operators according to the same law as the sums of 
powers are represented by elementary (that is, unitary) symmetric functions. 

198. Let g(....s w n w *i w *)> 9{. . . . s* 2* 1*) » 

be any two partition operators of the same or of different weights. We have 
the known theorem : 



9{. . . .3*32**1*0 £(....8*2*1*)— 9(. . . . t w n w n w *) 9i . . . 3*2*1*) +{7(. . . .z w n**i w *) "f <7(....8*»*i*)» 

where the bar written over the product on the right denotes that the operators 
are to be multiplied together symbolically and the symbol "j" denotes the per- 
formance of the operation g(.. m .z*H w n w *) upon the operator £(.... s*»*i*) > where 
the latter is considered to be a function of symbols of quantity only. 
Now since 



9( 



.. ..s^'n'O = 7 ,(' • ' ' 3 * ,2/,1 ' , )9(....s' +*•»/»+ »q/i + »i), 



£(....3*2*1*) = 7 , (• • • • 3 i • +ff, 2 /a+,ra l• ;, + ,r, ) 3(... # ^ + », + p, 2 i, + ir 9 H-p n i l +ir 1 +p l ), 

there results 

9(. . . . S'^'U'i) "t" <7(. . . . 3*2*1*) = <7(. . . . 8*> + *»»■ + *r» +* ) , 

and, thence, the multiplication theorem 



£(. . . . 3 v *2"n w i) 9(.... 3*2*1*) — £(. . . .S*'**'!*') £(.... 3*2*1*)*+ £(. . . . 8*» + *r« + *l»« + * ) > 

analogous to the known theorem 



9s9t = 9s9t + 9s + t, 

with which it should be contrasted. 

199. We are now led to the result : 

£(.... 8'^'n'i) £(.... 8*2*1*) — 9(. . . . 3*2*1*) £(.... S'»8*U»0 = ° • 

The expression on the left has been termed by Sylvester (in his Lectures on 
Reciprocants and elsewhere) the alternant of the operators involved. 

Tlveorem. The alternant of any two partition operators vanishes. 

200. This theorem again leads us to two corollaries — 

Corollary 1. The alternant of any partition operator and any weight operator 

vanishes. 
3 
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where G lf G 2 , G 3 . . . . are the obliterators before met with, we notice the simi- 
larity of the two laws of operation. 

211. We deduce 

tfi = 0i = 0(D> 

2^8 = 0? — 0» = 0?d — 0u») + 2 l7(a» 

6 <3s = 0i — 3^i + 2ft» 

= 0(1) — *9w0w + 2 9 r d') + 6 ( 0(2.0(1) — 0(21)} + 6gr w , 
24<? 4 = (tf — 6ft*rf + 3$ + 803^ — 6ft, 

= 0(i) — 6 0ii«^?D + 3 0?i') + 8 0(i')0d) — 6 0a«> 

+ 12|ft 2 ^,) — g 9) g m — tymtfa) + 20 w } + 12 {g^ — g (V) \ 

+ 24 {0(3)0(i) — #si)} + 24ft 4) , 

after some slight reduction. 

212. We can thus always express the obliterators G u G t , (?,, . . . . in terms 
of successive operations of the linear partition operators. 

To see the law, on the right-hand side of the identity, last obtained, replace 
each partition by a partition containing a single part equal in magnitude to the 
■weight of the partition and omit the literal symbols altogether. We thus obtain 

{(l)«-6(2)(l) 2 +3(2)»+8(3)(l)-6(4)}+12{(2)(l) 8 -(2)»-2(3)(l) + 2(4)} 

+ 12{(2)*-(4» + 24U3)(l)-(4)K24(4), 
which is 

24 (l 4 ) + 12.2(21*) + 12.2(2*) + 24(31) + 24(4) 

= 24{(l<) + (21*) + (2»)+(31)+(4)}. 

It is easy to establish h f>riori that this must be so. The expression of 
24 G A breaks up into 5 portions corresponding to the 5 partitions of the number 4. 
In general the expression for G 8 breaks up into as many portions as there are 
partitions of 8 , and in general 

_^ (—)'>>+i>*+....+i+'*+-..- ( (l l + n i 1 +. - .— l) l|M ft+wt,+ - - -— 1)U L ' 
'~2L L X \L 2 \.... I hlm.l.... j 1 Z 2 !m 2 !.... J 

— ^?» , v," , *....) fl £^"«....) — ' 

where fill*? 1 • • • O^'W^J" ) L% . . . • 

is any separation of any partition 

(XV* ) 

of the number 8. 
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213. Instead of expressing G 9 in terms of successive operations of linear 
partition operators, we may express it in terms of operators formed by multiply- 
ing together the partition operators symbolically. The system of relations is 

2G f , = flfi ) + 2 y ( 2), 

6&J = ffil) + 6 <7(2)<7(1) + ty(8) , 



24 G A = g\ X) + 120^ + 12$ 2) + 24^3,^) + 24g w , 

and in general 

G ' ~ L^ T\m\T77. ^^ 

■ 

§18. 

214. In what has preceded in respect of the linear operations g u g 2l g 3l . . . . 
a generalization has been made from a number to the partition of a number and 
weight operators were broken up into linear functions of partition operators. 

A like generalization can be made in respect of the obliterating operators 

Ctj, ur 2 , Cr 3 , .... 

215. Suppose a symmetric function 

f(au<h,<H, ....<*„....)=/ 

to be the product of m monomial functions, and write 

f — flflJZ' • • -/m* 

If a, be changed into a 9 + /Ka,_i, we have from previous work 

(1 +fiG x + [i*Go + (i*G 3 + . . . . + [i'G, + . . . .)/ 

= (1 + (iG x + (i 2 G % + ....+ {i'G, + )/ x 

X (1 + (iG x + (i*G % + . . . . + (i'G, + . . . .)/, 

x 

x (1 + (x G x + (i*G 2 + ....+ (i'G, + )/*, 

and now expanding and equating coefficients of like powers of (i, there result: 

#i/= 2 (#l/l)A/3 /m, 

G 2 f=2(G 1 f 1 )(G 1 f 2 )f 9 .. . ./* + 2 (a,/)/* . . . ./., 
<Vi = 2(GiA)(GiMGif*)A ..../• 
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which for brevity may be written 

F(A)=/(a). 

225. We may instead consider any number of such identities ; but first of 
all, for the sake of simplicity, let us consider four identities 

F{A) =/(«), 

*(C)=Ar), 

F(D)=/(6), 

and add the auxiliary identity 

F(K) =/(*)• 

226. Assume the quantities herein involved to be connected by the two 
relations 

1 + K +K,y +Ktf* + ... = nil+B +a.B iy +a\Btf + ... 

+ K_!— + K_,A +... ' + — B_ x — + ^B_ t X + ...r 

1+A+Ay +Aj/* + . .. = n/l+K 6 +y,K,y +7?^ + ... 

y 2 2r \ y, y r, tr 

Denoting 2a" by (m) a , it has been shown in §10 that these relations lead 
to the identities 

(m) t = (m).(m) yt 
so that eliminating (m\ we have 

this is equivalent to the result of the elimination of the quantities K between 
the two assumed relations ; in fact we find immediately 

1 + A.+ Ay +Ay* +...=Tm(l +B +a g y t B i y +aJy?A/ +••• 

+D-A +D_ a A+... + — B_ 1 ^-+-± 3 B_ t ^ i +... 

y T "*Yt y o-TYt IT 

and the result is then reached by taking logarithms and expanding in powers 
oiy. 
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In the found relation 

(m), = (m) a (m) p (m) y1 

m may be any integer, positive, zero or negative. 

227. The expression (m) 6 remains unchanged for any permutation of the 
sets of quantities 

Oil , (Xg » OC3 , • . . . 

Hi J P%i PZi • • • • 

y 1 t y% » y% j • • • • 

and hence every symmetric function of the quantities 

Ojj O2, O3, . . . . 

remains unchanged for all permutations amongst the three sets mentioned. 

228. Thus if we have found 

Ow*? — )*= — + /(jpi:pp — ).(*£# — y^r^. .. .)y + — 1 

we necessarily have 

(sf l *J« ....)«=....+ J{ {pVpl* . . . .)«(^i 1 ^ • • • •M/kJVi 4 • • • -)y + 5 similar ex- 
pressions obtained by permuting a, and y\ + . . . . 

229. The two assumed relations lead, as shown in §10, to the operator 
relations *.== (m).^., 

k9m = {rn) y ^ m , 

and thence 

(™)« tf m = (ro) a „g m = (m) fi p g M = (m) y y g mi 

showing the invariant character of the operation 

for any transformation of a function of the quantities D into a function of either 
of the sets of quantities A, B, G as given by the relations assumed. 

230. Since p9m = (m) a (m) y6 (f my 
we may write 

f&o+f&i!/ — i^22^ + • • • • 

= (0).(0) v # + (l).(lWtf - i (2)„(2) y tf,y» + • • • • 

+ (!).(! W-i ]r ~ i (2).(2) y tfr_,-i- + . . . . , 
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and by taking the exponential of each side, we reach by previous work the 
relation 

1 + pGo + pGtf +00^ + 

+ 0^-1 "T" + &&-% 7f + • • • • 

= nn(l + *<?<> + o.y, ,G x y + afoOtf + 

111 1 

"T" && i "t" ~~ i~ 1 A v7"_i T "i • • • • 

showing that in any relation, connecting the quantities D with the quantities B, 
we obtain an operator relation by writing 

fi G M for D m , 

and h G m for B m . 

231. In the relation just established we may make any permutation of the 

letters a, /?, y, so that, regarding the quantities D as expressed in terms of the 

quantities A or (7, we may write 

a G m for D m , 

6 G m for A m , 

or y G M for D m , 

6 G m for <7 m 
in either case. 

232. Consider now the quantities D expressed in terms of the quantities C, 
so that by multiplication we obtain a relation such as 

d* p \D% — = . . . . + z(xi*ir — )a((ii i t# % - . . hOii<% — + — i 

and also two others such as 

Wflk = + M(p\>pl* ^(ftr'/rf 1 MlC* + n 

.D? X D£ = ....+ Nffltf . . . MpVp? • • • -WJO!?- • • • + — ni 

233. Assume, moreover, 

{8\%*. . ..)* = .. . . + J{{^^. . . .) a (ti? l l4* • • • -MlW- • ..)* + ••••}+•••• IV 
The relation I yields the operator relation 

y G;\ y G;i .... = .... + Z(xi*jr . . . .WTW ....), *G% 6 G%. ... + ...., 

which, performed upon opposite sides of IV, gives 

— +X(xi'^« — Xie-i'n? — )fi = — +J{Wity — ).(&'[£*' • ••)/> + — . 
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whence L = J, 

and similarly, M=N=J; 

that is, L = M= N. 

234. Hence in the relation 

d;^ — = — +L(XM — ) a (^i>?* — )&;(% — + — , 

if any permutation be impressed upon the three partitions 

« 

(ai*jr — ), Qipiip — ), (jppjp? — ), 

the numerical coefficient L remains unchanged. 

235. More generally consider n identities 

F{A,) =/( ai ), 
F(A t )=f{a t ), 



F(A n )=/(a n ), 
and therewith, n — 3 auxiliary identities 

JW =/(«0, 



236. Assume to exist between the quantities involved n — 2 relations, viz. 

1+K M +Ki,,y +&uHf +--. = n/l+A,o+as.^i.iy +a|,.A«y* +•••' 

1 1 8 1111 

which for brevity write 

and also 4> (K 2 ) = $ (a 3 , * x ) , 



*(K n _ 3 )=$((X n _ 2 , *«-4)> 

237. Observe that the relation 
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is symmetrical with regard to the sets of quantities 

a. + ,,x, a. +M , a. +M , .... and *._ 1>lf x ._ ut , x,_ ht 

238. We can now eliminate all the auxiliary quantities. 

We have 

(m) Ki =(m) m ,(m\ i , 

(fn) H ={m) a% {m) Ki , 



and thence 






(m\ n =(m) ai (m)^ «.„ 

and thence, as before, we obtain the identity 

= II . . .II / l+-4 lf 0+0,^,03.,, . . . a n ^^ 8m _ x A l%1 y+a\ %8% a\ %Bt . . . al^^A^ + . . . 

*"" 1 ' 1 11 1 

' rZ 7i ^ ^1,-1 17 + ^ » 7F~~ ^l, -i f T + • • 

239. This result is invariant for every substitution that may be impressed 
upon the sets of quantities 

Ctl, CL%, (X3, • • . • & n — l* 

240. Proceeding by the same method, as in the preceding particular case, it 
is easy to prove that if the identity above given lead to a result 

-*». *», 1 »♦ V « - - * ' 

+ z (?^«xfe . . .)„ (x^xsr . . . .) a , . . . (xj?- v^tzVi • • -k_ A\\A\\, ... + -.-, 

wherein L is a numerical coefficient, the number L remains unaltered when any 
substitution is impressed upon the n — 1 partitions 

v'Wi 1 ^*?* • • •)? 

241. This theorem expresses a very general law of symmetry. For its 
further examination I shall restrict myself to partitions which contain positive 
integers, zero excluded. This restriction is made with the sole idea of avoiding 
complexity in the expressions. 
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242. Consider these relations 

1 + 4u a + A 8l &?+ = (1 + a M x)(l + a 8 , % x) . . . . , 

(*= 1, 2, . . . . n), 

and 1 + K 8tl x + K, f2 se* +.... = (1 + x t%1 x)(l + x 9%% x) , 

\s= 1, 2, . . . .{n— 3)f. 

243. The relations, assumed to exist between the quantities involved, 
become 

l+K M y +K M y* + . . . = TI (l+a 3i8 ,J M y + al 8t A lti y* +...), 

l+K M y +K M y* + . . . = Il(l+a^ 99 K hl y +< H K X ^ +...). 

l+K B _ 8il y+K fl _s i ^ J +. . .= n(l+a n _ 2i ^_ 1 K,_ 4 , 1 y+(4_ 2>% _ i K n _ 4i! y+. . .), 
l+^«,iy +4,,#* + • • • = n(l+a n _ 1 , N _ I K B _ M y+a*_i,.._ 1 K n _8, 8 y 8 + . . •)> 



»n-l 



y being an undetermined quantity. 

244. Multiplying out the right-hand sides of these identities, equating coeffi- 
cients of like powers of y in each and employing the partition notation, we 
obtain 

K M =(l).Ai, 

K,,, =(2) a ,J M + (l») ai ^, 1 , 

K 1(8 = (8M„ + (21)^,.,^,! + (lXA{ lt 

K^i =(l) a ,K 1>1) 

K,,, =(2) a ,K M + (l s ) tt ,Kj,i. 

K,., = (3).,K li8 + (21) a ,K 1(2 K M + (l^Ktx, 



-^••1 = ( 1 )h-i^«-3,1i 

4i,* = (^.^n-S^ + ( l8 )«,-iK£-S,li 
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245. We can now, by direct and successive substitution, express the quan- 
tities A 

in terms of the quantities 
and the symmetric functions 

and thence form directly any product 



AAA 



• • • • 



expressed in the same manner. 

246. We can also verify the relations 

A.i — *K % = (2)^(2)^. . . . (2)^04?,! - 2^, 2 ), 
<! - 3< 3 4,i + 3< 3 = (3)j3) tt3 .... (3)^^ - 3A h2 A hl + 3A hz ), 

(m)^ = (m) a £m) ai ("O^tn).,, 

which have been previously established. 

247. Reverting to the law of symmetry, which it is convenient to express 
in the form 

where L is unchanged for any substitution impressed upon the n — 1 partitions 

K^-sY^S • • • •) 
(s= 2, 3, . . . . n) ; 

I recall that in the present instance the partitions are restricted to contain as 
parts, positive, non-zero integers. 

248. Guided by the distribution theorems of the first and second memoirs 
in this Journal, we may enquire the meaning of the number L in the theory of 
distributions and of the law of symmetry connected with it which is here brought 
forward. 

§20. 

249. In the first and second memoir I considered the distribution of objects 
of a certain type into parcels of a certain type and obtained a law of symmetry 
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by observing that it was immaterial whether an object was supposed attached to 
a parcel or a parcel attached to an object. 

250. The consideration of both objects and parcels is in point of fact unneces- 
sary. The parcels may be considered to be objects also, but of a different nature, 
and the distribution to be of objects of the first set with objects of the second 
set so as to form a number of pairs of objects, each pair consisting of an object 
from each set. 

251. The result of this distribution may be regarded as the formation of a 
new set of objects of a two-fold character. Thus if the two sets of objects be 

(hi a n a 2> (hi the first set, 
hi hi hi hi the second set, 

we may make a distribution 

aihi «i&i5 «A> <ht>%i 

and look upon this as a new set of four 2-fold objects. We may then say that 
we have distributed objects of type (2*) with objects of type (31) so as to form 
two-fold objects of type (21 2 ).* 

252. The new method of statement arises naturally from the observed 
reciprocity between parcels and objects. Together with the new set of two-fold 
objects we may now consider another set of objects, say 

c \i c i\ c ii °%i 
and making any distribution 

«A> a\b\> ajb\i aj>2, 

c l i (hi c l ) c % i 

we arrive at a new set of three-fold objects 

<hh°if ai^iCj, ajbiC l9 ajb&i, 

which constitutes objects (3-fold) of type (21*) obtained by distributing objects 
(2-fold) of type (21 2 ) with objects of type (31). 

253. Thus from the three sets of objects 

a lt a lf a*, a 2 of type (2 3 ), 
hi hi hi h of type (31), 
ci, c lf c lf c z of type (31), 

•In the first memoir this was stated to be a distribution of objects of type (2 s ) into parcels of type 
(81) with a partition of restriction (21 s ). 
5 
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we have obtained a distribution 

#i&i c i> fli&i c i> a a^i c i> <bfr&\% 

which constitutes objects (3-fold) of type (21 2 ). 

254. Consider the problem of finding the number of distributions obtained 
from these three sets of objects, given by their types, so that a distribution may 
be constituted of 3-fold objects of given type (21 2 ). 

255. The two sets of objects 

a ly a Xl Oa, a*, 

b u b Xl bu b 2 , 

may be distributed into sets of two-fold objects of a variety of types. Each of 
these sets may be then distributed with the objects 

and one or more sets of three-fold objects of type (21 s ) may or may not be thus 
reached. 

266. Forming the relations 

-^3 f 3 = (3)2^1,8 + ( 21 )2Ki, 2 Km "t" (l s )iKj t ii 
we find 

•^8, 8-^s, i = « • • • + 2(2 z ) s K li8 K^ 1 + . . . . , 

which (see first memoir) shows that when objects of type (2*) are distributed 
with objects of type (31), the set of two-fold objects formed is necessarily of type 
(21 2 ), and they are 2 in number. 

257. We have now to find the number of distributions of objects of type 
(21 8 ) with objects of type (31) so that the distributions may be of type (21 2 ). 

Writing ^ = (1)^, 

K M = (2)iafi + (i , xar? 

we find K lfS K? f x = + 2 (Sl^T? + 

From this it appears that any set of objects of type (21*) may be distributed in 
two different ways with any set of objects of type (31) in such wise that the dis- 
tribution is of type (21 2 ). 

258. Combining the two results, we have 

■^a.8 -M = • • • • + 4\2*) % \&l)iTi7i -+"••••» 
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showing that the whole number of distributions, of the given type, of the three 

sets of objects is 4. 

These are in fact 

c*i&i c i> afifoj a t biCn a % bfo\ 

a A c i> a \b\Cn ctffifyj <*Jb%C\, 

a A c i> a 2^i c i» a J>i c u aJ>tfH] 
a^biCi, a^iCj, Oi&iC 2 , a,\b#i. 

259. Consider n sets of objects of types 

JPf>, P?\ ....Pf"> (f!=n) 

and let it be demanded to find the number of distributions into n-fold objects of 
type t. 

260. The two sets of objects whose types are P£\ P^ } may be distributed 
into a set of two-fold objects of r % different types, say 

<*12 » -*12 j • • • • P\$ • 

261. Selecting at pleasure any one of these sets of two-fold objects, say one 
of type P^, we may distribute it with the set of objects of type Pf> and thus 
obtain a set of three-fold objects which may be of r s different types ; say these 
are po) p(»> p{u) 

262. Again selecting one of these sets at pleasure, we may proceed succes- 
sively until finally we arrive at a set of n-fold objects which may be of r n differ- 
ent types which may be denoted by 

-*123 ... > -*128 . . . n > • • • • -*m . . . n • 

One of these types may or may not be identical with the given type T. 

263. Performing the process above indicated in all possible ways, we reach 
all the distributions into n-fold objects of the given type T. 

264. The analytical process for arriving at the number of such distributions 
is simple and elegant. We have merely to combine the successive processes 
into a single process, as has been already done in the simple case considered 
which has gone before. 

265. Recalling the previous notation and writing down the relation 
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I now state definitely the meaning to be attached to the number L which may be 
gathered from the preceding. 

266. Let there be n — 1 sets of objects of types 

(**¥*& ) , 



The number of distributions into n — 1-fold sets of objects of type 

(afrA& ) 

is equal to L. 

267. From this statement it is immediately obvious that any substitution 
whatever may be impressed upon the n — 1 partitions 

(*= 2, 3, . . . • n), 

and hence in the above written identity the number L is unchanged when any 
substitution is impressed upon these n — 1 partitions. 

268. This distribution theorem thus involves an intuitive proof of the gen- 
eral law of symmetry. 

269. It should be borne in mind that the general identity is constructed 
through the medium of the identities 

K M = (1M MI 

K H =(Ui + (Vu. 

K M = (3)^,3 + (21).,^,^ + (lXAi,, 



8=2. 3, ... , (n— 3) 



K.,» = (2)., +1 K,_ M +(l*) a>+l Kj_i il , 

K.., = (3) a . +l K J _ 1 ,,+ (21) at+i K._ M K._ 1 , 1 +(l^ +t K»_ 1 , 1 , 



A,,i — (l)^_,K n _8,i, 

-4«,2 = ( 2 )«._ 1 K»-8,»+(l , )«._ 1 K;_s,i, 
^».3-(3k_ I K„_ s , ? +(2l) ai% _ i K n _,,,K ) ._,, 1 +(l«) a ._ i K^ 1 
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270. I propose to obtain the general result for the case of n = 4 and three 

objects in each set. There are then three sets of objects. 

We have 

Ki,i= (1)0,41,1, 

^,, = (2)^,3 + (i 2 Mf, 1 , 

K M = (3)^,3 + (21) H A hn A ul + (l%Ai %l , 

-^4,1 = (l)a,K lfl , 

A^ = (3) a ,K 1<8 + (21) a ,K M K M + (l 8 ).,^, 



in order to eliminate the quantities E . 

271. The result is, writing (3) a# = (3), for brevity, and so on, 

^4.8 = (3)a(3), A.8 + {(3) s (21), + (21) 8 (3),} A lti A ltl + {(3) 8 (1 8 ), 

+ (l 8 ) 3 (3) 2 M?.i+ (21) 8 (21),(^M„ + A* n ) 
+ 3{(21) 8 (1 8 ) 2 + (l'U21) s }AU+ 6 (l 8 )^ 8 ),^,,, 
A»Ai = (3)8(3),^^! + ](3) 3 (21) 3 + (2l) s (3),}(,M n + A* n ) 

+ 3 { (3) 8 (1 8 ), 4- (1 3 ) 3 (3) 2 } A\ x + (2l) 8 (2l) a (A 12 A n + 4A* U ) 
+ 9 {(21)3(1*), + (1 3 ) 8 (21),^? 1 + 18 (l'Ml'ML 
AU = (3) 8 (3),^ x + 3 { (3) 3 (21) 2 +(21) 8 (3),^? 1 + 6 {(3) 3 (1 8 ) 8 + (l s ) 3 (3),} A» u 

+ 9(21)3(21),^ + 18-1(21)3(1'),+ (1 S ) 8 (21),}^ 

+ 36(1 8 ) 3 (1 8 ),^« 1 . 

272. The symmetry is manifest, and representing by 

[(3)(21)(1 3 )] 

a distribution of three sets of objects of types (3), (21) and (I s ) and so forth, we 
obtain for the numbers of the different types 

[(3) , (3) , (3)] = As, 
[(3) , (3) , (21)] = A hi A hl , 

[(3) , (3) , (l 8 )]=J!,x, 

[(3) , (21), (21)] = ^,,,^ + ^, 

[(3) , (21), (l 3 )] = 3,1?,,, 

[(3) , (1»), (1 3 )] = 6^ (1 , 

[(21), (21), (21)] = A hS A hl + 4Al 1 , 

[(21), (21), (l«)] = <Li« Ml 

[(21), (I s ), (I s )] = 18^, 

[(I 8 ), (l 8 ), (l 8 )] = 36^f (1 , 
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where for example the seventh of these results is to be interpreted as indicating 
that of three sets of objects of types (21), (21) and (21) respectively, there is 
one distribution of type (21) and four of type (l 8 ). 

273. Taking the objects to be 

a lf a lf a, of type (21), 
*i, *i, b % of type (21), 
c l ,c x ,c % of type (21), 

the five distributions are in fact 

aibiC l9 dibtfu «2^s c 3 of type (21) 

and Q>ibiCi, ai&iC 2 , ajb^c^ 

aAci, a x b % c % , aJ^Cx I 

, , , >oftype(l*), 

ci^sPi, aiPiCn a^fify 

a ib\C2i ^ib^Cij a 2 &iC 1> 
and observe that there are no others. 

274. I have extended the subject of these four memoirs in a paper under 
the title " Memoir on Symmetric Functions of the Roots of Systems of Equa- 
tions" in the Philosophical Transactions of the Royal Society of London, Vol. 
181 (1890), A, pp. 481-536. 

Woolwich, January 10, 1890. 



Multivalent and Univalent Involutory Correspondences 

in a Plane determined by a Net of 

Curves of n* Order. 

A paper read before the New York Mathematical Society at the Meeting of February 6th } 1891. 

By Chas. Proteus Steinmetz, YonJcers, N. Y. 



Introduction. 

[In the following, points will always be denoted by German letters, lines and curves by Latin 
letters ; planes, pencils and nets by Greek letters.] 

§1. — Ranges of Points. 




Fia. l. 



Let us assume two straight lines g and h. Then, between the points r and 
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9 of these lines g and A, a correspondence can be established so that to any point 
r on g corresponds a point 9 on h. 

The simplest way to produce such a correspondence is from a point p taken 
at random, but outside of g and h , to draw a pencil of rays and attribute to 
each other the two points of intersection of any ray with the two lines g and h. 

The correspondence established in this way is called "perspective" with the 
point p as the u centre of perspectivity " and has the essential property that the 
anharmonic ratio of any four points XiX % x t t A is the same as the anharmonic ratio 
of their corresponding points 9^,9,94 : 

(*ir 2 r 3 r 4 )A(9i9293?4), 
or £i_ r ? -s-£l!* = 9i^s _^_ 9i?4 

** r 3 *%** 9*?3 ?2?4 

At the point of intersection q of the lines g and h lie two corresponding 
points, one in each range. 

Analytically this correspondence is represented by a bilinear equation 
between the coordinates x and y of the points r and 9 of the ranges or forms 
g and h . 

But if we reverse this reasoning and define the correspondence between the 
two ranges g and h by the condition that the anharmonic ratio of any four 
points ^r^r* is the same as the anharmonic ratio of their corresponding points 
9i9*93!>4! then in general the connecting lines of corresponding points r and 9 do 
not intersect in a centre of perspectivity p, but envelop a conic curve, and the 
correspondence is called projective or tomographic, so that perspectivity appears 
as a special case of projectivity. 

But even two general projective ranges of points can be brought to per- 
spectivity by merely moving them so that the point of intersection q of the 
ranges g and h corresponds with itself. 

Now, if these two ranges g and h coincide with the same line, then by the 
relation of projectivity a correspondence between the points of this line— con- 
sidered as double line — is established so that to a point r , considered as a point 
of g, corresponds a point 9 of h, and to this point 9, considered as a point on g, 
corresponds again a point j on A. 

If, now, this point j is again the same point r, so that to a point r, con- 
sidered as point on g, corresponds on h the same point 9, as to r, considered 
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as point on A, corresponds on </, then this pair of points r, 9 is said to be in 
involution, and it can be proved that when in two coincident projective ranges of 
points one pair of corresponding points is in involution, every pair of corre- 
sponding points r and 9 is in involution, and the correspondence between these 
coincident projective ranges of points is called an involutory correspondence, or in 
short an involution. 

Then we see the individualities of those two coincident projective ranges of 
points g and h disappear, and the quadratic involution can be considered as such 
a combination or configuration of the points of one range, that to any point r 
corresponds a point 9, and to point 9 again the point r. 



sOt> 



e e? 

FlQ. 2. 



Such an involution is formed for instance by the third and fourth harmonic 
point. Because, when you assume 2 points a and b , to a point r always corre- 
sponds a point 9 as fourth harmonic point with respect to a, b, and to 9 corre- 
sponds as fourth harmonic point again the point r . 

The points a and b are the self corresponding points or centre-points of this 
involutory correspondence. 

This harmonic range is a particular case of the general quadratic involution : 
the involution with real centre-points. 

We call this involution a univalent correspondence, because to a point r cor- 
responds always one point 9 . 

Analytically it is given by the roots of a quadratic equation, the coefficients 
of which are linear functions of a variable parameter. 

A multivalent involution on a range of points will be such a correspondence 
that to one point r corresponds a certain number of points 9 lT 9 2 • • • • 9n-i> aQ d 
to every point 9 corresponds again the point r and all the other points 9, so that 
the points of the range are joined into groups of /i, so that to a point r of a 
group correspond the other (n — 1) points of the same group, and inversely. 

Such a correspondence is, for instance, produced by a linear pencil of curves 
of n th order. Through any point r of g passes one, and only one, curve of the 
pencil which intersects g in (n — 1) additional points 9 corresponding to r, and 

6 
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to any one of those points 9 correspond again the other points 9 together 
with r. 

Therefore this correspondence is (n — l)-valent. 

It contains 2 (n — 1) centre-points, or self-corresponding points, because 
2 (n — 1) curves of the pencil of curves of n ih order touch the line g. 

For further particulars on involutions in ranges of points see Weyr, Wiener 
Berichte, 1879. 

§2. — Planes in Correspondence. 




Fia. 3. 

In the same way as between ranges of points, between two planes e and >? 
a correspondence of points, can be established so that to every point r on e 
corresponds one, or several points 9 on yj , and this correspondence can therefore 
be either univalent or multivalent 

If, now, the two planes e and 37 coincide, to a point r, considered as point 
on e, corresponds a point 9 on yj, and to 9, considered as point on 6, corresponds 
again a point j on 77, and if this point j is always the same as r, that is, if to a 
point r as point on e corresponds on yj the same point 9, as to r, considered as 
point on 77, corresponds in e, then the two coincident planes are said to be in 
involutory coincidence and produce an involutory correspondence ; and again the 
individualities of the two different planes disappear. 
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Such an involutory correspondence of elementary character is, for instance, 
the correspondence by reciprocal radii. 

Let us assume (Pig. 3) a point D as centre. Then to every point r is 
attributed on the ray | Dr | a point 9 by the condition 



Dr|' 
|Dr|x|e 9 |=r>, 

where r* is a given quantity ; and to 9 corresponds again the point r. 

All the points corresponding with themselves lie upon a circle with D as 
centre and r as radius, which is called the centre-curve or self-corresponding curve 
of the correspondence ; and this correspondence is called quadratic or of the 2 d 
order, because to the points of a straight line corresponds a circle, that is, a 
curve of 2 d order. 

In this correspondence by reciprocal radii the points of the plane are joined 
into groups of two, and the connecting lines of corresponding points all going 
through the point D, the correspondence is perspective, with point D as the centre 
of perspectivity . 

Again, a multivalent involutory correspondence in the plane is a correspon- 
dence in which to a point r belong a certain number of points 9i, 9» • • • • 9»- t 
and to any one of these points 9 correspond the other points t;, together with 
point r. 

This multivalent involutory correspondence is (n — l)-valent, and joins the 
points of the plane into groups of n. 

It is these multivalent and univalent involutory correspondences in the plane 
which I propose to consider here, the corresponding relations in spaces having 
been published in the "Zeitschrift fur Mathematik und Physik," Dresden, 1890, 
p. 219. 



CHAPTER I. 

Correspondences defined by a General Net. 

§3. — Definition and Quantivalence of tJie Correspondence. 

Let us assume in the plane a general net of curves of n th order ; that is, all 
those curves which, from three curves given at random — but which we first sup- 
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pose to have no common point of intersection — are produced linearly, that is, 
by continued formation of pencils of curves. 

Analytically, this net of curves is represented by the equation 

F(x, y) = 9J X (x, y) + dj t (x, y) + 6J, (x, y) = 0. 

Then all the curves c of this net K, which intersect in one point r, form a pencil 
of curves of n th order, and therefore intersect in (n 2 — 1) additional points 9, 
which, together with r, are the base-points of this pencil. 

Therefore, to every point r correspond (n* — 1) points 9. 

On the other hand, to every one of those points 9 correspond the point r 
and the other (n 2 — 2) points 9. 

Hence these points r .... 9 define an involutory 

N= (n* — l)-valent 

correspondence of the points of the plane. 

The locus of all those points r which coincide with one of their correspond- 
ing points 9, and thus correspond with themselves, is a curve of the 3(n — l) u 
order Z/ 8( *" 1) , the centre-curve or self-corresponding curve of the correspondence. 
(Proof, see §6.) 

§4. — The Order of the Correspondence. 

To determine the order of the correspondence, we produce the curve C 
which corresponds to the straight line g. 

For this purpose we make use of a representation of the curves c of ?i th 
order of the net K by the straight lines I of the plane E, in attributing to each 
curve of n th order c its linear or last polar-line with regard to a fixed point $ 
of the plane.* 

Then to each line I of E corresponds a curve c of K, and to each curve c of 
K corresponds a straight line I of E. 

To each pencil of curves c in K corresponds a pencil of rays in E, and 
inversely. 

Hence to every point p of K corresponds in E one point q, the base-point of 
the pencil of lines I in E, which corresponds to that pencil of curves c in K, 
which is determined by p as one of its base-points. 



* But which point $ is supposed to be no particular point of the net K . 
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But, to every point q in E correspond n* points p in K, the base-points of 
the pencil of curves c corresponding to the pencil of lines with q as centre. 

This representation is therefore 1 -f- n*-valent. 

To a straight line g in K corresponds in E a curve k, which cuts any line I 
in the same number of points q, as g cuts the curve c, corresponding in K to the 
line I in E, that is, in n points. 

Hence h is a (unicursal) curve of the n th order. 

To this curve Jc {n) corresponds in K a curve of the n*th order, which consists 
of the line g and a curve C f(n '"" 1) of the (n* — l) th order, the curve corresponding 
to g. That is — 

a To every straight line g corresponds a curve C (n% ~ 1] of the order 

M=(n* — 1), 

as the locus of the groups of (n 2 — 1) points 9, corresponding to the points r of 
the line g." 

" The order of this involutory multivalent correspondence is : M = (n % — 1) ; 
that is, the same as the quanti valence/ 7 * 

§5. — Points and Lines in the Correspondence. 

Each line g intersects the corresponding curve C (n *~ l) in (n* — 1) points, of 
which 

3(n — 1) points are centre-points or self-corresponding points, as points of 
intersection with the centre-curve S 3(n ~ l) . 

The other (n* — 1) — 3 (n — 1) = (w — l)(?z + 2) points correspond to each 
other mutually : 

"On every line there are i — — — ^ — — — ' pairs of conjugate or mutually cor- 
responding points" 

If a line g contains more than i ^ — '- pairs of conjugate or mutually 

corresponding points, it corresponds to itself; that is, all the points of the line g 

9 But these values of the order, and of the quanti valence of the correspondence, are derived only under 
the assumption of the nonexistence of fundamental points, or common base-points, in the net, and do 
not hold if all the curves c of the net K contain common points of intersection. For this case see 
Chapter III. 
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correspond to one another, and the corresponding curve of g is of the order 
(;i 2 — 2) only, or even of lower order. 

"On two lines g x and g % , given at random, there are (n* — 1) pairs of cor- 
responding points/' 

For g % intersects C r / n, "" 1) in (n* — 1) points. 

" On every line g there are 3 (n — l)(n* — 2) points which have a centre-point 
as a corresponding point/ 7 

For C (nt - l) intersects H* {n ~ l) in 3 (n — l)(n 2 — 1) points, of which 3 (n — 1) 
points lie on g. 

Hence 

"All the points r, which have a centre-point as corresponding point, produce 
a curve j5?<»-i><» , -«) f the 3 (n — l)(n f — 2) th order, which I call the conjugate 
curve to the centre-curve Z7 ,(,l "~ 1, , because 7T 3(n ~ 1)(rt '~ 2) together with Jp(*- l > cor- 
responds to IP <»-«." 

§6. — The Centre-curve H 3{n ~ l) of the Correspondence. 

Let j be a centre-point, that is, a point which corresponds to itself, or 
rather to a point j x infinitely near to j. Then the line / = | ^j x | is common 
tangent of all the curves c of the pencil determined by j. 

Hence the centre-curve is the locus of contact-points of all the pencils with 
a common tangent, or of those points where all the curves of a pencil touch each 
other. 

In such a pencil of tangent curves c, always one curve d is determined by a 
point j 2 infinitely near to the contact -point J , but outside of the common tan- 
gent < = |ah|- 

This curve d has a node or double point in j. 

Hence the centre-curve is the locus of the nodes of the curves c of the net K. 

Now the first polar-curve of any point of the plane with respect to a given 
curve passes through all the nodes of this curve. 

In a centre-point intersect therefore the first polar-curves of all the points of 
the plane, or what is the same, of three points not being in a straight line, with 
respect to that curve d of the net K, which has a node in this centre-point. 

Now the first polar-curves of the points of the plane, taken with respect to 
the curves of n ih order c of the net K, produce projective nets of curves of 
(n — l) th order, which are projective also to the net K. 



in a Plane detwmined by a Net of Curves of n th Order. 47 

Hence the centre-curve H is the product of 3 projective nets of curves of 
(n — l) th order, which are the first polar-curves of 3 points a, b, c, given at ran- 
dom, but so that they do not lie in a straight line, with respect to the curves of 
n th order c of the net K . 

Let these three projective nets be called A, B, I\ their curves a, b, c. 

Assume at random a straight line g. Every point p of this straight line g 
determines a pencil a of curves a in net A , to which corresponds in B a pencil /? 
of curves b . One of these curves b passes through p , and to this curve b corre- 
sponds in net V one curve c, which intersects g in (n — 1) points q , so that to a 
point p correspond (n — 1) points q . 

On the other hand, every point q on g determines a pencil y of curves c of 
(n — l)" 1 order of the net T, to which correspond two projective pencils a and /? 
of curves a and b of the nets A and B . 

These pencils of curves a and /?, of (n — l) th order, produce by their pro- 
jective correspondence a curve of 2 (n — l) th order, which intersects gr in 2 (n — 1) 
points p corresponding to q . Thus : 

to every point p correspond (n — 1) points q ; 
to every point q correspond 2(n — 1) points p; 

hence the coincident ranges of points p and q on line g have 3 (n — 1) double- 
points or self-cor responding points,* which, as points of intersection of 3 corre- 
sponding first polar-curves a, ft, c, are points of the centre-curve H. That is, 
11 The centre-curve H z(n ~ 1] of the correspondence is of the 3 (n — l) th order." 



CHAPTER II. 

Correspondences defined by a Net with Fixed Base-points or Fundamental 

Points. 

§7. — Definition and Quaivtivalence. 

If all the curves c of n th order of the net K pass through the same point $ , 
there intersecting each other, we call this point $ a (simple) fundamental point of 
the correspondence. 

•In general, //-projective (/* — l)-diinensional linear systems of curves of m th order produce as the 
locus of their common points of intersection of corresponding curves a curve of the order //m, and there- 
fore, for m^n — 1 , /*= 8 , 8 (n — 1). 
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If all the curves c pass through the same point Q , and have this point as a 
x-ple point, we call this point D & fundamental point of the correspondence of mul- 
tiplicity x , or a x-ple fundamental point. 

At a simple fundamental point *P, one curve c has a node or double-point, 
but in general, at a x-ple fundamental point no curve c has a multiple-point of 
order higher than x. 

Therefore all fundamental points are points of the centre-curve S. 

Every x-ple fundamental point is a x*-ple point of intersection of the curves 
c of the net K, and therefore consumes x % points 9, corresponding to every point 
r of the plane. Hence 

"The quantivalence of the correspondence is 

N=n* — 2*? — 1, 
where x< is the multiplicity of the fundamental point £<." 

§8. — Singular Curves and Singular Points. 

"Of fundamental points of a higher multiplicity than n/2, only one can 
exist. Then all the other fundamental points must be of a multiplicity equal 
to or less than n— x, where x is the multiplicity of the first point." 

" If the fundamental points D Xl C 8 . . . . Q, of the multiplicities x u x % . . . . x< 
lie upon a curve S (m) of the m tli order, and have for this curve S im) the multiplici- 
ties lf 6 9 . . . . 0,, we must have 

Otherwise this curve S (m) would be a part of all the curves c of the net K , and 
this net K therefore would reduce to a net of (n — m) th order. 

A special case is — 

44 The sum of the multiplicities of all the fundamental points lying on a 
straight line must be equal to or less than n."* 



* In the corresponding relations in space these conditions do not exist, but fundamental curves and 
fundamental lines, that is, curves and lines common to all the surfaces of n th order of the tri-dimen- 
sional system which defines the correspondence, can exist, and indeed must exist, if the correspondence 
is univalent. 
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14 If the fundamental points Q, of the multiplicities x t lie on a curve S {m) of 
the m th order, and are for this curve of the multiplicity 0<, and if 

we call this curve S {m) a singular curve of m th order of the correspondence." 

The pencil of curves c, determined by a point of a singular curve of m th 
order S (m \ consists of this curve S (m) and of a pencil of curves of (n — m) th order 
which intersect in 

points (where x[ is the multiplicity of those fundamental points Q{ which do not 
lie on S (m \ and x" the multiplicity of those fundamental points Q," which are 
0<-ple points for S {w) ). These points we term the singular points ©, associated 
urith the singular curve S^. 

To any point of a singular curve S (m) corresponds the whole singular curve 
S {M) and their associated singular points © . 

To a singular point © correspond its other associated singular points and the 
whole associated singular curve S im) . 

Therefore every singular curve S (m) is a part of the centre-curve H of the 
correspondence, but not in general any singular point. 

Hence the order of the centre-curve H is 

3(n — 1) — 2m 
and 

11 The sum of the orders of the singular curves S (m) is equal to or less than 

3(n-l) f 

2w,<3(n— 1)." 

§9.— The Order of the Correspondence. 

The fundamental points have no influence upon the order of the correspon- 
dence, and, if no singular curves exist, the order of the correspondence is 

M— n* — 1 . 

Every line g intersects a singular curve S (m) of m th order in m points, 
to every one of which the whole curve S {m) corresponds, together with its sin- 
gular points. 

Hence, if a singular curve of m th order exists, the curve corresponding to a 
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straight line g consists of the curve S {u \ counted m-fold, and a curve C of the 
(n* — m % — l) th order. Thus : 

" The order of the correspondence is 

M=n % — 2iwJ— 1, 
where m i is the order of the singular curves S (u) ." 

§10.— The General Curve G. 

" To a general straight line g corresponds a curve C of the 

M=(n % — 2m\ — I) 1 * order, 

which has every *<-ple fundamental point £< as a 

v = nx r ple point, 

if £< does not lie on a singular curve, but only as a 

y = (nx't — Swi^J-ple point, 

if £< lies on the singular curves S± m) and is a 0,-ple point for those curves." 

This curve C has every singular point © , which is associated with a singular 

curve S (m) of m th order, as a 

v" = fw-ple point, 

if 3 does not lie on any singular curve, but only as a 

v m = (m — Srn^OJ-ple point, 

if © is a 0,-ple point of the singular curve S im) . 

Between these numbers v> i/, it\ v' lf , the quanti valence N and the order M 

exists the relation 

2 (** + */' + v" % + v"'*) = (M+ 1)(M—N). . 

To prove these results, we make use of a construction for the curve C 
different from that given in §4. 

We produce the curve C, corresponding to a straight line g, by two pencils 
a and /? of curves a and b of the net K, which pencils a and b, as belonging to 
the same net, have one curve c in common. 

These curves a and b have with each other an n-valent correspondence by 
means of the points of the line g\ to every curve a corresponding to the n-curves 
b, which are determined by the points of intersection of a with g. 
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Now these w-curves b intersect a in n 3 points, n of these are points of the 
line g, and the other n 8 — n = n(n* — 1) points are the points of intersection of 
the curve a with the curve C, and, a being of the n th order, C therefore is of the 
(n a — l) th order. 

If S (m) is a singular curve of m th order, it intersects a in nm points. Each 
one of these is a m-ple point of the locus corresponding to g, because correspond- 
ing to m points of g, and the real curve G has therefore only n (n % — m — 1) 
points of intersection with a; that is, G is of the (n 2 — m — l) th order. 

Now, let Q< be a fundamental point of multiplicity » if then it is x-ple point 
of intersection of a curve a with any curve b. Therefore it is a /i#'-ple point of 
intersection of a with the n corresponding curves b, that is, with the curve C, 
and, £}, being #<-ple point of a , it is n# r ple point of G. But if it is a 0-ple point 
of a singular curve S {m) of m th order, it is mBx^le point of intersection of a with 
the curve S {M \ counted rw-fold, and therefore only a (n*? — rnflx^ple point of 
intersection of a with C, that is, a (nx t — 7W0)-ple point of C, etc. 

§11. — Particular Curves G. 

If a line g passes through a p-ple fundamental point SR , the pencils a and b 
are put in a correspondence only (n — p)-valent, because every curve a intersects 
g in only (n — p) variable points. If g passes through a singular point 3GB asso- 
ciated with a singular curve of w th order, S {w \ this curve S {v>) disintegrates from 
the curve C corresponding to g, and in considering the number of points of 
intersection coinciding with a fundamental point, or with a singular point, we 
get in the same way as in §10 : 

"To a straight line g, passing through the fundamental points 5R,, of p M th 
multiplicity and the singular points 28 T , which are associated with the singular 
curves Si w) of w T th order, corresponds a curve C of the 

M = (n (n — 2pJ — 2w < ^ — $<) — 2w T — l) th order, 

where 0, is the multiplicity of SR M for S t . And this curve, at a fundamental 
point Qi of the multiplicity *<, which fundamental point is a -ple point for the 
singular curves SJT\ and T -ple point for the singular curves S} w) , has a 

v = ((n — 2p M ) *i — 2^0, — 20 T )-ple point ; 

at a point 9t M it has a 

i ' = ((n — £p M ) p^ — %m a 9 — 20 T — l)-ple point ; 
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at a singular point <£< it has a 

v" = (-Hi, — SwiAVpk point, 

where m { is the order of the singular curve S { (m \ associated with the singular 
point £,, which is a a -ple point for the singular curve Sl m) ; finally, at a singu- 
lar point 2 TO , associated with a point 3B r , C has a 

v" f = (tc r — 2mjd 9 + l)-ple point. 

Between these numbers v , y, r",y" and r lf rj, r", rf" of two curves C and Ci 
of orders Jf and M x respectively, and the quantivalence N, exists the relation 

2 ( Wl + r'W + rV + v"'r{") + # 

= MM X — (M— s)(N— 1) = MM, — (M x — s x )(N— 1), 

where s is the sum of the multiplicities of the fundamental and singular points 
on g x for C." 

As a particular case of this theorem, we have — 

"To a straight line s, which connects the fundamental points Q, of multi- 
plicity x f so that 2x< = n, corresponds a curve of th order, which consists 
merely of a number of separate, singular points associated to the line « as a 
singular line." 

§12.— The Centre-curve H. 

"The centre-curve 17 is of the order 

3 (n — 1) — 2?w,, 

and contains any x-ple fundamental point D which is of the multiplicity $ a for 
the singular curves SJT\ if x > 1 , as a 

(3* — 20, — 2)-ple point, 

but a simple fundamental point as a double-point or node, if no singular curve 
passes through it, otherwise as a point of the multiplicity 

2—20,." 

The latter, because the simple fundamental point is a double-point for one 
curve of the net, while the x-ple fundamental point in general is not a (x + l)-ple 
point of any curve c of the net K . 

" In a simple fundamental point, the centre-curve H has the same two tan- 
gents as the one curve of the net which has this point as double-point." 
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We prove these results by producing the centre-curve H in the same way as 
in §6, by three projective nets of first polar-curves, but by using as the point a 
the fundamental point D and drawing line g through Q. 

" The sum of the orders of the singular curves S{ m) is 

2tfi«<3(n — 1)." 
"If 2m < — 3(n— 1), 

the correspondence has no centre-curve or self-corresponding curve, but only 
separate centre-points or self-corresponding points." 

N. B. — In the foregoing we did not specially mention the case that all the 
curves of the net K had a certain number of common tangents in a fundamental 
point, because this case affords nothing new. For any fundamental point with 
one or more common tangents can be considered as consisting of, and dissolved 
into, two or more separate fundamental points lying infinitely near each other. 



CHAPTER III. 

Research on the Existence of Univalent Correspondences. 

§13. — Fixed Base-points and Elements of Determination. 
A net of curves of n th order is determined by 

p = (.+ IX.+ *) _ 3 = (. - DQ. + 4) poto op eIemenl8| 

and can contain in maximo 

« 

Q = n 2 — 2 fixed points of intersection. 

Now one simple fundamental point represents 1 element of determination 
and 1 point of intersection. 

One double fundamental point represents 3 elements of determination and 4 
points of intersection. 

One triple fundamental point represents 6 elements of determination and 9 
points of intersection. 
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One jr-ple fundamental point represents ^ — - elements of determination 

and 7? points of intersection. 

The correspondence is univalent when the number of fixed points of inter- 
section is 

Zx?= g = n*— 2. 
Then must be either 

*,(*, + !) _ p _ (n-l)(n + 4) 
Z " 2 — -r— 2 

and the correspondence is fully determined by its fundamental points, or 

£ *<(*< + *) <p _ (*-!)(* + 4) 

and the correspondence is not fully determined by its fundamental points. 

§14. — Univalent Correspondences produced by Simple Fundamental Points. 

That a univalent correspondence might be produced by simple fundamental 
points alone, the condition is 

hence n < 3 : 

" By simple fundamental points univalent correspondences can be produced 
only by means of nets of conies and cubics." 
n = 1 : no correspondence defined. 

x ( x 4-1) 

ft = 2: 2 simple fundamental points. P = 3. 2 ' = 2. The corre- 

spondence is not yet defined by the fundamental points alone. 

x (x +1^ 
n = 3 : 7 simple fundamental points. P = 7 . 2 ' — = 7 . The corre- 

spondence is just determined by its fundamental points. 



§15. — Univalent Correspondences produced by Multiple Fundamental Points. 

If a fundamental point is of higher multiplicity than n/2, only one of this 
kind of fundamental points can exist, and the other fundamental points must be 
of a multiplicity equal or lower than n — x. 
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" It is always possible to determine univalent correspondences by means of 
nets of curves of w th order with #-ple fundamental points, if x >n/3." 

For let the correspondence contain 8 *-ple points, where x<w/2. Then 
these 5 #-ple points represent 

x (x + 1) 
5 o — elements of determination 

and 5** fixed points of intersection. 

Now, in neglecting at first the condition that 8 is an integer number, and 
supposing all fundamental points to be *-ple points, the condition of univalence is 

$ x * = n*— 2, 

but * t * (*+l) ^ (n— l)(n+4) 

3 2~"= 2 ' 

whence ^ n % — 2 

x =3n— 2' 
That is, 

" The multiplicity of the fundamental points must be equal to or higher 

n 2 2 

than „ ^ to determine a univalent correspondence." 

Now, in excluding the case 

n<3 
as considered already, we get 

3^T2<^ 3 - 

Therefore 

" x > n/3 determines univalent correspondences."* 

N. B. — Very different conditions exist in space. There, by a tri-dimen- 
sional system of surfaces of n th order, it is impossible to produce univalent invo- 
lutory correspondences by mere simple or multiple fundamental points (except 
when n= 2), but only the existence of fundamental curves, that is, curves which 
are common curves of intersection of all the surfaces of n th order of the tri-dimen- 
sional system, produces univalent correspondences in space. 

* ■■!■»■■■ _ _ , | | . — , 

* This proof is not rigorously correct because we neglected the condition that <J is an integer number* 
But, by a slight modification, this condition can be accounted for. 
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CHAPTER IV. 



PARTICULAR CORRESPONDENCES. 

A. — Univalent Correspondences. 
§16. — Perspective Quadratic Correspondence, n=2 




Fia. 4. 



A net of conies, which have two points $ and JQ as common points of inter- 
section, determines a univalent correspondence, because any point r determines 
a conic pencil which has an additional base-point 9 . 
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This correspondence is not fully determined by its fundamental points 
$andQ. 

The line joining the fundamental points, s = | $£} | , is singular line of the cor- 
respondence, and therefore corresponds to every line of the plane. 

Hence the correspondence is quadratic. 

With the singular line s is associated as corresponding point the centre © of 
a pencil of rays, which, together with s, form a particular conic pencil of the 
net. (Fig. 4.) 

The centre-curve of the net being of the third order, consists of the singular 
line 8 and a conic H {% \ which passes through the fundamental points $ and Q, and 
there has as tangents the lines ^=[©$1 and y = |SQ|. Hence the singular 
line 8 is the polar-line to the singular point © with regard to the centre-conic H (z) . 

To a straight line g corresponds a conic, which passes through the funda- 
mental points $ and £} and through the singular point ©. 

To the rays g<- of the pencil with its centre at the fundamental point $ cor- 
respond the rays g-. of the pencil with its centre at the other fundamental point 
D , and inversely. These two corresponding pencils of rays $ and Q are pro- 
jective, and the locus of their points of intersection is the centre-conic H {%) . 

The rays g^ of the pencil, with the singular point © as the centre, are cut 
by the corresponding pencils $ and Q in corresponding points r and 9, which 
have the points of intersection of g^ with H K%) as self-corresponding points, and © 
and (8 , gr @ ) as a pair of corresponding points, and therefore lie in quadratic involu- 
tion. 

Thus this quadratic correspondence is perspective, with the singular point © 

as the centre of perspectivity. 

The rays of the pencils $ and £} correspond to one another, those of the 
pencil © correspond to themselves and contain quadratic involutions of corre- 
sponding points. 

To the line s corresponds point © , and conversely. 
it n ~ n " % " " 

The corresponding curve of a conic is a unicursal quartic, which has the 
points $ 1 D and © as its double-points. 

The corresponding curve of a conic, which passes through one fundamental 
point $, is a unicursal cubic, which passes through the points ty and ©, and has 
the other fundamental point JQ as its double-point. 

8 
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The corresponding curve of a conic, which passes through the singular point 
©, is a unicursal cubic, which passes through the fundamental points $ and Q f 
and has the singular point © as its double point. 

The corresponding curve of a conic, which passes through both fundamental 
points $ and Q, is another conic which touches the former one in the funda- 
mental points $ and Q. 

The corresponding curve of a conic, which passes through the singular point 
© and one of the fundamental points $, is another conic which passes through 
the other fundamental point Q and through the singular point ©. 

The corresponding curve of a conic, which passes through the three points 
$, and ©, is a straight line, and conversely. 

This correspondence is determined by the centre-conic H i2) and the singular 
point © . The singular line s is the polar-line of © with respect to the centre- 
conic H (2 \ and any pair of corresponding points forms an harmonic range with 
the self-corresponding points (# @ , H {2) ), on the rays gr @ of the pencil ©. 

§17. — Correspondence by Reciprocal Radii. 

Of special interest is a particular case of this perspective quadratic corre- 
spondence which we derive by assuming as fundamental point ty (i) and D (<) the 
two imaginary circular-points at infinity. 

Then all the conies of the net are circles. 

The singular line is the straight line s w at infinity. 

The centre-conic H m is a circle, because passing through the circular-points 
$ (<) and Q (€) as fundamental points, which has the singular point © as its centre, 
because © is the pole of the singular line s m at infinity, with respect to the 
centre-circle H {%) . 

Let the radius of this centre-circle = r. 

Any pair of corresponding points r, 9 forms an harmonic range on a ray 
g^ which has the points of intersection of | rp | = g e with the centre-circle H i%) 
as double-points. 

Hence, from the properties of the harmonic range, we derive 

©r X ©9 = r*, 
the definition of the correspondence by reciprocal radii. 
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To a straight line g corresponds a conic through © , $ (0 , Q (i) , that is, a circle 
through <5 which intersects g upon H {2) . 

To a circle, that is, a conic through $ (l) and D (<) , corresponds another conic 
through $ ( *\ Q (<) ; that is, a circle. 

To a circle through © corresponds a straight line, etc. 

In this way we derive the properties of the well-known circular correspon- 
dence by particularization of the general perspective quadratic correspondence 
into which it can be transformed by collinear transformation. 

§18. — Correspondence of 8 th Order, n = 3. 

A net of cubics, with 7 common base-points, 91, 33 .... @, as fundamental 
points, defines a univalent correspondence which is just determined by its funda- 
mental points. 

This correspondence is of the 8 th order, and to any straight line corresponds 
a unicursal curve of 8 th order, which has the 7 fundamental points St, 33. ... © 
as triple-points. 

The corresponding curve of a straight line, which passes through one of the 
fundamental points, 91, is a unicursal quintic which passes through 91 as simple 
point, and has the other 6 fundamental points 33 .... © as double-points. 

The corresponding curve of one of the 21 connecting lines of two funda- 
mental points, is the conic determined by the other 5 fundamental points. 

The centre-curve H^ of the correspondence is of the 6 th order, with the 7 
fundamental points 91 , 33 .... © as double-points. 

Here again a particular case of the correspondence is of special interest. 
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§19. — The Quadratic Steinerian Correspondence. 




, © the vertices of this quad- 



*t£ Fig. 5. 

Let the 7 fundamental points 31, © ... . © of the correspondence considered 
in §18 lie three upon each of 6 straight lines, so that the configuration of these 7 
points forms a complete quadrangle. 

Let 21, ©, £ be the diagonal points, ©, S, 
rangle. Then those 6 lines ^^ ^ @ ^ 

\%m\, |»©ffi|, 

|62>®|, |Gffi8|, 
disintegrate from all the curves of 8 th order of the correspondence as singular lines. 

Hence the. corresponding curve of a straight line is a conic which passes 
through the diagonal points SI, 33, 5, for these points are triple-points in the 
general C m , but only double-points in the quadrangle. That is, 

"The correspondence is quadratic." 

From the centre-curve H tt} these 6 singular lines disintegrate also, and the 
general centre-curve being of 6 th order, we derive 
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41 This quadratic correspondence has no centre-curve, but only 4 separate self- 
corresponding points, 3), 6, g, ©." 

For these 4 points are triple-points in the quadrangle, but only double-points 
in the general centre-curve. 

Every pencil of cubics of this particular net contains 6 special cubics which 
consist of a singular line and a conic passing through the 4 fundamental points 
not lying on this singular line. 

Any two of those conies have two fundamental points in common. 

Hence, to construe the point 9 , which corresponds to r taken at random in 
the plane, we make use of these particular cubics of the cubic pencil determined 
by r, and thus get the point 9 as fourth point of intersection of two conies, which 
have the point r and two fundamental points in common. 

Therefore the construction of 9 is linear. 

Thus we get the point 9, which corresponds to r , as the fourth point of inter- 
section of two conies, which are parts of cubics of the cubic pencil r, the other 
part of these special cubics being singular lines. 

Let these two special cubics of the cubic pencil r be 

1). The singular line 1 915® | and the conic K x passing through r33£D<£. 
2). " " " |312)<£| " " K 2 " " rS3Gg®. 

These two conies K x and K % intersect in r33<£ and the corresponding point 9. 
Now, by the projective properties of the conic, we get in the conic K x the 
projective pencils of rays, with the centres S3 and £, 

33(r9D@)AG(r93)e), (a) 

in the conic K % the projective pencils of rays, with the same centres S3 and S, 

»(r98@)Ae(r 9 3®), (b) 

or, what is the same, 

®(rp2)e)AG(r9g2>); ( c ) 

hence (c) combined with (a) , 

e(r9D@)AG(r9e:D), 

therefore £ (r^IXS) = — 1, 

or £(r9DS) forms an harmonic range; that is, 

" The pairs of corresponding points r, 9 of this quadratic involutory corre- 
spondence are projected from any diagonal point St, 33, S by the rays of a 
quadratic involution, which has as its self-conjugates the two singular lines inter- 
secting in the diagonal point." 

Now the construction of the corresponding point 9 is the following : Connect 
x with two diagonal points S3 and £ and produce the fourth harmonic rays with 
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respect to the pairs of singular lines intersecting in 93 and S to | ©r | and | Sr | . 
These fourth harmonic rays intersect in 9 , which corresponds to x in this quad- 
ratic correspondence. 

But this is the construction of the Steinerian quadratic involvlory correspon- 
dence, which has the diagonal fundamental points 21 , 53 , £ as its base-points, and 
the four other fundamental points 2), <£, g, © as its self-corresponding points, or 
as the base-points of that conic pencil, the conjugate poles of which are the cor- 
responding points of the Steinerian correspondence, so that we need not enter 
further into the consideration of this particular correspondence. 

Therefore, we get a new property of the Steinerian correspondence — 
"Any pair of corresponding points of a Steinerian correspondence gives 
with the three base-points and the four self-corresponding points of the corre- 
spondence, a set of 9 base-points of a cubic pencil." 

§20. — Correspondence of b th Order, ra= 3. 

Another univalent correspondence is defined by a net of cubics with one 
double fundamental point D and three simple fundamental points 81, 33, S, but 
is not fully determined by its fundamental points. 

This correspondence is of the 5 th order, and contains three singular lines, 
|D3l|, |D33|, |2)S|, every one of which is associated with one singular point, 

«i, 81, «i- 

The centre-curve is a cubic H { *\ passing through 51, 33, S, 2) as simple points. 

The corresponding curve of a straight line is a unicursal quintic, which has 

the point £> as triple-point, the points 21, 33, £ as double-points, and passes 

through the singular points % l} 33^ S x as simple points. 

§21. — Nets of Quartics. 

Number of fixed points of intersection, Q = n % — 2 = 14. 

( n — i)( n -|- 4) 
Number of elements of determination, P= ~ = 12. 

The quartic net gives the following univalent correspondences : 

1). 2 double-points, 5D lf D a , and 6 simple fundamental points, $<. 

The correspondence is fully determined thereby. 

14 th Order.— Centre-curve, H (8) of 8 th order, with 2 triple-points, D lf D 2 , 
and 6 double-points, $<. 

One singular line, $ = |Di2)*|, with one associated singular point, © f which, 
together with $i2)j and $ gives a set of 9 base-points of a cubic pencil. 
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General curve, C m , with 13-ple point, %, 2 9-ple points, D^ D,, 6 quin- 
tuple points, $ <f and 2 simple points, ® lf ©,. 

3). 1 triple-point, £, 3 double-points, $ lt D 2 , D 3 , and 2 simple points, $ lf $,; 
undetermined. 

13 th Order. — Centre-curve, jET (5) of 5 th order, with double-point, X, and 
simple points, 2) lf D 2 , D 8 , $ lf $ 2 - 

3 singular lines, |£®i|, |i3) 2 |» |£$s|> ea °h with one associated singular 
point, © 2 , © 2 , ©j, and 

2 singular conies, each passing through X, X^, D Bf 2) 3 and one of the simple 
points, $<, each with 2 associated singular points, ©i 2) , ©£ 2) ; ©ft } , ©g*. 

General curve, C (18) , with 8-ple point, X, 3 quintuple points, 2) lf 2),, D 8f 
2 triple-points, $ lf $ 2 , 4 double-points, ©J 2) , ©£ 2) , ©g*, ©$, and 3 simple points, 

®li ©»i ©«• 

4). 1 quadruple point, D , and 7 simple points, $< ; undetermined. 

17 th Order. — Centre-curve, H™ of 5 th order, with triple-point, D, and 7 simple 
points, $,. 

7 singular lines, |Q$<|, each with one associated point, ©<. 

General curve, C (17) , with 13-ple point, SQ, 7 quadruple points, $<, and 7 
simple points, © 4 . 

§23. — iVete o/ Sextics. 

Q=34. P=25. 

l). 1 triple point, 6 double points, 1 simple point; fully determined. 35 th order. 
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B. — Multivalent Correspondences. 

§24. — Trivalent Cubic Correspondence, ra=2. 

A net of conies, which have no common point of intersection, determines a 
trivalent cubic correspondence, which has a cubic as its centre-curve, H m . 

To any point r of the plane correspond 3 points $ lf » 2 , £ 3 , which, when x 
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moves along a straight line g, produce a cubic curve (7 (8) . This cubic C (9) inter- 
sects the straight line g in 3 self-corresponding points. 

In general, a line g contains no pairs of conjugate or mutually correspond- 
ing points, But if a line g contains one pair of points which correspond to one 
another, the line g contains an infinite number of pairs of mutually correspond- 
ing points, which produce a quadratic involution on the line g . 

Such a line may be called a self -corresponding line. 

To any one of the self-corresponding lines g corresponds (besides g ) a 
conic ; and all the self-corresponding lines g envelop a curve of the third class. 

For, the curve C i3 \ corresponding to a straight line g, is produced as the 
locus of points of intersection of two conic pencils of the net, which have one 
conic in common, and are put into correspondence by the points of the line g, so 
that to a conic of the one pencil always correspond two conies of the other 
pencil. These two conic pencils cut the line g in two quadratic involutions, 
which have as their common pair of elements the two points of intersection of g 
with the conic, which is common to both conic pencils.. 

If the line g contains a pair of mutually corresponding points, this is a com- 
mon pair of elements of the two quadratic involutions also, and these involutions, 
therefore, are identically the same ; that is, all their pairs of elements are mutu- 
ally corresponding points on g, and g is a self-corresponding ray. 

All the self-corresponding rays passing through a point r contain a point 
corresponding to r in their quadratic involution, and therefore in the cubic cor- 
respondence. Thus they are the three lines joining r with its corresponding 
points p lf jp 8 , p 3 . Hence the self-corresponding rays envelop a curve of third 
class, q. e. d. 

§25. — Bivalent Correspondence of 4 th Order, n=3. 

6 points, $i, $» • • • • $e on a conic K determine as simple fundamental 
points of a cubic net a bivalent correspondence which has the conic K as singular 
curve, and therefore is of 4 th order. 

With the singular conic K is associated a singular point © (2) . 

This correspondence is perspective, with the singular point <2> (2) as the centre of 
perspectivity. The two points p lf t; 2 , corresponding to r, lie on the straight line 
connecting r with © (2) . These lines of the pencil <5 (8) are self-corresponding lines, 
and contain cubic involutions of conjugate or mutually corresponding points. 

The centre-curve H {i) is a quartic, passing through the 6 fundamental points. 

The general curve C (4) passes through the 6 fundamental points, and has the 
singular point <5 (2) as a double-point. 
9 
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On the Algebraic Proof of a Certain Series.* 

By Emory McClintock. 



The following series was published in 1879 {American Journal of Mathematics, 
II, 108): 

logx=ij+-^-^if+—~- a ~ y % + (1) 

Here y = x l ~ a — aT a . In presenting this series at that time I stated that it 
might be obtained by the aid of Lagrange's theorem, or by the aid of another 
expansion-theorem, somewhat simpler than that of Lagrange though less compre- 
hensive, which I published (p. 147) in the same paper; and I added that the 
"temporary lack" of an algebraic demonstration was " certainly to be regretted." 
I am now able to supply the desired algebraic proof. 

It was shown in the paper referred to that, writing x h for x, (1) is equiva- 
lent to 

logx = / t - 1 (y + — ~- // +....), (2) 

where y = x*~*° — x~ ha ; that when a = and « = 1 respectively we have as 
special cases of ( 1) the known series 

logx=(a:-l) -\{x-\f + \{x-lf - (3) 

logz = (l -*->)+ i- (!_*-»)'+ V(i_ x -i)8 +....; (4) 

that when a-=- m\n, a proper fraction, the coefficients of y n , y 8tt , etc., disappear ; 
that, in particular, when a = -jr , the even powers of y disappear, whence, 



• An abstract of this paper was read before the New York Mathematical Society on March 0, 1801. 
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writing 2tf for y , so that t ■■ 

r If 1 3 f 1 . 3 . 5 f , n .,. 

logs = 2|_<- 2 .- +TTX _- 4 -_ T+ ....j, (5) 

a series possibly novel for real values of x, though known when x is a certain 
symbol of operation (the usual series for z = arc sin u may be obtained from [5] 
as a special case if x = e 8 ") ; that (5) is a remarkably convergent logarithmic 
series; that if, in (2), h tends towards 0, we have 

log x — lim (x*~ Aa — x" ha )lh, (6) 

a general limit-expression of which log x = lim (a* — l)/h is a known case ; and 
that if a= —A -1 , and h tends towards 0, Urn y/h= — lim ay= lim(x* +1 — x)/h 
= x lim(x* — l)/h = x logcc, so that (2) becomes 

logx = t> — v*+ 3v 8 /2! — 4V/3! + 5V/4! — , (7) 

where v = x logcc. 

As regards the validity of these results, the general series (1) will be found 
convergent when (using mod to express mere arithmetical value) 

mod (x — 1) x~ a < mod (a — l) a ~ l ar a ; 

and (2) will be found convergent when 

mod y < mod (a — l) a " 1 a" a , where y = x^" ha — x~ ha . 

• 

Applying this statement to special cases, we may say that (1) is convergent if 
a>\ when as >1, or if a<0 when 0<Cx<O, unless perhaps when x — a/ (a — 1), 

in which case (x — l)ar° = (a — l) a ~ l ar a ; also, that (1) is convergent if a = -5- 

when mody< 2, that is, when x lies between the two values of 3± 2\/2. In 
the case (a = — 00) represented in (7), where (2) is modified by putting a = — hr 1 
and diminishing h towards 0, the application of this criterion shows (7) conver- 
gent when modtx^e"" 1 , because v = limy /A, and we must have 

mod y/h<^ mod (a — l) a ^ l a" a /h 1 where a = — k~\ 

the limit of the second member being e"" 1 . It is easy to prove convergency in 
any of these special cases, or in any case in which a is an integer ; and I have 
assumed the truth of the criterion for all other cases. For elementary presen- 
tation, however, it is enough to say that (1) is convergent when y is sufficiently 
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small, that is, when the value of x has a certain range according to the given 
value of a . 

The two known series, (3) and (4), are, one or the other, valid for all values 
of x. The algebraic proof of (1) which I have now to present consists in show- 
ing, first, its equivalence to (3) whenever both (1) and (3) are interpretable,* 
and, secondly, its equivalence to (4) whenever both (1) and (4) are interpretable. 
If a is assigned, any value of x which makes (1) interpretable will make either 
(3) or (4) interpretable, so that by this means we have a demonstration of (1) 
for all interpretable cases. 

Let us suppose that (excluding x = 2) x and a are such that both (1) and 
(3) are interpretable. For any such value of x the binomial series for (1 + z)~" a , 
where z = x — 1 , is known to be valid ; for, if z is a quantity, mod z < 1 , and if 
z is an operation affecting a function of t, say ^ (')» ** an( ^ ^ (0 must be such that 
z n + l ^(t) is arithmetically less than ^(tf), the binomial series being interpre- 
table in both cases. Employing that series, therefore, after observing that 
y = x l ~ a — x~~ a = z (1 + z)~ a , and denoting the second member of (1) by/ (y) , 

we have 

., x , 2o-l ., 3o-13o-2 ,, 

f{y) = y + — s— y* + — 5 *— y + — 



= n (i - az + ^ [a + 1] 2 V - • • • •) 

+ -^- 2 (2a - 1) rf (l - 2az + ^ [2a + l]» z* - . . . .) 

+ r^h> ( 3a - i)* } ^(i - »« + ...•) 



1.2.3 

+ 



(8) 



Here (a + 1) 2) means (a + l)a, and in general c n) means 

c (c — l)(c — 2) . . . . (c — n + 1). 



* A series of quantities is interpretable when it is convergent. A series of symbols of operation is 
interpretable when, if the operations indicated are performed upon a given function, the result is a 
convergent series. Thus, the exponential series 1 + x+ x 2 /2 ! + .... has always a meaning when z is 
a quantity, but not always when x is the symbol of differentiation (Taylor's theorem). For all series 
ad infinitum (i. e. without remainder) a convention is necessary that the symbols can have no values 
assigned so as to render such series uninterpretable. Subject to this restriction, any power-series con- 
vergent for small values of the variable may be handled freely as long as the variable has no meaning 
assigned to it. 
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Collecting the several terms composing the coefficient of z TO , we find them to 
be identical with the several terms of 4>(m, ma — l)/m! — ( — l) m /#i, where 

4>(m, v) means v m ~ l) — m (v — k) m ~ l) + ^ m 2) (t? — 2&) m ~ 1) — . . . . , in which 

k = a — 1 . I shall prove that, for all positive integral values of m , and for all 
values oft? and &, $>(m, v) = 0. Assuming this for the moment, it follows that 
the coefficient of z m in (8) is ( — l) ro ~~ 1 / m > whence 

f{y) = z — 2" z2 + ir z8— — 

The second member of this is the second member of the known equation (3) ; 
hence, for all values of y which make both (1) and (3) interpre table, f(y) = log cc, 
and (1) is true. 

Again, let us suppose that x and a are such that both (1) and (4) are inter- 
pre table, in which case the binomial series for (1 — w)*" 1 , where u = 1 — x~ l , 
is also interpretable. Since y = x l ~ a — x" a =n(l — w) a ~~\ we shall find, on 
substituting this foryin/(y), and performing the binomial expansions indi- 
cated, that the coefficient of u m is identical, term by term, with 4>(tw, ma — 1) 
+ l/m, wherein k = a. Since $>(w,t?) = 0, the coefficient of u m is l/m, 
so that 

f(y) = u+ —u % +-^-n s + 

The second member of this is the second member of the known equation (4) ; 
hence, for all values of y which make both (1) and (4) interpretable, f(y) = log x, 
and (1) is again true. 

The necessary algebraic proof of the known theorem in finite differences 
that $ (m , v) = may be supplied as follows. By definition, 

m — 1 
$(m,v) = v m - l) — m(v — k) m - l) + m — ^ — ( v — 2k) m ~ l) — 

Let the multiplications indicated in (v + k — m + 1 ) $ (m , v + k) and in 
(t? — mk — m + 1) q> (m, v) be performed, and the first term of the latter series 
placed beneath the second term of the former, and so on, thus : 

7n — 1 
(v + k) M) — m (v + k — m + l)» m - 1) + m — ^— (v + k— m + l)(v — k) m - 1] 

— . . . . (v — mk — m + 1) »" _1) — m (v — mk — m + l)(v — &)" -1) + . . . . 
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Subtracting the lower series from the upper, term by term, after due considera- 
tion of character of the respective progressions, we find the difference to be 
identical with q> (m + 1 , v + k) . In brief, 

$(m-\- 1, v + k) = (v + k — m + l)$(m, v + k) — (v — mk — m + l)<?>(m, v). (9) 

If, then, we know for any given positive integral value of wt, and for all values 
oft; and k, that 4>(wi, v) = 0, we learn by (9) that the same is true for the value 
of m next higher, and therefore successively for all higher integral values of m. 
But we may see at once that $ (2, v) = 0, as well as q> (1 , v) = 0, for all values 
of v and h, since $ ( 1 , i?) = 1 — 1, and q> (2 , v) = v — 2 (v — k) + (v — 2£) ; 
therefore 4> (m, v) = for all positive integral values of m. 



On Independent Definitions of the Functions 

log(x) and er. m 

By Emory McClintock. 



Twelve years ago there appeared in the second volume of the American 
Journal of Mathematics u An Essay on the Calculus of Enlargement," in which I 
presented, and urged the acceptance of, a certain unified view of several branches 
of mathematical science. Giving the name of Enlargement to that operation (E h ) 
by which $ (x) becomes $ (x -f- h) , corresponding to the symbolic equation 
E h ty{x) = q> (x + h) , I remarked that the symbolic algebra of the rational func- 
tions of E, commonly known as the Calculus of Finite Differences, and the 
symbolic algebra of the logarithmic functions of E, commonly known as the 
Differential Calculus, were really parts of one symbolic algebra of the functions 
of E, for which I suggested the name of Calculus of Enlargement. After observ- 
ing that the connecting link between the theory of differentiation and the theory 
of finite differences had long been thought to be furnished by the equation E = e D 

where D means -r-- , the symbol of differentiation, I argued that the converse 

view, D = log(-E'), would be preferable because "of the two operations, the 
simpler should be defined the earlier." Plainly, E h q> (x) = $ (x + h) is a simpler 
statement than Dq> (x) = lim [<p (x + h) — q> (x)"\ jh when h is indefinitely reduced. 
"These operations, E and Z), are functions of each other, and whichever is 
defined last must be expressed in terms of the other." " The Calculus of Enlarge- 
ment regards E as the fundamental symbol, and takes cognizance of other sym- 
bols only in case they are, and because they are, functions of E." "The algebra 
of the functions of E is subject to all the laws of ordinary algebra ; and the 
theory of differentiation is that part of the calculus which corresponds to the 
theory of logarithms in algebra." 

* An abstract of this paper was read before the New York Mathematical Society on March 6, 1891. 
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That the acknowledged correspondence between symbolic algebra and ordi- 
nary algebra might be brought out in the strongest light, it was then urged that 
the customary mode of presenting the theory of logarithms be so changed as to 
make logarithms, as such, more intelligible. The prevailing obscurity was illus- 
trated by quoting De Morgan's sweeping statement that "the only definition of 
log (a) used in analysis is y, where & = x" At first sight this definition is not 
satisfactory. It is true that, by convention, & means a certain limit, or a certain 
series, and not, except when y is a real quantity, a power of the constant e. 
While acknowledging the correctness of such customary indirect definitions of 
log (x), I ventured to propose concurrently other possible definitions, and among 
them the known equation log (x) = lim (x h — 1)/A, which has since, I am glad to 
see, been mentioned as a feasible definition by Mr. Glaisher in the article " Loga- 
rithms" in the Encyclopaedia Britannica. The definitions which were then sug- 
gested concurrently for log (x) all tended to throw light on the nature of the 
logarithm, and were all, of course, susceptible of subsequent identification. The 
discussion of logarithms as such was not, however, essential to the chief object 
then in hand, and for that reason, perhaps, I failed to carry out at that time the 
notion of concurrent definition to its logical consequences. 

In truth, what we may call "the method of concurrent definition" has 
probably not hitherto been formulated as a scientific method of procedure. The 
long-standing idea of a definition is that it indicates the thing defined, and that 
from it, as an unchangeable basis, all other properties must be deduced. We are 
at liberty to begin with any given relation of a function as a definition, but 
having once chosen it, we are to adhere to it, since the very essence of a defini- 
tion appears to be that it at least is definite and unchangeable, so that two 
simultaneous definitions of one idea would seem logically monstrous. To put 
the matter in form, then, let us say that " the method of concurrent definition" 
comprises the definition ofyi(x), with an illustration of its nature, and the sepa- 
rate and independent definition of f t (x) in like manner, followed by proof that 
/j (x) and /, (x) are identical. Intrinsically, no process can be more logical ; and 
when we come to reflect upon it, we shall find that we have, upon occasion, been 
practising it all our lives. 

Take for instance the best known of all functions, the binomial function 
f\ (s> V i m) = (x + y) m . Starting from this definition, Newton and his followers 
for a century undertook to deduce from it the binomial series, with more or lesa 
10 
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success, until Euler brought out a better statement of the case, employing in 
substance the principle of concurrent definition. Denoting the series, say, as 
f % (x, y, m), he took it up as an independent function, proved certain properties, 
and then identified f % with f x . 

In another paper (ante, p. ), I have supplied an algebraic proof of a 
series equivalent to log (x) , for which series, when first presented as an expan- 
sion, I could give no better demonstration than that afforded by Lagrange's 
theorem. The new proof begins with the consideration of the series as a separate 
function and ends with its identification with known equivalents of log (a). 

It used to be customary to expand e*, or lim (1 + h) x/h when h tends towards 
0, by means of the binomial series in order to obtain the exponential series 
1+ x + a?/2\ + . . . . A better way was devised by Cauchy, beginning with the 
latter series as a separate subject for examination, deducing its properties, and 
finally identifying it with e*. The series is now, indeed, adopted by some of the 
highest authorities as the original definitioi of the symbol €?, sometimes written 
exp (x) ; although others adhere to the limit as the proper definition. Thus in 
the article " Function" in the Encyclopaedia Britannica the series is employed as 
the definition by Cay ley, while in the article " Trigonometry" the limit is 
employed by Hobson. There is no occasion for controversy. The limit is a 
definable function possessed of certain properties which maybe discussed; the 
series is another, and the two may be readily identified. Yet I have not met 
with any distinct announcement of the utility of assigning coordinate rank to 
these two methods of presenting e*; those who employ the series having appa- 
rently no interest in the limit, and those who begin with the limit appearing to 
regard the series as a subsidiary deduced expression, for the acquisition of which 
Cauchy's method is, as he meant it to be, merely an incidental device. 

To illustrate more clearly the two views now prevalent, the following sum- 
maries of the definitions contained in the Encyclopaedia articles just men- 
tioned will be found interesting. The article " Trigonometry " defines 6* as 
lim (l-fx/m) w , where m tends towards infinity, and e* +ty as lim (1+ [x+iy]/m) m , 
so that, putting 

1 + x/m = r cos0, and yjm = r sin0, e* +iy = lim r w (cosrw0 + i sin md), 

by De Moivre's theorem. Since 

r* = i* cos 2 + i* sin 2 0, lim r m = lim (1 + 2x/m + a^/m* + #*/?n*) w/8 

= lim(l + 2xlm) m/ * = e*. 
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Also, lim md = lim m arc tan y/(x + »i) = lim my/(x + m) = y . 

Hence ?* Ky = d* (cosy + t sin y). The expansion of e* is assumed known, by 
algebra. On the other hand, the article " Function " defines exp (x) to be 
l + x + x*/2! + . . . . , where x need not be real, cos (x) to be 1 — x*/2! + ...., 
and sin (x) to be x — a 8 / 3! + . . . . , and deduces the theory of exponential, cir- 
cular, hyperbolic, and logarithmic functions from these definitions without men- 
tion of the limit-expression. 

If we attempt to embrace both views at once by declaring both definitions 
useful, we shall have on the one hand f Y (x) = lim (1 + Ax) l/ \ as h tends towards , 
and on the other hand / 2 (a;) = l+a; + ^/2! + .... It is easy to prove that 
[/ 1 (l)]*=/ 1 (x), and that [/2(l)] x =/ 2 (x), so that /i(x) and f%(x) are identical 
if/ x (1) =/ 8 (l). Let /i (1) = /, (c). Let each of these be raised to the power 
A, let 1 be subtracted, and let the respective remainders be divided by h, after 
which let h be reduced indefinitely in value ; the result in the one case is 1 , in 
the other c, for [/2(c)]*=/ 2 (cA), so that c= 1, and the functions are identical. 
We shall find thus that the connecting link between these two definitions of e* is 
y , where x = lim (y* — 1)M- Hitherto, I think, the two expressions have been 
connected, whenever necessary, by employment of the binomial series. 

Of the six equations following, the third, fourth, and fifth represent known 
definitions, and the others represent some of the known identities which, in the 
earlier paper, I suggested for use in the future as definitions : 

♦i 0*0 = log (x) = lim (** - 1}/A, (l) 

4>2 (*) = log (x) = {x— 1) — i(x— l)* + $(x— l) 8 — , (2) 

log (x) = y , where e v = x, (3) 

/, (y) = exp (y) = & = lim ( 1 + yh) Vh = lim ( 1 + hy\ (4) 

My) = ex$(y) = <? = 1 + y + y'/2\ + ...., (5) 

exp (y) = # = x, where y = logx. (6) 

It is known that the exponential property, e u e° = e u ' hv J is a direct result of the 
definition (4), and that it may be derived, as by Cauchy, from (5), by multiplica- 
tion of the two series. I shall show similarly that the logarithmic property, 
log (x n ) = n log (x) , is a direct result of (1), and that it may also be derived 
from (2). I have already noted that (1) is the natural competing link between 
(4) and (5) ; and I shall show similarly that (4) is the natural connecting link 
between (1) and (2). 
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There is indeed no good reason for the priority hitherto given to e y in rela- 
tion to log (a). It is probably still true that "the only definition of log (x) used 
in analysis is y 9 where & = x" but we are at liberty to change the custom if it 
is not a good one. The first notion of logarithms was due to the observed fact 
that powers form a geometrical series while the numbers denoting the powers 
form an arithmetical series; and the first practical notion that any child obtains 
is that the " common logarithm " is the index of that power of 10 which is equal 
to the " number corresponding." Our early familiarity with the equation 
10 Mn) = n, where a, represents the "common logarithm," is a sufficient explana- 
tion of the historical fact that, by custom, log(x) means "y, where & = a\" The 
origin of the custom is natural and obvious, but the question is whether it is a 
necessary custom. What ise, and what is y? The analytic logarithm defined 
as u y, where e? = x" is an incommensurable power, whatever that may be — for 
all the powers at first known to us are commensurable — of an incommensurable 
quantity. Is this really the simplest explanation we can get of log (x), even 
when x is real and positive? But the use of the functional symbols e*, log(x), 
has gone far beyond that restriction. We have seen how & has to be defined 
when y is complfex ; the idea of powers, at first so natural, so apparently simple, 
is flatly abandoned. We shall now see that for all quantities, real or complex, 
log (x) is a function at least as easily apprehended as e?; while it is known — and 
this, as the reader will have understood, is the strongest motive with the present 
writer — that in symbolic algebra E is simpler than Z), and therefore D = log (E) 
should have priority, as an analytical statement, over E = e D . For the presen- 
tation of the true definition of differentiation, D = log (E) , we need to have some 
better algebraic definition of the logarithm than "?/, where e* = x" There is a 
recognized mechanical incongruity when the cart precedes the horse. 

Referring to (1), let us adopt as a definition 

log(x) = lim(a*— 1)/A f (1) 

where h tends towards 0. Let x Y = x* — 1 , and u x = u k — 1 , so that lim x x = . 
Then 

\og{xu) =lim(*V— 1)/A = lim([l +a-J[l + «J — l)/h 

=.\\mx l lh + limWi/^ + lima^.limtii/A 

= log (x) + log (ti) . (7) 
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This fundamental property of logarithms is thus shown to be obtained at once 

from (1) as a definition. It will be proved (Appendix A) that from (7) we have 

readily 

log (x n ) — n log (x) , (8) 

where n is any commensurable number, and where x is any symbol subject to 
algebraic laws. 

If e is the number whose logarithm is 1, we find from (8) that 

log (e n ) = n . (9) 

This is equivalent to (6) as an inverse definition of e n . But, more directly from 
(1), if y = log a, we have y = lim xjh, and since x h = 1 + x u 

x = (1 + a*) 1 '* = lim (1 + hy) l/h = lim (1 + *)■"*, (10) 

if h = hy ; and either of these expressions may be denoted, concurrently, by the 
symbol & or exp (y) . This is in fact Schlomilch's well known method of intro- 
ducing the function & ;* and that one of the most satisfactory current explana- 
tions of & as a limit should include the prior introduction of the function (cc* — l)/h 
is, I think, a circumstance which gives strong support to the analytic order now 
advocated. 

We shall now see that the use of (1) as the definition of log(x) is particu- 
larly effective when x is complex. Let x = r (cos 6 + 1 sin 6) , taking between 
+ 71 and — n. Observing that limr*=l, that lim cos 7*0= 1, and that 
lim sin hd/hd = 1 , and remembering that (cos 6 + i sin 6) h = cos hd + i sin hd, 

we have 

log (x) = lim [r* (cos hd + i sin 7*0) — 1] \h 

— lim (r* — 1)/A + lim (0 sin hd/hd 

= log(r) + (0, (10) 

a result hitherto obtained by inverse processes. If we permit the value of to 
go beyond the limits assigned, we shall have multiple values for log (x) , corre- 
sponding to the usual statement of such values. 

Nor must it be supposed that real values of log (x) are less intelligible when 
(1) is employed as a definition than when, as usual, log (a:) is presented as " y, 
where c" = x ." We are familiar with e, regarded as the limit of (1 -f- Jc) 1/k when 

♦Zeitechrift fOr Mathematik, III, 387; Algebraische Analyse, 5th ed., 35-89; see also Chrystal, 
Algebra, II, 79. Schldmilch employs the function (z* — 1) A], but not its known limit, log (x), in pre- 
senting e». On the contrary, he adheres to the current view of log (re) as u y, where e* = x . " 
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k tends towards 0; we know how that function increases, and how (1 — k)~ 1/k 
diminishes, as k diminishes, both tending towards the same numerical limit 
between 2 and 3. We shall now see that lim(x* — l)/h is at least as simple an 
idea, at least as easy to comprehend and illustrate, as lim (1 -+- k) y/k % its inverse. 

Let us consider the functions (x h — l)/h and (1 — x~ h )lh, which for distinc- 
tion let us call the upper fraction and the lower fraction respectively. Here x 
and h are positive, and h is commensurable and not greater than 1 . These frac- 
tions are definite continuous functions of x, devoid of mystery, positive when 
5e>l, negative where a;<l, and becoming when 2=1. When 35 = 00, 
jc* = 00, x~~ h = 0; so that as x varies from to 00, the upper fraction varies 
from — A"" 1 to 00, and the lower fraction from — 00 to A" 1 , each passing 
through when x = 1 . The upper fraction is equal to the lower fraction multi- 
plied by x\ so that the smaller the value of h the less their difference. If, for 
example, x= 4096, and if certain values be assigned to h, we find corresponding 
values for the fractions as follows : 

85 —1 - 4095 126 45 28 18 12, 



h 

-x~ h 4095 63 45 



6. 



h 4096 32 16 2 2 

A well known algebraic inequality, 

( a *-l)/i>(a ! »'-l)/A 11 (11) 

where h x <C h teaches us that as h diminishes the upper fraction diminishes in 
value. The following inequality, presumably new, is readily derivable from (11) : 

(i-O/*<(i-*~*0/*i. (12) 

This shows that as h diminishes the lower fraction increases in value. But 
neither of them, one diminishing and the other increasing, can pass the other, 
for they have the same limit, because their ratio is x h , of which the limit is 1 . 
This common limit is denoted by the symbol log (a). A simple, and probably 
novel, proof of (11) and (12) will be given later (Appendix B). 

But we need not rest here. I showed in the earlier paper that since 
lim u h = 1 , u being any function of x, we may modify (1) thus : 

log (x) = limt^ (ar* — l)/h. (13) 



McClintock : On Independent Definitions of the Functions log (x) and e*. 79 

In particular, if u = a _a *, 

log (x) = lim (**"•* — x~*)/h* (14) 

The upper fraction is, in the limit, that special case of (14) in which a = 0, and 
the lower fraction is that special case in which a = 1 . A third important case, 
which I indicated at the same time, is that in which a = £ , the limit of a 
remarkable function which we may call the central fraction : 

log (x) = lim (a** — ar**)/A. (15) 

This central fraction is the geometric mean between the upper and lower frac- 
tions, and may be illustrated in connection with them by employing the same 

example as before, x = 4096 : 

h = l. h = ±. h = \. & = *. fc = i. ft = A. 

- 4095 126 45 28 18 12, 



a* 



h 
x* h — x~ kh 4095 63 45 



7*/2 9 6*/2, 



A 64 4 4 

1 — asr** 4095 63 45 7-9 

h 4096 32 16 2 2 



6. 



The limit to which all three fractions converge is 8.317 = log 4096, and, as 
might be expected, the central fraction gives, for any small value of h, by far 
the best approximation of the three. The fact that 

(a* - l)/h > (a** — x-* h )/h >(1 — x- h )/h (16) 

may be shown at once from the existence of the factor x*\ since x and h are 

both positive, and all three fractions are positive or negative simultaneously. I 

have found, however, and shall prove (Appendix C), that, in all cases wherein 

*>1, 

(a** _ x -* h )/h > (x**' — ar**0/*i, (17) 

\ being smaller than h\ and also that, when < x < 1 , 

(*** — «"**)/ h < (**»• — ar *»•)/»!. (18) 

Taking (17) with (12), therefore, we perceive that, when sc>l, the central 
fraction diminishes in value with A, while the lower fraction increases, so that 
their common limit log (x) lies between any value of the central fraction and any 

* See also ° Algebraic Proof of a Certain Series," ante p. 
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value of the lower fraction. On the other hand, when 0<x<l, taking (18) 
with (11), we perceive that the central fraction increases algebraically (dimin- 
ishing numerically because negative) when h diminishes, while the upper frac- 
tion diminishes algebraically (increasing numerically), so that their common 
limit log (x) lies between any value of the central fraction and any value of the 
upper fraction. 

We are thus enabled, by means of the definition log (x) = lim (x h — 1)/A, to 
obtain a clear idea of the real nature of a logarithm (impossible to obtain from 
the customary u y } where sc = e? w ), as well as to deduce the usual properties of 
logarithms with the utmost ease. Employing this definition concurrently with 
either of the usual definitions of exp (y), whether defined as a limit or as a series, 
we may thus obtain a full and comprehensive view of the whole subject of loga- 
rithms and exponentials ; and indeed, as we have seen, the readiest method of 
connecting the limit and the series expressing exp (y) is to resort to the limit 
which expresses log (x). 

Perhaps the reader is still naturally reluctant to admit that any mode of 
presenting logarithms can take the place of that afforded by the analogy of 
common logarithms, the meaning of which is represented by the equation 
10 Mn) = n. But the principle of concurrent definitions permits us to retain all 
rays of light derived from every quarter. The equation log (x) = y, where & = ar, 
is a truth which we may always use to the extent of its worth. Yet common 
logarithms were not originally discovered or computed by means of what seems 
to us the simple equation 10 A(n) = w. If we multiply both sides of (7) by &, a 
constant, we have, if $ (x) = k log (x) , q> (xu) = q> (x) + q> (u) . That is to say, 
the logarithmic property which facilitates multiplication by prepared tables is 
possessed by any function k log (x) as well as by log (x) . In Napier's tables, 
A*= — 10,000,000, and his " artificial numbers" (such was the circuitous route 
by which he approached the subject) contained another constant, say c, so that 
each of them might be represented by the formula k\og(z) + c. They could 
therefore be used only under restrictions. Subsequently, Briggs and Napier 
between them devised, and Briggs carried out, the idea of computing p = k log (z), 
where Ar= l/log(10), the relation z= 10 p affording unique advantages in prac- 
tice. That this relation exists — or, more generally, 2 = x p , where we define 
p as k log (z) and k as 1/log (x) — follows at once from (8) ; for log (x p ) = p log (x) 
= log(z) log(x)/log(x) = log(z); that is, x p = z. It is a matter of historic 



MoOlintock : On Independent Definitions of the Functions log (x) and e*. 81 

interest that Briggs's computation of the " common logarithm " of 2 was effected 
precisely upon the lines just indicated. He calculated log (2) and log (10) sepa- 
rately by the formula log (x) = lim (x* — 1)/A, taking h very small by many 
extractions of square roots, and then obtained the "common logarithm" of 2 by 
multiplying log (2) by the modulus l/log(10).* 

Reverting to our first list of possible definitions of log (x) and e" f numbered 
(1) to (6), we find (2) still remaining to be discussed. The well-known series 

log(l+ Z ) = s — **+**— .... = *(«), (19) 

may be used, as suggested in (2), taking z = x — 1 as the definition of log (a) 
whenever the series is real and summable, say when — 1< z< 1. If, in all other 
real cases, we define log (x) to be — log (af 1 ), I shall prove (Appendix D) that 
the series for log (x) added to the series for log (u) forms a sum equivalent to the 
series for log (xu) , from which, as before, the essential properties of logarithms 
will follow. This is, in effect, accomplishing for the logarithmic series what is 
accomplished for the exponential series when the series for e^ and that for e w are 
multiplied together to form a product equivalent to the series for &+", according 
to Cauchy's well-known method. The same proof holds good for all cases in 
which x is not a real quantity (say either a complex quantity or a symbol 
of operation), and in which the several series involved are respectively inter- 
pretable. 

Having once established that log(x) = lim (x h — 1)/A, we shall find, on the 
one hand, that this definition of log (a:) produces immediately, and with the 
greatest ease, the logarithmic series, if we substitute the binomial series (1 +z) h 
for x\ so that the binomial series forms a connecting link between the limit- 
definition and the series-definition of log (x) . On the other hand, a different 
connecting link may be found in the limit customarily employed to define e". 
Assuming that we know that fa(x) + $ 8 (w) = fy(xu), where, as in (2), $* (x) 
= (x — 1) — 4 (x — 1)*+ . . . , and therefore that $ g (x n ) = nty % (x) , it follows that 
<p 2 (sc) = lim (x* — 1)M, called log (x) . For, let us suppose $ 2 (x) = log (x) ./(x) , 
where /(x) is some unknown function. Then $ 2 (x n ) = log(x n )./(x n ) =n$ % (x) 
= nlog (x)./(x), and we know by (8) that log(x n ) = nlog(x). Dividing one of 
these by the other, we have /(x n ) =/(x), so that /(x) is independent of the 



♦Encyc. Brit. : 4k Logarithms." 
11 
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value of x, since x n may have any value ; hence /(a) is a constant, say c, so that 
<p 2 (x) = c log (x) . Therefore 

c log (1 + Tiz) = hz — i h 2 s? + ...., 

and c lim log(l +hz)/h= lim(z — 4&s* + ) = z. But lim log(l + hz)/h 

= log 6* = z, whence c = 1 , and 

log (1 + z) = z — \# + \#— (20) 

Although the definition of log (x) as a series is by no means so general in its 
nature or so satisfactory as the series-definition of e^, the consideration of log (x) 
from this point of view will necessarily add to the broadness and clearness of 
our knowledge of the function. Indeed, for mere intelligibility, it may be 
remarked that such an expression, for example, as log ( ¥ ) = 4 — 4 (4) 2 + 4 (4)* 
— . . . . = 0.405 nearly, is really easier for the mind to apprehend than 
log ($) = lim (f* — 1)/A, or than "y, where e*=$." 

It is not difficult to expand the logarithm of a complex quantity by means of 
the logarithmic series. If x = u + tv and u = ± mod u, let v/u = ± x, so that 
x = (± 1 + iz) .mod u, and log (x) = log (mod u) +.log (± 1 + iz). Here mod t* 
is real and positive, and its logarithm may therefore be expressed by a series. 
As regards log(± 1 + iz), the case log(l + iz), where 3*< 1, is well known, and 
the expansion is obtainable directly. If z* > 1, we may expand log(l + iz) by 
taking y such that (1 + «y)'. = m (1 + ^), where m is real and positive, and here 
y* < 1 , so that log (1 + m) = 2 log (1 + ty) — log 7n , which may be expressed in 
a series. Again, if the sign be negative, we may take u such that (1 + mf 
= n ( — 1 + iz), where n is real and positive, and log ( — 1 + iz) may be expressed 
as 2 log(l + iu) — logn. The expression db 1 + iz may be taken to represent 
a point in one of two perpendicular lines tangent to a circle whose radius is 1 , 
in which case the unreal part of the logarithm represents the length of the arc 
cut off by a line from the point to the centre ; and the unreal part of the series 
obtained is in the usual form of the series for an arc in terms of its tangent. 
That arc tanx = 4 i log [(1 — tx)/(l + tx)] is known. 



Appendix A. — If ty (x) be a function such that $ (x) + $ ( u ) = $ ( xu ) > then 
$ (x n ) = n$ (x) . For, $ (xuv) = $ (xu) + q> (v) = $ (x) + q> (u) + $ (v) , and simi- 
larly, if there are n such quantities, $ (xu . . . w) = $ (x) + $ (u) + • • • + $ '(10) • 
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Taking u, v, . . . . w severally equal to x, it follows that, when n is any posi- 
tive integer, 

$(x n ) = n$(x). (21) 

Since $(x) + ^(l) = ^(x) f $(!) = 0» and $(x) + q>(x~ 1 ) = $(1) = 0; whence 
$(x~ l ) = — $ (x), so that, writing x _1 for x in (21), we have $ (x~ w ) = — n$ (x), 
so that (21) is true when n is a negative integer. That it is also true when n is 
fractional, say when n = p/q , may be shown by writing x l/q for x and q for n , 
whence $ (x) = <?$ (x* /<z ) ; then, bearing this in mind, and again writing x l/q for x 
in (21), but p for n, we have $(x p/q ) =p$ (x 1/q ) = p/q $ (x) . The symbol x is not 
restricted here to real values ; it may be complex, or it may be a symbol of 
operation. On the other hand, n is real and commensurable. 

Appendix B. — If x, q and r are real and positive quantities, the following 
inequality is always true : 

qx q (x r — 1) >(x — 1) qrx q > r (x q — 1). (22) 

To prove this when q and r are integers, we have only to recollect that x m — 1 

= (x — l)(x m " 1 + x m - , + +x + l); for x r " 1 + x r - , + +l><r, 

and qx q ><a; ? " 1 + x q ~ z + .... + 1 , according as x >< 1 ; that is, according 
as the several members of (22) are all positive or all negative by reason of their 
common factor x — 1 , the effect of a negative factor being to reverse the sign of 
inequality. Any such inequality proved true for integral exponents is necessa- 
rily true for fractional exponents, since we are at liberty to write x 1/p for x . If 
we add qx q — q to both sides of (22), we have q(x q + r — l)>(q + r)(x q — 1); 
or, if we write h for q + r, and h^ for q, and divide throughout by hh u 

(«*-l)/A>(^-l)/»i. (23) 

On the other hand, if we divide (22) throughout by x g+ r and add r — rx~ r to 
each side, we have (q + r)(l — x~ r ) > r (1 — x" q ~ r ) ; or, if we write h for q + r 
and hi for r, and divide throughout by hhi, 

(l-ar*.)/Ai>(l-ar»)/ft- (24) 

In each of these results h Y is less than h. The inequality (23) is, as already 
stated, well known, and is recognized as highly important. (Cf. Chrystal, Alge- 
bra, II, 42-45.) 
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Appendix C. — The following inequality will be found more general and, so 
to speak, closer than the one (22) just discussed : 

q(x q + r -x-'- r )><(g + r)(x*-x-*) } (25) 

according as a><C 1. In fact, it includes (22) as a special case. For, multi- 
plying both sides of (25) by x 9+r , and writing x* for x, we have, according as 

s><1, 

q (x* + r — 1) >< {q + r)(x q — 1) ar* r . (26) 

When x > 1 , x* r > 1 , so that we have from (26) 

q(x q + r -l)>(q + r){x q -l), 

which is merely (22) transposed. When x < 1 , cc* r > af, so that we have from 

(26), changing signs, 

q (1 — x q + r ) >(q + r)(l — x q ) x r , 

whence, transposing, 

rx r (x q — l)>q{x r — 1), 

which is the same as (22), with q and r written each for the other. To demon- 
strate (25), we may remark that (m being an integer not greater than q), when 
sc><1, a 29 ~" l+1 X 1, and therefore, multiplying both sides by x m — 1 
(negative when «< 1) and transposing, we have, for all values of x y the inequality 
a^ +1 + 1 ^a^ q " M+1 + x m . Summing q such inequalities, in which m has suc- 
cessively all integral values from 1 to q inclusive, we obtain 

q{rf q + l + l)>s*' + s 2 *- 1 + +a* + x. 

Multiplying both sides by a? — 1 (negative when x< 1), we have now 

2(a** + » + x — a 2 ** 1 — 1) >< a* +1 — x, 

or by transposition, after dividing throughout by'a* +1 , 

q(x^ 1 — x" q " 1 )X(q+l)(x q — x' q ), (27) 

according asx>< 1 ; so that (25) is true when r = 1 , for any positive integral 
value of q. Again, if (25) is true for any given integral value of r, it may be 
shown to be true for the value next greater, say r +1. For, if we write (q + 1) 
for q in (25) and multiply both sides by q/(q + 1), we have 

• 

y(»« +,+1 — ar«- r-1 ) >< (? + r + l)g(»«+ 1 — x-'-^/^+l) 

><(q + r+l)(x< -«-«), 
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since, by (27), q(z* +1 — x- q - x )/(q + 1)><x 9 — x" q . Hence, if (25) is true 
for any given value of r, it is true for the next higher value r + 1; and since it 
is true for r = 1 , it is true for r = 2, and so on for all other integral values. 
Proof for fractional exponents is to be supplied by writing x Vp for x. If, in (25), 
4 h be written for q + r, and 4^, a smaller quantity than $h, for j, and both 
sides be divided by iM x , the general inequality takes this form : 

(a** _ x -*»)/h > < (3**. — ar* A 0/*i> (28) 

according as x > <C 1 . In this paragraph, as in the preceding, all the quantities 
concerned are real and positive, and h and \ are commensurable. 

Appendix D. — If the series z — is* + i z 8 — .••.be susceptible of interpre- 
tation, let us denote it by ^ (z) = $ s (x) , where a = 1 -f- z. It is to be proved 
that the sum of two such series, say $ 2 (x) + $, (u) , is equal to q> % (xu) , provided 
the latter be also interpretable ; or, if w = u — 1 , that 

^(z) + ^ (w) = ^(zw + z + w). (29) 

The second member is a series of positive integral powers of the expression 
z + w(l + z). Expanding these powers by the binomial theorem, assumed 
known for positive integral exponents, and separating the series forming the 
coefficient of w n (l -{- z) n , then expanding (1 + z) n and multiplying the result by 
the coefficient just separated, and finally separating from the product the series 
forming the coefficient of x m w n , we find it to be, for all values of m and n greater 
than 0, the following expression multiplied by ( — \) n ~ l jm\ : 

( n _l)~-l)_ Wm m-D +- m .(_l)r 7n r)^ +r _ 1 Jm-lY r J # # # (— l) m (n + m — l) m ~ l \ 

where «* } represents x(x — l)(x — 2) .... (x — k + 1). This expression is 
equal to 0, by a well-known theorem in finite differences, of which I have given 
an algebraic proof in a preceding paper ("Algebraic Proof of a Certain Series," 
ante, p. — ). Therefore all terms in x m w n , that is to say, all terms which contain 
both x and w, vanish. The terms remaining, which contain z alone and w alone, 
are respectively z — £ z*+£ z 3 — . . . . = ^ {z) , and to — i w*+£ u? — . . . . = ^ (w) , 
so that (29) is proved true. The proof thus given is valid for real quantities 
when the three quantities concerned, namely, z, w and zw + z + w are such that 
no one of them is greater than 1 and all are greater than — 1. In such cases 
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x, u and xu are all greater than and not greater than 2. Within these limits, 
therefore, 

$% ( x ) + $2 fa) = $% (xu) , (30) 

by (29), since xu — 1 = (1 + z)(l + w) — 1 = zw + z + w. If, for any value of 
x greater than 2, we define ^(x) to be the series denoted by — q> % (1/x), the 
property shown in (30) will still hold true. For, when x and u are both greater 
than 1, q> 2 (l/x) + $%{l/y>) = $* (1/xu), and on changing signs we have (30). 
Ifa5>l,i4<l,xtt<l, we have fy(xu) + q> z (l/x) = $ 2 (w), or $ 2 fa) + $, (x) 
= <p % (xu) by transposition. Or, if a >► 1 , w<l, xu^> 1 , $ 3 (1/xu) + $, (u) 
= fy(l/x), which gives the same result. A portion of this paragraph has been 
anticipated in my earlier paper, "An Essay on the Calculus of Enlargement," 
American Journal of Mathematics f II, 122, 123. 



A Pair of Curves of the Fourth Degree and their 
Application in the Theory of Quadrics. 

By H. B. Newson. 



The curves in question are derived from the ellipsoid as follows : Let an 
ellipsoid be intersected by a series of planes forming an axial pencil, the axis of 
the pencil being perpendicular to the plane of the greatest and medium axes of 
the ellipsoid. The locus of the foci of the series of plane sections of the ellipsoid 
is a plane curve which I shall call throughout the Locus of Foci. The direc- 
trices of the same conic sections form a cylindrical surface whose section by the 
plane of the locus of the foci I shall call the Locus of Directrices. The equations 
of the curves are obtained as follows : 

Let a, b, c be the axes of the ellipsoid in order of magnitude, and let its 

equation be — j- + -Mr- + — j- = 1 . The plane z = cuts from the ellipsoid a 

conic called the given conic, whose equation is — g- + -4r = 1 , and from the 

axial pencil a flat pencil whose vertex may be represented by (m , n) . Each 
ray of this pencil is the transverse axis of the conic cut from the ellipsoid by the 
plane corresponding to the ray. The locus of centres of these sections is plainly 

a conic similar to the conic — y + 4r = 1 , and similarly placed, passing through 
the point (m, n) and the centre of the given conic. Transform the equation 

— r + "fr = 1 to new axes parallel to the old and having the point (m , n) for 

origin, and then to polar coordinates. The equation of the given conic finally 
becomes 



_ m (1 — e*) cos 6 + n sin 6 
T ~ 1— e*cos 2 



V(6» — m 2 (l — e 2 ) — n*)(l — e* cos 0) + (m (1 — e 2 ) cos0 + n sing)' f 

1 — e*cos 2 J 



(1) 
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The rational part of this value of r denotes the radius vector of the locus of 
centres; and the radical part, the semi-transverse axes of the series of conic sec- 
tions. If A represents the semi-transverse axis of a conic and E the eccentricity, 
then AE is the distance from the focus to the centre. But E in this case is 

= V c§ cos 2 6 + 4 si* 1 * ( se e Annals of Mathematics, Vol. V, page 6). Hence if 
we multiply the radical part of (1) by the value of E % the result is the radius 
vector of the locus of foci. Thus the polar equation of the curve sought is 

t> _ w*(l — 6? ) cos + 72 sin 



V I (4 2 — m\\ — 6?) — ra 8 )(l — e? cos 8 0) 



+ (m (1 — ef) cos + n sin Q)*\(ej cos 8 + ejsin 8 0) 
1 — A cos 8 



\ (2) 



Transforming this back to rectangular coordinates by writing Va? + y 8 for 12, 

X V Q 8 -~~ ft 8 

, « » for cos 0, and — > , . . for sin 0, and remembering that e? = o — , 

q = — -£— , e§ = — yr- , we get 



so? , w 8 2wia; 2ny , m 8 , n 8 \, , , . 

Car + -r - -^ - y + -y + it - (ar + ^ 



^{(^^)-( wj ^yf= o - 



(3) 



Hence the locus of foci is a curve of the fourth degree. 

The equation of the locus of directrices is obtained in similar manner. 

Remembering that the distance from the centre to directrix of a conic is -jr » 
we have 







_> m (1 — ef) cos + n sin 

1 — ef cos* 

V(6 8 — m*(l=%) — m*)(1 — efco s 3 e) + (yn(l — ej[) cos fl + w sin ? 
=*= (1 — e 2 cos 2 0) sT% cos 2 + 4 sin 8 

In rectangular coordinates this becomes 
Hence the locus of directrices is also a curve of the fourth degree. 



<*) 



(5) 
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The point (in, n) is evidently a double point on each curve. The curves 
have double contacts with each other and with the given conic. The form of 
each curve varies greatly with the position of the point (m , n) , which may be 
any point in the plane. We wish now to find the envelope of the loci of foci 
when the point (m, n) varies. Writing (x + m) for x and (y + n) for y in (3), 
the centre of the given conic becomes the origin. Equation (3) becomes 



(6) 



. j (x + m)* (y ' + n? (my — nxf ) _ 
+ * \ a* "*" b % a*V J - °* 

Arranging this according to powers of m and equating to zero the discrimi- 
nant with respect to m, we have after reduction : 

O + ^Cl +|— 0{£ + £— l+^+y-«'-* 2 +o') j] = 0. (7) 

The squared factor is the locus of nodes, the given conic and the focal conic, 

a » — c 8 + #!_<* = ! » are envelopes. 

By this method the equation of the focal conic is obtained without a pre- 
vious knowledge of its properties, and might serve as a starting point for the 
whole theory of focal conies. 

In exactly the same manner it can be shown that the envelopes of the loci 
of directrices are the given conic and the dirigent* conic (which is the polar recip- 
rocal of the focal conic with respect to the given conic). With the origin at 
(m, n), the maximum and minimum radii vectores of the'locus of foci are those 
to the points of contact with the focal conic. 

It is not intended in this paper to discuss fully the properties of these inter- 
esting curves, but rather to make use of them in the investigation of certain 
properties of quadrics. 

If the point (m , n) be at infinity, the locus of foci reduces to a conic. This 
is a well-known result. It may be shown as follows: Let wi = oo, n = oo, 



* So called by MacCullagh, see Proceedings Royal Irish Academy. 
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71 

— = tan $ in equation (6). Whence 



a* + 5» ~ X 
c 8 



= a »a* (1 + tan «e) (y— * tan 0+ Va» tan* 0+i*)(y— x tan d+V^tan^+J 1 ) 



(8) 



which is the equation of a conic passing through the points where the two lines 
on the right cut the given conic. But these lines are parallel tangents to the 
given conic, and hence the two conies have double contact, the chord of contact 
being the diameter of the given conic conjugate to the direction of the point 
(m, n). 

But equation (8) may also be written in the form 

(1+tanW X l e i + b i?ji-l) 1 

::, JW 

= /—■ — ^5 — r.(aH-ytan<H-v^(a»-c 2 )+(b 2 — c 2 )ten^)(aH-ytan^— %/(a»— c a )+(& J — c*)tan a 0) 
[fit* — e*)\o m — C*J J 

which shows that the locus of foci has double contact also with the focal conic, 
for the two lines on the right-hand side are parallel tangents to the focal conic. 
These parallel tangents are perpendicular to the direction of (m, n), and hence 
the chord of contact is the diameter of the focal conic conjugate to the direction 
perpendicular to the direction of (m, n). 

When the point (m , n) is at infinity, the locus of directrices is also a conic, 
a result which I think is new. Transforming equation (5) to the centre of the 
given conic as origin, it becomes 

{(s+ro)'+(y + n)*}(-£ + £-l) 

— a S( mx _i_ n v V_i_ (* a. y'v* 8 . y 8 2mx 2n v\ 

Making as before m = <», n = oo, and — = tan 0, this becomes 

— 4-X i- <? ( x . y tan fl y 

a* + W ~ 1 - 1 + tan*fl ^ a* + ~V~ ) ' I 11 ' 

which is a conic having double contact with the given conic and with the locus 
of foci (which is now a conic), the chord of contact being the common diameter 
to all three conies. 
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Equation (10) can also be written in the form 

{Cd r + "P" — V _ ^ W + ~&v} = — 1 + tan 2 (~~tf ~F7" (12) 

The left-hand side of (12) is the equation of the dirigent conic ; hence, the 
locus of directrices has double contact with the dirigent conic, the chord of contact 
being coincident with the chord of contact of the locus of foci and the focal conic. 

It is easily seen that the general equation and properties of these two curves, 
determined for the case of the ellipsoid, are also true when the quadric is a 
paraboloid or an hyperboloid. 

If b = c in the equation of the ellipsoid, it becomes one of revolution around 
the axis of x. Many of the results already obtained are thereby greatly simpli- 
fied. The focal conic degenerates into a right line joining the foci of a given 
conic. Since the loci of foci envelope the focal conic, it follows that the locus of 
foci always passes through the foci of the given conic, whatever may be the posi- 
tion of the point (m , n) . This may also be shown analytically by putting b = c 
and y = in equation (6) and solving for x. We find x = db ae, a result inde- 
pendent of m and n . 

Let the point (m, n) coincide with one of the foci of the given conic. 
Making b = c, m = ae and n = in equation (3), we have 

i* + *)(£ + £-*£)=* <"> 

Thus the locus of foci degenerates into a point circle at the origin and a conic. 
The equation of this conic referred to its own centre is — y + ¥j- = e 2 ; hence 

this conic is similar and concentric to the given one and has its vertices at the 
foci of the latter. The meaning of the point circle is that every section through 
the focus has that focus for a focus. It is clear that since we are here dealing 
with a surface of revolution, every section by a plane passing through the axis 
of x is a principal section. In each such section the locus of foci is a conic as 
above, and the assemblage of all these conies forms a surface of revolution similar 
and concentric to the given one, having its vertices at the foci of the latter. 

The first part of this result is well known, and was first given by M. Chasles 
in the M6moires de FAcademie de Bruxelles, Vol. V, page 33. The latter part 
seems not so well known, but I find it given by M. Olivier in Correspondance 
Math6matique et Physique, Vol. V, page 391. 
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In the case of quadrics of revolution, the locus of directrices also breaks up 
when the point (m , n) coincides with one of the foci of the given conic. Let 
b = c, m = ae, n= Oin equation (5), which then becomes 

{-($+£)- <*+>*r¥)}{'+ ■=■}=•• ("> 

Thus the locus of directrices falls apart into a right line and a curve of the third 
degree. The right line is the directrix of the given conic corresponding to the 
focus on which the point (m, n) falls. This may be generalized for any principal 
plane of the quadric, and we have then the second part of Chasles 7 theorem con- 
cerning sections through a focus, viz. that one directrix of such a section lies in 
the polar plane of the focus through which the cutting planes pass. The envelope 
of the other directrices is a surface of revolution of the third degree, which has the 
plane x = for an asymptote. This result is probably new. 

Again let the point (w, n) be at the vertex of the given conic. Putting 
b = c, m = a, n = in equation (5) we have 

/ 2; ij Qa,QG b \ 

^W" + "4 2 " _ ~a 8 " _ ^=6V = °- (15) 

Hence the locus of directrices falls apart into a right line and a conic. The 

7? y* 1 

equation of this conic transformed to its own centre is — f + -p- = -3- • Hence 

it is similar and concentric to the given conic and has its foci at the vertices of 
the latter. The tangent plane at the vertex cuts from the quadric a point circle 
whose directrices are indeterminate. The case is satisfied by the line x = 0. 
As before these results may be generalized for all principal sections of the 
quadric. I shall now bring together and express in a convenient form the theo- 
rems of Chasles and Olivier and the results just developed. 

Given two quadrics of revolution similar and concentric such that the foci 
of the one coincide with the vertices of the other. Any cutting plane passing 
through the vertex of the inner surface cuts from the outer surface a conic 
both of whose foci are on the inner surface, but one of which is always at the 
vertex of the inner surface through which the cutting plane passes. One direc- 
trix of the same conic is always in a fixed plane, the directrix plane of the outer 
surface. The other directrix is always tangent to a surface of revolution of the 
third degree. The same cutting plane cuts from the inner surface a conic both 
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of whose foci are on a surface of revolution of the fourth degree and both of 
whose directrices are tangent to the outer surface. 

When the given surface of the second degree is a cone, the section by the 
plane xy is a pair of intersecting lines. The only case of special interest is when 
the given point (m , n) falls on one of these lines. The locus of foci and locus of 
directrices each break up into the right line on which the point falls and a curve 
of the third degree. The locus of foci in this case once attracted considerable 
attention and was studied in detail by a group of Belgian mathematicians. 

The curve was first studied by Quetelet in a paper entitled Dissertatio de 
quibnsdam locis geomet. nee non de Gurva focali : Gandavi, 1819. This paper I 
have not seen. In the Journal of the Royal Academy of Brussels I find the fol- 
lowing entry for December 6, 1819 : 

44 M. le Commandeur de Niewport a present6 au nom de M. Quetelet, profes- 
seur de mathematique & Tath6nee de Bruxelles, un memoire sur quelques nou- 
velles propriety de la focale et sur la meme courbe focale. * * * * * 
L'AcadSmie avait charg6 M. Quetelet de refondre ses deux m6moires en un seul ; 
mais Pauteur ayant appris que M. Dandelin s'occupait d'un 6crit sur le meme 
sujet a cru renouncer a son travail, d'autant plus que celui de son ami ne laissait 
rien a desirer sur ce point." 

Dandelin's paper is published in the Memoires de TAcademie de Bruxelles, 
Vol. II. It deals only with the case of the right circular cone. A memoir by 
Van Rees in Quetelet's Correspondance Mathematique et Physique, Vol. VI, 
page 361, treats of the curve in both the principal sections of the elliptic cone. 

In case of the elliptic cone the curve consists of two branches, each of which 
is tangent to a focal line of the cone. One branch touches the given line at the 
point (m, n) and the other branch has the other given line for an asymptote. If 
the cone is right circular, the locus of foci has a double point and is the " focale 
a nceud" of Quetelet recently discussed by Morley {American Journal, XI, 
page 307). 

The locus of directrices in the case of the cone is a curve of the third degree 
whenever the locus of foci is of the third degree. The Belgian mathematicians 
who studied the properties of the locus of foci do not seem to have noticed the 
locus directrices. I add without proof a number of theorems on the focal prop- 
erties of series of quadrics which may readily be proved by means of the methods 
and formulas already developed. 
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Given a series coaxial and concentric hyperboloids of revolution of one nappe 
all having the same circle of the gorge ; if the axis of an axial pencil of planes 
is tangent to the circle of the gorge, the locus of foci of parabolic sections is a 
circle ; the locus of directrices of the same sections is also a circle. 

If the axis of an axial pencil of planes is perpendicular to the axial plane of 
a parabolic cylinder and tangent to the cylinder, the locus of foci of parabolic 
sections is a circle, so is also the locus of directrices. 

Given a series of right circular cones on the same base, if the axis of an 
axial pencil of planes is tangent to the base circle, the locus of foci of parabolic 
sections is a circle ; so is also the locus of directrices. 

The eccentricity of the section of a quadric of revolution by a plane passing 
through a focus and containing any tangent to the central circular section is 
equal to the square of the eccentricity of the quadric. 

If the axis of an axial pencil of planes is tangent to the base circle of a right 
circular cone, the distance from the centre to the foci of any section is equal to the 
distance from the centre of the section to the centre of the base circle. Given 
the same conditions as above, the perpendicular from the centre of the base 
circle on the parabolic section passes through the focus of the parabola. 



A Note on Linear Transformation. 

By H. P. Manning. 



The following was suggested by a method which Professor Cayiey has 
employed in his " Memoir on the Abelian and Theta Functions," in the American 
Journal of Mathematics, Vol. V. 

Suppose we have /(jcj, a^, . . . . x k ), a polynomial in h variables, and wish 
to transform it into a function of y 7 s by the substitution 

i=* 
x i = 2^a^ (i = 1 , 2, 7c). 

Represent it symbolically by a* where 

a x = a\Xi + a^X| +•••• + a^x k , 
and let the transform be A J , where 

A y = A$ x + A^ % + + A# k . 

If we let ^ denote the polar operation, namely, 

di ~ au ~d^ +a%i d^ + + (Xki dx k ' 

then 

-4^ = 5^ . hfl x = 4 5<5/4 1 

and in general, 

AaAb — _ Sa*b „< 

^iAj .... — (a + 6 +...•) I ' J9 ' * * * 
Hence -4J may be written 

— r (yA + yA + — + yA)"«2i 






ni 
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that is, / becomes 

- r (yA + ?/A + — + yA) "/. 

We can write down at once a formula for the coefficient of any term: 
coeff. of yfly) . . . . = — j-t-j h*h). . . ./ (a + 6 + . . . . = n) • 

In each case there are n polar operations, and these will always introduce the 
same numerical factor, n ! 

The n polar operations remove all the x 7 8 and replace them by a's. More- 
over, &lf is equivalent to/ with all the x 7 s replaced by a Ul ol^ . . . . , and we may 
in any particular case reduce the number of polar operations actually to be per- 
formed by a number equal to the highest exponent in the term. For example, 
to obtain ^J"" 8 / we have only to perform the operation 

V u d^ + "" 9^ + )/( a "' a **' )• 

Example : Suppose we wish to transform the cubic 

/= aa? + by 3 + a? — 6lxi/z 

by the substitution 

x = a x X + a 2 F-f- a 3 Z, 

y=P l X+&Y+P 3 Z, 

z = y Y X + y % Y + y z Z ', 
we have 

h { f = 3 (aa t x* + b@ t y % + cytf — 2la t yz — ttpfix — 2ly t xy) , 

5,^/= 6 (aa t ajX + . . . . — Ia ( (3jZ —....); 

.-. /= (aa\ + bffi -f cyl - Gla&yJ X* + . . . . 

+ 3 (aafa 2 + . . . . — ^l^iYiO-% — . . . .) X 1 Y + • • • • 
-J- 6 (aoqaoas +•.... — Zai/? 3 y s — • • • •) XYZ. 



Theorems relating to Groups 

Spheres.* 

By Wm. Woolset Johnson. 



1. In the earliest of Cayley's published papers, and that which stands first 
in his collected works — " On a Theorem in the Geometry of Position," Cam- 
bridge Math. Journal (1841), Vol. II, p. 267 — the theorem for the multiplication 
of two determinants (then new) was applied to Carnot's problem : To find the 
relation which exists between the distances of five points in space. The same 
method is applied to find the relation between the distances of four points in a 
plane, and the additional relation which exists when the points are on the 
circumference of a circle. The m th row of the first of the determinants multi- 
plied together is 

where x , y are rectangular coordinates, and the n th row of the second is 

1, — 2x n , — 2y n1 a£ + y£; 

so that the corresponding element of the product is 

(x m — x n )*+(y m — y n )\ 

or the square of the distance between the points (x m , y m ) and (x n , y n ). Taking 
the same four points in each of the factor determinants, and adding to the first 

the fifth row 

1, 0, 0, 0, 
and to the second the fifth row 

0, 0, 0, 1, 

and to each a fifth column of zeros, the product is zero, and the required general 
relation is found. Again, if the four points lie on a circle, each factor determi- 

•Some of the results contained in this paper were presented to the British Association at the Leeds 
meeting in 1890. 
9 
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nant is zero without the additional row and column and the product is zero, 
giving the special relation. 

2. By an extension of the method the m th row of the first determinant is 
taken as 



a& + yi—*i, x my 



y~ 



if 



where r m is the radius of a circle whose centre is (x m , y m ), and 

1, -2X„, -27., X> + Yl-Ri 

as the n th row of the other, so that the corresponding element of the result is 

(x m -X n y + (y m - T n f- ti- J£ f 

which is defined as the relative power of the circles (x mi y mi r m ) and (X n} Y n} R n ), 
these circles belonging to two separate groups. Then, 1°, if there be -five circles 
or six spheres in each group, the product or determinant of powers is equal to 
zero, and 2°, if there be four circles or five spheres in each group, the power 
determinant is the product of two determinants each of which depends upon 
one of the groups. 

Mr. Lachlan has developed a great variety of geometrical consequences, 
derived principally from the first of these theorems, in his memoir "On Systems 
of Circles and Spheres," Phil. Trans. Vol. 177, (1886), p. 481. It is the object 
of the present paper to point out some other results derivable from the second 
theorem, and particularly to evaluate the power determinants for groups of 
smaller numbers of circles and spheres. 

3. Let the four circles whose centres are (x u y^) . . . . (x 4 , y 4 ) and whose 
radii are r Y . . . . r 4 be denoted by a, 6, c, d, and put 



A + yi-A 


«i Vx 


i 


A + y% — 1\ 


«% y% 


i 


A + y%— A 


*s Vs 


i 


A + ti-A 


*< Vt 


i 



= A(a, 6, c, d); 



(1) 



then for another group of circles A, JB, C, D we have 

1 — 1X X —2Y 1 XI +71— B{ 

1 — 2X t — 2F 2 XI +71 — 1% 

1 -2X S -2F, Xi+Ti-1% 

1 - 2X t —27 t XI + 71— S\ 



= — 4A(A, B, G,D). 
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Denoting the relative power of the circles a and A by (a A), etc., we have by 
multiplication 



(aA) 


{aB) 


(aC) 


(aD) 


(bA) 


(bB) 


(bO) 


(bD) 


(cA) 


{cB) 


(cG) 


(cD) 


(dA) 


(dB) 


(dC) 


(dD) 



= — 4A(a,6,c, d)A(A, B % C, D). (2) 



4. The relative power of two circles as (a A) is the square of the distance of 
their centres diminished by the sum of the squares of the radii. When the 
circles intersect it is 2Rr coscj, where cj is the internal angle of intersection, and 
it vanishes for two circles which cut at right angles. When one of the circles 
reduces to a point, it becomes what is usually called the power of the point rela- 
tively to the circle and vanishes for a point on the circumference. When both 
circles reduce to points, it is the square of their distance. 

5. In equation (1) the elements in any row may be called the elements of 
the corresponding circle. For the circle altogether at an infinite distance the 
first element is infinitely greater than either of the others. Dividing out this 
infinite element, we may take for the elements of the circle at infinity 

1, 0, 0, 0. 

To preserve equation (2), it is then obviously necessary to take unity as the 
power of any finite circle relatively to infinity, and zero as the power of infinity 
relatively to itself. 

Again, if the circle become the straight line whose equation is 

x cos a + y sin a = p 0l 

putting p for the infinite distance of the centre from the origin, the elements are 
p* — r* or (f> + r)p , pcosa, psina, 1, and dividing by the infinite radius of 
the circle we may take them to be 

2p , cos a, sin a, 0. 

It follows that to preserve equation (2), the relative power of this line and the 
finite circle (X, F, R) must be taken as 2/) — 2Xcosa — 2 F sin a, or twice the 
perpendicular from the centre of the circle to the line (as is indeed otherwise 
evident), the side of the line on which p is positive being regarded as the outside 
of the infinite circle. The power of infinity relative to a straight line must be 
taken as zero, and the relative power of two lines as — 2 cos (a — @) ; or, since 
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= — 4A*(a, 6, c, d), 



(3) 



the side on which p is positive is taken as the outside, it is twice the cosine of 
the angle between the insides of the lines, agreeing with the expression 2rR coso, 
which is now to be divided by the product of the radii of both circles. 

6. Making the second group of points in equation (2) identical with the first, 
we have for the symmetrical determinant of mutual powers 

— 2rf (ab) (ac) (ad) 

(ab) —2t% (be) (bd) 

(ac) (be) — 2r| (cd) 

(ad) (bd) (cd) — 2rJ 

in which for (ad) is put its value — 2rf , etc. 

It follows from this equation that the value of A (a, 6, c, d) is independent 
of the position of the origin and axes. 

Thus A (a, ft, c, d) depends only upon the configuration of the four circles. 
If one of them, say a, is removed to infinity, A becomes infinite, but taking the 
reduced elements, as in §5, we have 

1 
1 
1 



•Cg 


2/2 


*s 


Vs 


x t 


y* 



= A(oo , i, c, d) = A (6, c, d), 



or double the area of the triangle whose vertices are the centres of b } c and d. 

7. The elements of the first column in the determinant A, equation (1), 
are the powers of the origin, 0, with respect to the circles a, 6, c } d\ that is, 
in the notation adopted, (Oa), (Ob), (Oc) and (Od). Denoting the correspond- 
ing minors by a, ^8, y, h we have 

a(Oa) + P(Ob)+y(Oc) + !)(Od) = A(a, 6, c, d) = constant (4) 

for all positions of . Moreover, since, if we replace the first column of A by 

a column of units, we have 

a + /3 + y + S = 0, (5) 

we may, by subtracting (a + /? + y + 5)-fi?=0, replace (Oa) .... (Od) by 
(Oa) — B?. . . . (Od) — -fi?, the powers of a circle whose centre is and radius R 
relative to a .... d. Thus equation (4) expresses a linear relation between 
the powers of any circle with respect to four given circles. 

8. If we eliminate a, /?, y, h and the constant between four equations of 
the form (4) (in which A, B } C, D respectively are put for 0) and equation (5), 
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we shall have a relation between the powers which appear in equation (2), 
namely 



(aA) 


(aB) 


{aC) 


(aD) 


1 


(bA) 


(bB) 


(bG) 


(bD) 


1 


(cA) 


(cB) 


(cG) 


(eD) 


1 


(dA) 


(dB) 


(dC) 


(dD) 


1 



= 0, (6) 

i 

• ■ 

the same relation which is obtained for two groups of five circles, the fifth circle 
in each group being at infinity. 

Values of A. 

9. In equation (4), let be the circle orthogonal to 6, c and d) the equation 

reduces to 

A (a, b, c, d) = (Oa).A(i, c, d)\ (7) 

that is, the value of the A of four circles is the power of any one of them relatively 
to the circle which is orthogonal to the other three, multiplied by the double area of 
the triangle whose vertices are the centres of these three circles. In (7), A (6, c, d) is 
positive when the rotary direction bed is positive. 

If 6, c, d are fixed circles, is fixed, and the circles, a, which satisfy 
A (a, 6, c, d) = constant are those which have a fixed power relatively to 0, or, 
what is the same thing, those which cut orthogonally a certain fixed circle con- 
centric with 0. 

10. It follows from equation (7) that A vanishes when a is orthogonal to 0; 
that is, when there exists a circle which cuts all fowr circles orthogonally, or, when 
the four circles have a common radical centre. 

If the centres of 6, c and d lie in a straight line, the factor A (6, c, d) van- 
ishes, but A (a, 6, c, d) does not vanish in this case, for becomes a straight line, 
so that (Oa) contains an infinite factor, namely, the radius of the infinite circle 0, 
the cofactor being, as in §5, twice the perpendicular upon the line from the centre 
of a. The radius of a does not now enter the expression, so that a may be taken 
as a point. If 6, c and d are also points, we readily derive a new expression for 
A in this case. For is now the circle circumscribing the triangle bed, and 
denoting its radius by R, we have 4/2 X area = product of sides, therefore 

A(a, 6, c, d)= 2RpA(b, c, d)= 4RpXa,rea,=p.bc.cd.db; 
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that is, if b, c, d are points on a straight line, and a is at a distance p from it, 

Xi y x 1 

v\ + y% «* y% 1 
A + y\ *% Vs 1 
*\ + y* »4 Vi 1 



=p.bc.cd.db, 



(8) 



the first element being omitted because its corresponding minor vanishes by 
hypothesis. 

11. When one or more of the circles a, 6, c, d is replaced by oo or by a 
straight line, the elements being modified as in §5, the value of A is modified 
accordingly. Thus, as mentioned in §6, if oo is put for a, A (a, b, c, d) becomes 
A (6, c, d), the double area of the triangle of centres of the circles J, c, d. If, 
furthermore, one of the three circles becomes a straight line, the modified value 
of A is readily seen to be the projection upon this line of the distance between 
the centres of the two circles remaining finite. 

12. If a becomes a straight line, J, c, and d remaining finite circles, the 
general value of A, equation (7), holds if we modify accordingly the meaning of 
(Oa) as explained in §5, namely, (Oa) is twice the perpendicular from the centre 
of upon a. That is to say, given a straight line and three circles, we have 

2p Q cos a sin a 

A + y[ — A xi Vi 1 

xl + yl — A *2 y% i 
oi + yf — A *s yz i 



= 2p 



*1 


yi 


i 


*» 


y% 


i 


x z 


y* 


i 



(•) 



which gives an expression for p the perpendicular upon a given straight line 

from the centre of the circle orthogonal to three given circles. 

If X and Y are the coordinates of the centre of , we have in the notation 

employed 

p=p — JTcosa — Fsina, 

which becomes X when ^> =0, cosa= — 1, and becomes Y when ^ = 0, 
sin a = — 1 ; hence the coordinates of the centre of the circle orthogonal to 
(*i > yi. *i)(a*i y 2 , r 2 )(z 3 , y 3 , r 3 ) are given by 



*! + #! — A 


yi 


i 






*i 


yi 1 


s» + 2/» — A 


y% 


i 


= 


IX 


a* 


y» i 


$ + yl — A 


y» 


i 






»8 


y» i 


A + y * — A 


«i 


i 






»! 


y\ i 


4 + y\ — A 


«* 


i 


— „ 


-2Y 


** 


yi i 


A + yl — A 


as 


i 






»•» 


Vi 1 
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13. If J as well as a becomes a straight line, the circle orthogonal to 6, c, d 
has its centre on this line b , that is, at the intersection of this line with the radical 
axis of c and d. Let p denote the perpendicular from this point upon a, and q 
the projection on b of the distance between the centres of c and d. Then (Oa) 
becomes 2pR x and A (b, c, d) becomes qR 2 , where R x and R 2 are the infinite 
radii divided out in writing the modified form of A. Another expression 
for A arises from taking the finite circles tp be a and b. Let M be the intersec- 
tion of the lines c and d, and let A and B be the centres of the circles. Then 
is the circle whose centre is at M and whose squared radius is MB* — r\ . The 
power (Oa) is therefore MA* — MB* — r? + r|, while A (6, c, d) when divided 
by the infinite factors becomes sin (/? — a) . Thus we have the two expressions 

of + y? — ri 3! y x 1 

4 + yl — A x% y% i 

2p cos a sin a 

2po cos/3 sin/? 



= 2pq = (i£A*— ifS 2 — rj + r|) sin (/?— a) , (10) 



where q is the projection of the distance between the centres of the circles upon 
one of the lines, p the perpendicular from the intersection of this line with the 
radical axis of the circles upon the other line, M the intersection of the lines, and 
A and B the centres of the circles. 

14. When three of the four circles become straight lines, the fourth being 
finite, the value of A (a, 6, c, d) is independent of the latter and becomes 
twice the product of the perpendicular upon one of the lines from the intersec- 
tion of the other two into the sine of the angle between these two lines, or the 
product of the sides of the triangle formed by the three lines divided by twice 
the square of the radius of its circumscribing circle. 

The Power Determinant for Groups of Four Circles. 

15. The determinant of powers of two groups of circles is denoted by 

n (V b' V d)' then ec l uation ( 2 ) is 

n G; B] °C\ %)= -**("> *> cd)A(A, B, C,D). 

We notice in the first place that the value of II depends only upon the configu- 
ration of the two groups respectively, and not upon their relative position, so 



104 Johnson: Some Theorems relating to Croups of Circles and Spheres. 

that, if abed and ABCD are two given quadrilaterals, the value of II f / -A A jA 

is unchanged when the relative position of the quadrilaterals is altered. 

The value of II fV j> °^ jy\ vanishes when either A vanishes; that is, 

when either group has a common orthogonal circle (or common radical centre). 
When the two groups are identical, we have 

which is always negative. If a, 6, c, d are points, we have, for the general 
value of the quantity which vanishes when the points are concyclic, 






ab % 

• 


ac? 


ad? 


ab % 





h? 


bd? 


a<? 


b? 





cd? 


ad? 


bd? 


cd? 






= - 4( Oa? — IP)* A* (6, c, d) , 



(11) 



where A is the double area of the triangle bed, the centre and R the radius of 
its circumscribing circle. 

The Power Determinant for Groups of Three Circles. 

16. Now let a, b, c and A, B, C be any two groups of three circles each ; 
take for d the circle orthogonal to A, B, C, and for D that orthogonal to a, b } c. 
(The centres are the radical centres of the groups and the radii may of course be 
imaginary.) Then, in equation (2), the powers (aD), (bD), (cD), (dA), (dB), (dC) 
vanish, and we have 



(dD) 



(aA) 


(«*) 


(aC) 


(bA) 


{bB) 


(b(J) 


(cA) 


(cB) 


(cG) 



= — 4A(a, b, c, d)A(A, B, C, D); 



but, by equation (7), 



A(a, b, c, d) = — (Dd).A(a,b, c) , A(A, B, C, D) = — (dD).A(A, B, C), 
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hence 

(aA) (aB) (aC) 
b, c\ 



n tt:i:c)= 



(bA) (bB) (bC) '= — 4A(a, b,c)A(A,B, C)(dD)* (12) 
(cA) (cB) (cC) ! 

That is, the power determinant of two groups of three circles each is — 16 times 
the product of the areas of the triangles formed by tlve centres of the' groups and the 
relative power of the circles respectively orthogonal to the two groups. 

It follows that the power determinant of two groups of three circles each van- 
ishes when the circles respectively orthogonal to the two groups cut each other 
orthogonally. 

17. If the two groups are identical we have 

— 2rJ (ab) (ac) ; 

11 (a' b c) = ' W ~ ^ W I = 8 A» (a, 6 f c) i?, (13) 

1 ' (ac) (be) -2rJ! 



where R is the radius of the circle orthogonal to the group. This expression 
vanishes when R = ; that is, when the three circles pass through a common 
point. It does not, however, vanish when A (a, 6, c) = (that is, when the 
centres of the circles are in a straight line), because R is then infinite, unless the 
circles have a common radical axis, in which case R is indeterminate. Thus 

II ( ' , ' ) vanishes only when the three circles have one common* point, or two 
\a t o, c/ 

common points real or imaginary. 

But, when the centres of a, b, c lie in a straight line, the determinant 

EL ( a * , ' ) admits of reduction. Denoting the sides of the triangle opposite the 

centres of a , b , c by c^ , d^ , d* respectively, and supposing d^ = d^ + d$ > we shall 
find 

n C; \\ = 2 [<W + >i-r!) + 4(dg + A- f4)] f - (14) 



* It is erroneously stated in Mr. Lachlan's memoir that 

L U, 5, dy/J u a. »; U », 9) 



(Phil. Trans., Vol. 177 (1886), p. 493). This would imply that the power determinant for groups of 
three circles depended only upon the configuration of the groups and not upon theii relative position. 
This property belongs only to groups of four circles. See 215. 

10 
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The quantity in brackets may also be written 

<** («S + ri — rl) — ^(dj + i\ — rf), 
or symmetrically, if d x + d% + dg = , 

— d^dA — t^rj — dtf\ — d^ . 

18. If, in equation (12), the centres of a, J, c lie in a straight line, so that 

A (a, 6, c) vanishes, II f °£ n W\ does not vanish, because (dD) is then infinite, 

its value being 2pR, where p is the perpendicular from the radical centre of 
A, B, C upon the straight line, and R the infinite radius of the circle orthogonal 
to a, b, c. We have then 

n (l]B f C G ) = - s P RA (^b 1 c)A(A 1 B 1 G). 

Comparing equations (13) and (14) and disregarding sign, we have for the value 
of J? A (a, 1,6), when the centres lie in a straight line and their distances are 
so taken that d^ + d % + d s = , 

2RA(a, b, c) = d^dA + t^rf + drf + d#\. (15) 

Substituting, we have for this case 

n (J; * ' £) = 4pA (A, B, G)(d x dA + d x r* + d>ri+ dtf) . (16) 

If the centres of -4, B, G are also in a straight line, and g> is the angle between 
the lines, p becomes infinite and = p cos g> , where p is the radius of the orthogonal 
circle, and we have, for this case, 

n (^ * | J) = 2 cosq fadA + d 1 ri + d % ri + d#§ \ (J?) 

(AAA + AA 2 + A#S + A«J) • ) 

19. Let a, 6, c be circles passing through a common point, and let A } B, C 
be points, then D is the common point of a, 6, c, and d is the circle passing 
through A, B, C; hence, if this circle passes through the common point, the power 
determinant vanishes. If any point on d, say A » ^ e joined with the common point 
A its powers relatively to a, 6 and c are proportional to the distances from A to the 
other intersections of this line with a, b and c respectively. Thus, if four circles 
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pass through a common point, and three straight lines through this point meet 
the circles again in A lt B lt G x , A , etc., we shall have 

A^ x A A A<?i 

A^« A A A<?» 



D 3 A t A A A 3 



= o. 



(18) 



20. When one or more of the circles are replaced by lines, the powers being 
taken as in §5, the value of II is modified by the omission of infinite factors and it 
is easy to make the corresponding modification of the second member of equa- 
tion (12). Thus if a be a straight line, P lf P 2l P 3 being the perpendiculars from 
the centres of A , B and (7, the theorem is 

2P 1 2P 2 2P 3 

(bA) (bB) (bG) = —4qA(A,B,G).(dD), (19) 

(cA) (cB) (cC) 

where q is the projection upon the line a of the line joining the centres of 
b and c, taken with the sign which would be given to A (a, 6, c). 
Again, if there be a line in each group, we have 

2 cos a) 2P 2 2P Z 
2p % (bB) (bG) 
2p 3 (cB) (cG) 



= -4Qq(dD), 



(20) 



where g> is the angle between the lines on that side of each on which the per- 
pendiculars have like signs. 

If there be two lines in one group, say A and B are lines, we have, dropping 
the factor 4, 

Pi Pi (<*C) 

= — A (a, 6, c) sincj(d!2)), (21) 



P% V% 
Ps Ps 



(bG) 
(cG) 



where cj is the angle between the lines and the signs of the perpendiculars are so 
taken that A (A, B, G) would be positive. 

If there be two lines in each group, we have in like manner 

2cos(a4) 2 cos (al?) • 2P X 

2 cos (bA) 2 cos (bB) 2P 2 = — 4 sin (ab) sin (AB) . (dD) , (22) 
2 Pl 2p % (cG) 

where cos (aA) is the cosine of the angle between the lines a and A , etc. 
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If one group, say A, 2?, G \ consists of three straight lines, the theorem is 
concerned only with the centres of the circles, hence the other group may be 
taken as points. If R is the radius of each of the infinite circles and a, (3, y the 
angles at which they intersect, A(A, B, G) = jR(sina + sin/? + siny) and 
(Dd) = — p*, where p is the infinite radius of the circle orthogonal to A, B, 
and C, see §5. Now p* is the power with respect to either of the circles A, B 
or G of the radical centre, which becomes the centre of the inscribed circle of the 
triangle formed hy A, B and G; this is readily shown to be 2Rr, r being the 
radius of the inscribed circle. Substituting and rejecting the infinite factor i?, 
we have, on dividing by 8, 



Pi Pi Pi 
P2 P% P* 
2h Pz Pz 



= A (a, 6, c)r (sin a + sin/? + siny). (23) 



The factor r (sin a + sin /? + sin y) is equivalent to the area of the triangle 

formed by the lines A, B and G divided by the radius of its circumscribed 

circle. Thus the theorem is: Given three points and three straight lines, the 

determinant of the nine perpendiculars is equal to twice the product of the areas 

of the triangles formed by the points and by the lines divided by the radius of 

the circle circumscribing the latter. This theorem is also readily derived by the 

area A^BG 
multiplication of two determinants whose values are A (a, 6, c) and ^ . 

Finally, if both groups consist of straight lines, II vanishes since D and d are 
both at infinity, so that (dD) — 0, the elements of the determinant now being 
the cosines of angles such that the corresponding differences in the several rows 
are equal. 

The Power Determinant for Pairs of Circles. 

21. Now let a, b and A, B be any two pairs of circles ; take for G in equa- 
tion (12) any circle of the system orthogonal to a, 6, and for c, any circle of 

the system orthogonal to A, B. Then II (£ J' £) reduces to (cC) II ( *• ^\ . 

Since D is orthogonal to a, J and c, and d to A, B and C, we may state the 
conditions imposed upon C\ J9, c and d thus : C and D are two of the system 
orthogonal to a and 6, and c, d are two of the system orthogonal to A and 2?, 
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with the condition that c is orthogonal to D, and d to C. Equation (12) then 
becomes 



n (a, b\ (aA) (aB) 
\A, BJ ( b A) (bB) 



m 



= — 4A(a,b,c)A(A,B, C)^qJ- 



Let us for the moment denote the centres of the circles by 0, D, c and d; 
then C and D are upon the radical axis of a, b, and c and d upon that of A, B. 
Let P e denote the perpendicular from c upon the line of centres of a , b, and P c 
the perpendicular from C upon the line of centres of A, B; then the equation 
becomes 



n(j L > B > ) = -4ab.ABP e P i 



(dD) 

ipoy 



(24) 



where ab and AB are the distances between the centres. 

Let the common chord of a, b be 21 and o its middle point; let the radi- 
cal axis of a, b meet the line of centres of A, B in i, and let cj be the angle 
between the lines of centres. 

Now let D in (24) be placed at t; then the circle c becomes the line of 
centres of A, B 1 and the point c is at an infinite distance p, and we shall have 

P e =pcosa>, (cC)= 2pP e . 
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Substituting in (24), we have 

(aA) (aB) 
(bA) (bB) 



n G; J) = 



= — 2ab AB cos o (dD) . (25) 



In this equation the point d is any point upon the radical axis of A, 2?, but {dD) 
is determinate, for the centre of D is now at i on the radical axis of the system 
to which c and d belong. Thus 

(dD) = iO* +L 2 — (io> — P)= i/ 2 — /<?— 5? + L % + ?, (26) 

If the circles a, ft do not intersect, we must of course substitute for P, — r 1 , 
where r is the distance from o of the limiting points of the coaxial system to 
which a and b belong. 

22. When o> = 90°, the value of II does not vanish, because (dD) is then 
infinite. In this case, let the perpendicular from o to the line of centres of A, B 
be denoted by h, and that from to the line of centres of a, b by H. Then the 
limiting value of (dD) cos g> is readily shown to be — 2hH; and we have when 
the lines of centres are at right angles, 

u (a s) = 4ahIEhH ' (27) 

In fact, it may be shown that in this case t—^ in equation (24) becomes — 1. In 

(27) J^and h are positive when on the left of the direction a to 6, and A to B 
respectively. 

23. When ab = ; that is, when the circles a and b are concentric, II again 
assumes an indeterminate form. Since o is now indeterminate, we may employ 
(27), in which h is now infinite. From the properties of the radical axis we 
have ao* — bc? — i\ — rj, whence at the limit ab. 2A = rf — r| and the equation 
becomes 

n(£!) = sM-iS)23.tf. (») 

In like manner, when both pairs of circles are concentric, the expression 
reduces, as it should, to (rj — ^i)(B\ — JSf). 

24. The value of II ( a ' J vanishes only when (dD) defined by (26) van- 
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ishes ; in other words, when one of the system of circles orthogonal to one pair 
of circles, say a, 5, belongs also to the coaxial system defined by the other pair 
A,B. 

Application to Spheres. 

25. The relative power of two spheres is defined in the same manner as 
that of two circles, so that it is the same as that of the sections made by any 
plane passing through the centres. It is also the same for the sections made by 
any plane passing through one of the centres, but not for any plane whatever. 

The application to spheres of the methods employed above is so obvious that 
we shall only mention the general results, which of course require similar modi- 
fication in the special cases when one or more of the spheres is replaced by a 
plane or by the sphere at infinity. 

Thus, we have for any group of five spheres the determinant A (a, 5, c, d, e) 
whose rows are of the form 

o* + y* + 3* — *•*, a?, y, z, 1, 

(x, y, z and r being in each row the rectangular coordinates of the centre and 
the radius of one of the spheres), and whose value is independent of the position 
of the origin and axes. This implies a linear relation between the powers of any 
sixth sphere relatively to the five given spheres. The value of A (a, 6, c, d, e) 
is the power of one of the spheres relatively to that which cuts the other four 
orthogonally multiplied by six times the volume of the tetrahedron whose ver- 
tices are the centres of these four spheres, 

A (a, 5, c, d, e) = 

is the condition that five spheres shall have a common orthogonal sphere, and 

A (a, 6, c, d, z) = constant 

imposes upon the variable sphere z the condition that it shall cut orthogonally a 
certain sphere whose centre is the radical centre of a, 5, c and d. 

26. The power determinant of two groups of five spheres, each is 

n (l\B, £ j>;!)=8A(a,5 l .c l d,e)A(4, B, G > D > E )' < 29 ) 

which depends only upon the configurations of the two groups, and not upon 
their relative positions, and which vanishes when either group has a common* 
orthogonal sphere. 
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The Power Determinant for Groups of Four Spheres. 
27. For the power determinant of two groups of four spheres each we 



derive as in §16, 












(aA) 


(aB) 


(aC) 


(aD) 


jrfa, b, c, d\ 
"U, *, G,dJ = 


(bA) 


(bB) 


(6(7) 


(bD) 


(cA) 


(oB) 


{cG) 


{cD) 




(dA) 


(dB) 


(dC) 


(dD) 



(30) 



= 8A(a, b, c, d) A (A, B, G, D).(eE) 

where A (a, 6, c, d) now denotes six times the volume of the tetrahedron whose 
vertices are the centres of a, 6, c and d, and e and E are the spheres orthogonal 
respectively to the two groups. 

That is, the power determinant of two groups of four spheres each is 288 
times the product of the volumes of the tetrahedra formed by the centres of the groups 
and the relative power of the spheres respectively orthogonal to the two groups. 

It follows that this determinant vanishes when the spheres respectively orthogo- 

« 

nal to the two groups cut each other ^at right angles. 
When the two groups are identical we have 



n C: »:;:«) =- iMf («- »■••«*• 



(81) 



R being the radius of the sphere orthogonal to the group. 

The Power Determinant for Groups of Three Spheres. 
28. For groups of three spheres we obtain as in §21, 

a, b , c\ _ rt A , _ ^ ^v A / i r> n ™ { e E) 



n (2',B, S) = 8 A(«. M, d)A(A, B, G,D) 



where d and e are orthogonal to A, B, G, and D, E to a, b, c; D being also 
orthogonal to e and E to d . Operating as before, this becomes 

n (2', B, g) = 4A(a ' b ' C ) A (- 4 ' B > C)cosa{eE), 



(32) 



in which A (a, 6, c) and A(A, B, G) are the double areas of the triangles 
whose vertices are the centres of the spheres of the respective groups, a is the 
angle between the planes of centres, and 

(eE) = %P — — I& + P + L\ (33) 
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where the two groups of spheres are supposed to have the common chords 21 
and 2Z, o and being their middle points, and where % is the point in which the 
radical axis of a, 5, c meets the plane of centres of A, B, G % I the point in 
which the radical axis of A, B, G meets the plane of centres of a, 6, c. 

In equation (32), t> is the angle between those aspects of the planes in which 
A (A, B 9 G) and A (a, b, c) have the same sign. When the planes are coinci- 
dent, 6>= 180° and the equation reduces to equation (12), To and iO vanishing 
in the value of (eE) . 

29. If the three spheres a, b, c do not intersect, we must replace ? 2 by — r 1 , 
where r is the radius of the circle orthogonal to the three spheres. When this 
circle is real for each group we have 

(eE) = %P — i? — TO 1 — r* - /?, 

and this quantity may be defined as the relative power of the two plane circles 
in question, which are not in the same plane, whose centres are at o, and 
whose radii are r, R\i and /being points in each of which the axis of one circle 
cuts the plane of the other. 

Prom the mode in which (eE) arises, it is obviously the same as the relative 
power of two spheres passing through the circles and having both their centres 
in the plane of one of the circles. It vanishes when the circles are such that a 
sphere can be passed through one of them which shall cut the other circle 
orthogonally. 

The power determinant of two groups of three spheres each vanishes when 
the circles respectively orthogonal to the groups have this relation. 

30. When the planes of the centres of the two groups are perpendicular, the 
value of II, when reduced as in §22, becomes 

U (1\b, ^r) = -8A(a, 6,c)A(4,£, G)hH y (34) 

where h and H are the distances of o and fr#m the planes of the centres of 
A, B, G and a, b, c respectively. 

31. When A (a, b, c) = 0, that is, when the centres of a, b and c are in a 
straight line, we may take the plane of centres perpendicular to that of A , B , C, 
and so employ (34), in which h is now infinite. In fact, if R is the infinite 
radius of the circle orthogonal to a, b, c, and $ the inclination of the line of 

11 
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centres to the plane of centres of A, B, C, we have h = R cos$; hence, employ- 
ing the notation of §§17 and 18, we have by equation (15), disregarding sign, 

n (£ |; °) = 4 fadA + «te + «te + drf) cos*A (A, B, C) H. (M) 

When <p = 0, this reduces to equation (16). 

In like manner, if the centres of A, B f G are also in a straight line, 

n G; J: i) 

= 2{d l dA + «M + «W + d&(D x DJ) % + DyR + DJBl + DJBQ cot$coe^, 

where $ and ^ are the inclinations of the lines of centres of a, 6, c and A, B 9 C 
to two mutually perpendicular planes passed through the line of centres of 
A 9 B, G and a, 6, c respectively. Thus, if is the angle between two lines 
parallel to the lines of centres, we have in this case 

Il(£ !' £) = 2(d 1 <^+d 1 rJ+^ (36) 

This is identical with equation (17), in which, however, the two lines of centres 
were supposed to mtersect. 



Application of Quaternions to Projective Geometry. 

By C. H. Chapman. 



Introduction. 

In the following article I employ Hamilton's complex numbers* of the type 
xi + yj +zk. The real or complex quantities x, y,zare interpreted as the 
trilinear coordinates of a point in the plane of the triangle of reference. The 
properties of i,j and k\ are utilized, but their possible and usual geometrical 
interpretation as directed lines in space of three dimensions is, for the present, left 
aside. The number p = xi + yj + zk is spoken of as the affix of the point of 
which x, y, z are the trilinear coordinates ; or, dualistically, a = ai + bj + ck 
is the affix of the line of which a, 6, c are the coordinates. 

The point equation of a line is Sap = 0; here a is the affix of the line and p 
varies ; but if p is constant and a varies, we obtain the pencil of lines through 
the point p. In that case Sap = is the equation of the point p. The equation 
of a line through the points a and /? is 

S.pVaP = or S.pa/3 = 0; 

but this may also be interpreted as the equation of the point of intersection of 
the lines whose affixes are a and /? . 

The homogeneous equation of the second degree in three variables takes 
the form ^p = , 

$ being the self-conjugate linear and vector function whose matrix is 

(a h g) 
h b f 

9 f c 



* Hankel, Complexe Zahlensysteme, p. 141. t Tait's Quaternions, p. 86. 
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Starting from this, I show that the tangential equation of the conies is 

Saqr l a = 0, 
which, for a pair of lines, becomes simply 

(AS.(TT 1 )*=O t 

Ti being the affix of their point of intersection. 

The relation of pole and polar is expressed by $ ; if a is the affix of the pole, 
then (pa is the affix of the polar. Conversely, given the polar, we pass to the 
„pole by operating with $r l . 

In case the matrix has one latent root equal to zero, the conic breaks up 
and qr l is indeterminate while $ is not. We can therefore pass from the pole 
to the polar, but not from polar to pole when the conic is a pair of lines. 

In this new field, quite as much as in the more familiar ones, the calculus 
of quaternions shows its power by going directly to the result without analytical 
artifice, and by producing very simple formulas whose interpretation is intuitive. 
Especial attention might be called to the fact that the reciprocal polar relation 
is emphasizedjby the appearance of 4> -1 in the tangential equation. 

In Part 4 the method is extended to plane cubics, and there is nothing to 
hinder its application to curves in general, as I hope to show in a future paper. 

Constant references are made to Tait's Quaternions for formulas, sometimes 
perhaps of a too elementary character to need reference. The second edition is 
used. 

1. — Equation of the Right Line. 
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Consider a triangle ABC and a point P in its plane. From P let fall the 
perpendiculars PL, PM, PN on the sides of the triangle. There is no other point 
in the plane from which all the perpendiculars on the sides of the triangle will 
have the same lengths in the same order as those from P. Three perpendicu- 
lars chosen and arranged arbitrarily will not in general attach themselves in this 
way to any point, for the ends of any pair of them may be brought together, but 
the third one will then be found too short or too long. In fact the third is 
known when any two are given by virtue of the relation 

p x a + p % b +p B c = 2iT, (1) 

Pit Pa P* being the perpendiculars on the sides a, b, c, and K being the area of 
the triangle. 

Each point in the plane has one set of perpendiculars attached to it, and no 
two points have the same set ; but put 

lh = lp\ P* = mpL Pb = npi ». 
where Z, m , n are any constants whatever, and make 

al = A, bm=B. cn=C, 

the relation (1) becomes 

P [A+piB+piG=2K f 

and we conclude that there is a set of three numbers, proportional to arbitrary 
multiples of the perpendiculars on the sides of the triangle, attached to each 
point, and that no two points have the same set. 

Let Hamilton's units, *,/,&, be attached as marks of distinction to distances 
measured along PL , PM , PN respectively ; and let the perpendiculars from P , 
or fixed arbitrary multiples of them, be denoted by x, y, %\ then the complex 
number xi + yj + zk will be associated with the point P in such a way that 
when P is known the number is known, and conversely. The number 
xi + yj+zk will be called the affix of the point P. 

Numbers of this kind enjoy all the mathematical properties of vectors,* only 
the formulas obtained with them will now bear a new geometrical interpreta- 
tion." They will be denoted, as is customary with vectors, by Greek letters. 

* Hankel, Complexe Zahlensysteme, 242. 
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If three points lie on a line, their affixes are connected by a linear homo- 
geneous relation. 

B 




Let P and Q be the points lying on the line AB t and let the t-components 
of the affixes of A, P, Q be a y p, q respectively. We have from the figure 

= -jTj = — , say ; whence (ip — ty + (X — (i) a = . The same relation 

holds for the/ and k components of the affixes of A, P, Q and hence for the 
affixes themselves. Conversely, if the affixes of three points are connected by a 
linear homogeneous relation, the points lie on a line. 

Let a + m(3 + ny = be the relations between the affixes a, /8, y\ we have 

only to make x— - — = m y r- = n; thus a point is determined on the line 

A* —~ LL It A* 

through a and (3 whose affix is y = — — - . 

Operating with V.(3y and taking scalars, we deduce from the relation 

a + m(3 + ny = 

the quaternion form £.a/#y = 0, (1) 

which is therefore the necessary and sufficient condition that a t ($ , y lie on a line. 

Since the relation 

(a + A0) — a — 30 = 

is satisfied whatever k may be, we conclude that the point a + \fi always lies on 
the line through a and /? ; and as X varies through all real values, it represents 
successively all the points on the line. 

The points a, /?, y lie on a line so long as (1) is satisfied ; hence if 

S.pVaP=0=S.paP, 
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of affixes may be called orthogonal. The affixes determined by the equation 

(♦-0)p = o 

form an orthogonal system if $p is a self-conjugate* function linear in p. 

We may also effect a linear transformation by writing p = i//p', where ^ is a 
matrix of order three. 

3. — Projective Geometry of Conies. 

The homogeneous equation of the conies 

ax* + by % + C7? + 2hxy + 2/yz + 2gzx = (1) 

may be written in the form 

£.pty>=0, (2) 

where p = xi + yj + zk and $p = ( a h g \xi + yj + zk) . 

h b f 

9 f c 

Let t and a be the affixes of two points ; any point on the line joining them 

has for its affix r + %#, % being a scalar. Substituting this for p in (2) we shall 

obtain for X the quadratic 

S(r + to)$ (r + Xo) = 0, 

or S. r$r + %S. {o$r + <r$a) + %*S. o<pc = . 

But since $ is self-conjugate, this may be written 

tfS.atya + 2%S. o$r + S. r$r = . (3) 

If the point r be taken fixed and a variable, then 

S.o$r = (4) 

is the equation of a line, the polar line of r with respect to the conic. This 

equation is symmetrical in a and r, as it should be. 

Let S.aa—0 be the equation of a polar line ; then ^ -1 a is the affix of its 

pole. Now we know that 

m$r l a = (n^ — mtf> + q>*) a; f (6) 

hence $r l a can always be determined unless m = 0; but m is the determinant 

a h g 
h b / 
9 f e- 



* Tait, p. 90. 



t Tait, p. 82. 
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In case this determinant vanishes, the pole of the given line cannot be deter- 
mined. 

If the point r lies on its own polar, it must satisfy equation (4), which 
becomes S.tQt = 0; hence r also satisfies equation (2) and lies on the curve. 

We had above r = $ _1 a; hence S.rtyr = S.aqr l a = 0. The condition 

S.a$r l a = (6) 

being satisfied by the affixes of lines tangent to the conic, is the tangential equa- 
tion of the conic. 

We see that if r is the affix of the pole, then $t is the affix of the polar; and 
when m = 0, we can determine t so that it shall satisfy the relation 

4^ = 0. (7) 

This requires a nullity of order 1 in the matrix $; in other words, one latent 
root of $ is zero.* 

In this case it makes no difference what line in the plane is the locus of a , 
we shall always have 

so that any line may be taken for the polar of this exceptional point r x . 
Let 6> be any other point ; its polar is given by 

S.cypp= 0, 

but this is satisfied when p = r 1 , hence the polar lines of all points pass through r { . 
We may write the equation of the polar of o in the form 

S.tfx>=0, (8) 

which is equally satisfied if we replace 6> by q + xt!. From this we conclude 
that any point on the line joining cj and r Y may be taken as the pole of the 
line (8). 

The hypothesis still being that m = , let a be a point on the curve ; any 
point on the line through r x and a is r x + xa. Let this be substituted in 
S. p$p = . We obtain 

an expression in which every term vanishes. Hence the line joining r t to any 
point on the curve forms part of the curve. 



•Taber, Am. Journ. Math., Vol. XII, p. 862. 
12 
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To determine the vector r x which satisfies equation (7), we recall that 
m = — S.<piq>j<pJc } if i, y, k be taken for a fundamental system.* Hence in this 

case s . $i<pj<pk =S.i<p V. <pj$k = . 

We have in all cases 

S.j<pV.$j<pk = 0, 

S.k<pV.<pj<pk= 0. 

Hence for any vector whatever p, we have 

S. p<J> 7. $/$£ = 0, 

from which we must conclude that 

4> 7. $/$£ = , 
and finally that r x = x V. fyjtyh . (10) 

We might show just as well that t = x7.^i, or xV.QiQg; hence, since the scalar 
equations for r\ are linear in the variables and it can therefore have only one 
value, we conclude that V. <pj<pk = t Y V. tyktyi = t % V. $i$j. 

Let us now expand V.tyjtyk in terms of i,j, k- 7 assume 

x V.$j<pk = i + yj + zk, 

a relation which must hold for some system of values of a*, y, z. Operating 
with $, we obtain the relation 

whence • 1 

V V. $/$£ = — V. (pifyle, or y = — 

zV.$kQj=. — V-$i$j, or z = 



Therefore jt^-^j • ■ 1 • • * ? /,,\ 

a;F.^i= » + -7-.; + -7"* = xr i- ( n ) 

In general, we may write for any vector a, 

S.$i$j<pk.a = QiS.aQjtyk + QjS.atyJfyi + tyhS.atyityj. 

But S.<pi<pj<plc = — m , 

hence, operating with 4>~\ 

— wi^^a = iS.atyfyk +jS.aq>Jc$i + kS.atyityj. 

•T&it, p. 81. 
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Prom this we find 

— mS.aqr l a = S.aiS.aQfyk +S. ajS.atyktyi + S.akS.afyitpj. 

Now if m = , we may replace Ypfyk by r x and we obtain the relation 



or 



S.arJs.ai + -f-S.aj+ j^S.ak) = 0, 
S.a^S.a (i + -j- J + ~T *) = °» 



or finally (S.artf = 0, by aid of (11). 

This is the form assumed by the tangential equation when the conic breaks 
up into a pair of lines. It is the equation of the point r x squared. 

No line can be tangent to this conic unless it passes through r x ; now the 
affix of any line may be written in the form 

aSx + bbt + CTu (12) 

where 5 a and 5 8 are the other two affixes determined by the equation ($ — g) p = 0. 
These affixes form an orthogonal system.* Substituting (12) in the equation of 
the point r x , we obtain 

S.r Y (ah x + bh % + cti) = , 

or cr?=0, 

whence, unless t? = 0, we conclude that c = 0. Any line therefore will be tan- 
gent to the pair of lines if its affix is a linear function of 5 X and 5 2 only. 

The curve S.pQp — pS*. p$a = 

is a conic touching the conic S.p<pp = 0. It passes through the point a, if 

p = o — t~ » an d its equation then becomes 
r o . a$a ^ 

S.aQaSpQp — S 2 .fl>a = 0. (13) 

The points of contact are on the line S.ptya = 0, which is the polar of a. Now 
we may write equation (13) in the fovutS.p [<ppS.a$a — $a&p$a] = 0; where 
the expression in the brackets is on its face a self-conjugate linear function of p. 
To compute for it the quantity m, we may choose a, 4>a and F.a^xx for a system 

* Tait, p. 89. 
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of independent affixes ; then designating the function by ^, we shall have 

S.atya F.a4>a 

but ^a = QaS.atya — ^a/S.a^a = ; hence for ^ the quantity m vanishes. We 
conclude that the conic represented by (13) is a pair of lines, the tangents from 
a to the conic. 

The polar lines of the points whose affixes are a, /?, y are S.oq>a = 0, 
S.o$(3 = 0, S.otyy = 0; and if each point lies on the polars of the other two, we 
have in addition 

S.(3$a= S.(3<py = 0; S.a<p@= S.aQy = 0; S.y<pa = S.ytyfi = 0. (14) 
The points a, /?, y are now the vertices of a polar triangle, and if we write 

p = , a a \i + t o-tt-ttxi 4- / n ^ — \i > then the equation of the conic S.p&p = 
r (S.a$a) k ^ (STfiwf T {S.yQyY H V ^ Y 

takes the form 

or x 2 + y 2 + z*=0. (15) 

Let S.pQp = and S.pty = represent two conies. The polar of a point a 
referred to each respectively will be given by S.oq>a= 0, S.a^a^=0. These 
equations will represent the same line if, and only if, 

q>a = xfya ; whence a = xqr l, fya , 
or a = — ^""tya, since if a satisfies one of these equations it must also satisfy 

the other. There are three points, then, which have the same polar lines with 
respect to the two conies. Their affixes are given as the roots of 

(^-ty — x)a = 0, 

and they form a polar triangle common to the two conies. For let S x , 5 2 , 5 8 be 
the roots of (^"ty — x)a = 0, and A lf h 2 , A 8 , supposed all different, the corre- 
sponding scalars ; so that $~ 1( 4A = ^A, $~ 1 'dA = AA; noting that 4A = h x (pi x , 
we have now tf^NA-JA = 7i A#A$A . But &4>~ VMA = *2& MA = ^^A^JA 
= A'/9A^n since «JA = ArfA. We have then //j/^&MA = A*/SA<?A> whence we 
conclude that since h x and h^ are different, S. MA must vanish. Hence h % is on 
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the polar of $ x . The same is true of 8 3 . In this way the triangle is seen to be 
a polar triangle. If the equation S.pQp = referred to this triangle becomes 

^ + 2^ + ^=0, 
then S. p^p = becomes 

a*S.afa + tfS.p+P + fS.rby = 0. (16) 

Let a and /? be the affixes of any two lines ; a line through their intersec- 
tion has the affix a + X/?. Substituting this in the tangential equation of the 
conic Saqr l a = , we obtain 

S.(a + XP)Q- l (a + X/3) = ; 

that is, S.a$- l a + 2hS.(iqr l * + KS.fo-^ = 0. (17) 

If %i, A* are the roots of this equation, then 

a+^, a + 3*/? (18) 

are the affixes of the tangents to the conic through the intersection of the lines 
S.ap = 0, S. /?p = 0. The lines (18) form a harmonic pencil with a and (3 if 

S.p$- 1 a = 0] (19) 

that is, if (3 is the affix of lines passing through the pole of a. For we know 
that qr\i is the affix of the pole when a is the affix of the polar. In fact (19) 
is the equation of the pole of a. If S.ap = passes through its own pole, we 
must have S.a^r x a = 0, which means of course that a is tangent to the conic. 

Let &.p$p = and /S r .p^p= be any two conies which do not break up. The 
conic S.p ($ — %$) p = 0, (20), passes through their points of intersection. For 
the function $ — 2/4s which is self-conjugate, the quantity m has the value 
— £.[($ — %$) i ($ — JWO/ (4> — ^)&]; hence, when m vanishes, X satisfies a 
cubic. There are then three values of X for which S.p($ — X^)p=0 breaks 
up into a pair of lines. The double points on these pairs are the vertices of a 
polar triangle common to all conies of the system (20). For, if 

S.pd> — bd)p = and S.p(<q> — a*i//)p=0 

are any two conies of the system, the affix a of a vertex of their common polar 
triangle is given by the equation (<J> — %&)a = x($ — fytya, which is possible in 
general only if $a = g^a ; that is, the polar triangle common to any two conies of 
the system is the one common to S. p$p = and S.p^p = . But the equation may 
also subsist if ($ — X^) a = , ($ — fyl*) a =0 ; that is, if each of the two conies 
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breaks up into a pair of lines which intersect at a. Hence the three values 
of k for which S.p(<p — Xi//)p=0 breaks up, are the values of x for which 
$a = x^a ; and the double points on the lines are the vertices of the polar 
triangle common to the whole system. Hence these double points have the 
affixes <$!, & 2 > ^3 which satisfy the equation 

<j>a = x^a , 

and are such that ^8 X = htf^, ^5, = htf>$%, ^3 = A^s, an d *h e three values of 

a, are -r- > -7- , -r- respectively. 

When the conies are referred to $ x , 3 2 , &$ as a triangle of reference, their 

equations become 

rfS.ijfa + y>S.$&8 2 + *S.S&8 3 = 0,1 (n) 

Remembering that < 4'S 1 = A^x, etc., the second of equations (21) becomes 

hi3?S*8i$$i + h^S.S^^ + htf?S.&$>&3 = 0. 
Now, including S.&itySi, S.$tf>8 2 , S.$tf>& 3 in x 1 , y', 2? respectively, their final 
form is a? + y* + * =0, 

A^ + »#■ + A^aP = . 

These equations may be easily solved for the intersections of the two conies. 

There is an interesting correspondence, which this treatment brings into 
prominence, between polar triangles in a conic, and systems of conjugate diame- 
ters in central surfaces of the second order. If the equation of two surfaces be 
S.p<pf)= 1 and £.p^p= 1, a system of diameters conjugate in both is given as 
the roots of $>~typ = xp, which is also the equation that determines the vertices 
of the polar triangle common to the conies S. p$p = and S. p*4f = .* 



If we write 



4. — Plane Cubics. 

— e= a x i + bj + eje 

— y\ = b x i + bfj + cjk 

— 7 = C\i + c d + c sh 

— (3= b z i + bj + eje 

— 5 = c,i + c J + eje 

— x=c 3 i+ cj + eje 



♦Tait's Quaternions, Art 269. 
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and p = pi + qj + rfc, 

then the matrix 

( S.ep S.r t p S.yp ) 

. S.r;p S.fip S.ty I , 

i S.yp S.hp S.xp j 

which may be denoted by $,, has the following properties: 

1). <$>,+* = $, + $«,. 

2). S.a$ fi P = S.(}$fflL= S.atpJJ. 

3). S.y$J3 = S.PQjy = S.a<p fi y = S.a<pJ3. 

4). Qj3=Q/fl,. 

5). dS.ffytf^: SS.dfxprf. 

The equation &p$*p = ° (!) 

represents a plane cubic in general form ; and if the content of <p, be denoted 

by m ? , then 

m,= (2) 

is the equation of the Hessian of the cubic. The curves 1) and 2) intersect in 
nine points. Let a be one of the nine ; we have 

.S.a^joL — O (3) 

and m.= 0. (4) 

There is consequently a point r for which 

<M=0. (5) 

If r coincides with a, so that 

<M = o, (6) 

then a is a double point on the cubic. 

To show this, we observe that the points where the line joining /3 and h 
cuts the cubic are given by writing in /3 + %$ the values of 31 which satisfy 

S. (0 + %£)(*, + XpJip + XI) = , 
or S-PttP +■ 3X^.5^ + StfS.ty^ + VS.tyJ = 0. (7) 

If /? = a and $ a a = 0, two roots of this equation are equal to zero, whatever 
point 5 may be. Hence a is a double point. All three roots vanish if 5 lies on 
the conic &.£$.£ = ()• But when ni.= this conic breaks up into a pair of 
lines. If then 8 lies on either of these lines, the line joining a to 5 meets the 
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cubic at a in three coincident points; but since <p a a = 0, a is the double point 
on the conic. Hence the tangents to the cubic at a are the lines into which the 
conic S.p$ a p breaks up. 

If not only fap = 0, but also $ 6 8 = 0, then equation (7) vanishes identically, 
and we conclude that the line joining /? and $ forms part of the curve. If there 
are three double points given by the relations 

we may write p = xa + y(3 + zy , and this value substituted in 

reduces the equation to 

xyz = 0. (8) 

Change 5 to p in equation (7) and we see without difficulty that the polar line 
of /? with respect to the cubic is given by 

S.pq> p (3 = (9) 

and the polar conic by 

S.## = 0, (10) 

while (9) also gives the polar of/? with respect to the conic (10). If /? is on the 
cubic, (9) gives the tangent at /?. The point p cannot traverse the loci (9) and 
(10) simultaneously unless the conic breaks up into two lines, one of which is 
the tangent to the cubic at /?. But if, /? being on the cubic, equations (9) and 
(10) are satisfied, {} is a point of inflection. It is the polar conies of points of 
inflection therefore which break up into right lines ; hence it is for points of 
inflection fi that ^ has the property indicated by the equation 

<for=0 
for some point r. 

Let /(?!, @ % be two points of inflection, and r u r 2 two numbers such that 

From the expression V. V.r^V.r^ we derive the equation 

fttf .*W& - *i<S. ft*A + &5 .**i& - **S-foiPi =0, (11) 

which may be written 

Pi + y*i + *P% + ™** = 0, (12) 

where m _ S-P\*z@2 . 9 _ _ &Ti*W?i # _ 8**$$% 
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By multiplying (12) by fyftx and taking scalars, we find another value for z, 

It is seen immediately that the line joining any two points (3 lf /3 2 on the cubic 
cuts the curve again in the point 

& = & + «&. (13') 

z having the value (13). Taking fa and ft % points of inflection, let us find the 
effect of $4 upon f} x + wt 2 . We have 

♦* (ft + «**«) = totPi + zQpA + «*****• 
But from (12), <p fii ^ x + z$ fil P % + vfy fil r t = 0. 

Hence (3 9 possesses the characteristic property of a point of inflection and is such 
that <fc, t 8 = , 

where r 8 = 0i + tinr a = — y^ — z/? 2 . (14) 

Upon the line joining /^ and /3 2 there can be no more than two points p 
suchthat 4>,p = i>p, (15) 

where p is a scalar. For take p = & + tf/3 2 , then (15) becomes 

^ft + 2ffe, 0, + *fc,& = /> (ft + #,) . (16) 

Multiplying both numbers by V.@ x (} % and taking scalars, we find 

8-Pifrprfi + ** A&fc.A + 'tf-ftfttoA = , (17) 

a quadratic in /. There are no more than two values of £ which satisfy (17). 
If there are three points, p lf p 2 , p 8 , mutually orthogonal and such that 

$n9i=P\9i\ 4>p,P» = Paps J QpjP9 = P#*> ( 18 ) 

then upon the line joining any two of them there lie three points of inflection. 

It may be noted, to begin with, that $ Pi p 2 is orthogonal to both p x and p 2 , 
since S.pi^pt = &pfc$ Pl pi = Pi8*pipi = ° 5 an( * 

^•P»^p,P2 = 8- pi^P,P» = i 9 *^- P1P2 = ° • 
It follows that 

$piP» =/3p3; 

and in the same way, y (19) 

$*P* — fipx 5 $p.Pi = /*P» • 
13 
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Moreover, since 

&• P3^P,P2 = S. p 2 $p,pi = S. pi<?>p f p2 » 

we must have 

/ 3 p!=/ 2 p5=/ lP ?. (20) 

Let a number r = xp x + y$% + zps be formed, and let us inquire if there is a 
number ty x + j/p 2 such that 

4 > (Ap 1 +MP,) r = °; 

that is, if Axfr, r + j/$ Ps r = . (21) 

Equation (21) gives the vector equation 

* (zpipi + y/sPs + 2/2P2) + /u (a/ 8 p 8 + ypzft + z/ipx) = , 
which yields the three scalar equations 

ty* +^ft=0,| (22) 

ty/3 + ^/3 =0.) 

These equations are consistent if -^- satisfies the cubic 



X^ (if, 
m/> 2 Vi 



= 0, (23) 



or - XW2/3 = pWi/s • 

f= _ N xg i _ os7 s ; _ u . N /M, (24) 

where o s = + 1 . 

We may for brevity denote these values of -^- by 

— c, — (AC, — a % c 1 
Wh6re c=v/M. (25) 



Equations (22) give now 

jL—_JLJL- JL—_*L A. 
z 31 p } z (i p 2 
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and we obtain for r the three values 



T 3 = + (a I c^--p 1 + -|- ^ p, + p,. 



(26) 



The corresponding values of ty x + fifa are proportional to 

& = Pi — <¥»> ^2 = pi — ^p»; P9 = pi — <**cp % . (27) 

If ^ 1? /? 2 , /3 8 are on the cubic, they are points of inflection, since they have 
the characteristic property of points of inflection. 
If ($i is on the cubic, we must have 

This yields the equation 

S.(p x — cp 2 ) (jp^ — 2c/ 8 p 8 + cjftjfc) = , 
or Pifi — *p$ = 0. (28) 

Substituting the value of c from equation (25), this becomes 

Whence /,p}— 7^1=0, 

which is known to be true by equation (20). In a similar way it may be 
shown that fi % and /3 8 are on the curve. Hence the theorem is proved. 
Under this hypothesis we have 

^^ = ^-^ = l^ = -a>,byaidof(20); 
and the value previously found for (3 S , that is, 



Pi — Pi— o >i ' 'a P 



•s 

becomes 



£• P&nflt 



P» = A + "A = Pi — cf>2 + <■> (pi — "cpi.) = (1 + a) p t — c(l + a % ) p 2 

= — o*pi 4- cup t = — o'p! + cupj = — (pi— cw'p,) . 
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This value of £, differs only by a constant factor from that found in equation 
(27); the results found so far are therefore consistent. 
We had in equation (12) 



which, in terms of p n p 2 , p 8 , becomes 



w = — 



/. i /, 



1 — c 

1 — ac 

With this value of w we have 



1 






A i /. 



Pi 



Pi 



6)C " 



/l « 2 /. 



i>i c pt 
1 — oc 



/. 



1 





<?Pt 



'/•(i+a»)- 



(29) 



^* * d>(l — o)c7) 2 31 



(30) 



which differs only by a constant factor from the value of r, found in (26). 
Arrived at this point we may now observe that taking 

p» = «&+»&, 
and c an undetermined scalar, it is possible to put & and /?, in the form 



A=*=»=*- 



A = 



an? 



tip, 



cpg 



arw — i/y 



= Pi — ocp 3 



(31) 



For, from the second and third members of equations (31), we find as a possible 
system of values, 



(j 



— l 



ii = 



c(l— o)' 



y = 



» = 



1— o' 

1 

c(l— a)' 



(32) 



The arbitrary constant c may be so chosen that 
and then from equation (13') we find 



(33) 



(34) 
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which, by virtue of (31), becomes 

ft = — -1- (p x — cco'ps) , (35) 

which differs from the value of /3 3 in (27) only by the factor a — 1 . 

The condition S. p!p 2 = , 

which takes the form 

jS! + ^# + ofl.ftft=O f ( 36 ) 

T8 
and does not contain c explicitly, may be satisfied if t£t be properly chosen. 

Let p 3 be a number satisfying the conditions 

&pip3=0, £.p2p 8 =0, (37) 

then p lv p,, p3 form an orthogonal system. 

We next notice that owing to the conditions 

S-*&fii=0, S-P#*Pi=0, (38) 

we may write 

and similarly, $J} % — g % V. r^ 2 , > (39) 

$*£* = 9*V**$i-> 

The conditions 

***i = ♦**« = ♦**! = ° ( 40 ) 

yield three other vector equations. 

Two more scalar conditions can be obtained from the fact that we must 

Pi — P% m a* o Pa 



(41) 



whereas equation (34) gives 

(42) 






The expressions for (3 X in (41) and (42) can differ only by a factor, and we 
conclude that 



A-* = «(A-£f*£A)i 
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whence #. &&,,& _ 1 . , . 

*--<■>> S7fc£j s -^-"- ( 43 ) 

Similarly, SJZ&eJSs _ . /, ,\ 

We shall now put Ti , t, , t s in the forms 

Tj = x,px + x,p 2 + ar 3 ps, 1 

** = yipi + y$% + ysps. ?• ( 46 ) 

T S = Z lpl "+" ^P* + ^sPsi ^ 

and equations (39) become 

^,pi+ ^Pj — Sc&.pa = [— ( c *i +*») ^-pipi +a-3^-psPi+«Ps^P2p8] 9u ] 
^■Pi+ "*<%,p2 — ^^p.Ps = [— (^i+y»)7.p 1 p l +y 3 7.p,p 1 +uc#,7:p 2 ps]fl' 2 , M46) 

While from equations (40) we obtain 

*i<fr>,Pi — cayfc,,p, + (x, — cxj) ^p, + xfafr — «*sp,>,p» =0,\ 

^lftxPi — "cy^p, + (y, — acyj $,#1 + y& fi o 3 — wy&rfa = 0, >■ (47) 

%4>p,Pi — «'<**fcj»» + (z, — ct'czj <p Pi p % + z^p, — a?cz^o 3 = . ) 

The fact that <ppfit, ^/?8, 4>^,/8i are respectively multiples of 7tiT 2 , F.t 2 t 8 , 
F.TjTi leads to the three following vector equations, in which h Jt \, A3 are 
scalars : 

*p,Pi — ( c + uc ) &,P» + "^.ps 

= [fo^ss— a^i) ^Pip» + (x»ys— *«y») 7.p*p,+ (**yi— *#s) 7". psfi] K 

ft>.pi — ("c + <-> 2c ) &,P» + ^(..Pi 

= [(3/1 2 * — y» Z l) ^-Plp» + (#* — ys«2) V. p2Ps + (jVl — yi«s) ^-P.p l] ''!*. 

<P P ,f>i — ("'c + c) $ Pi p 2 + uV<f> Pj p 2 

= [(«1*S — «2«l) ^- pips + 0% — 23^*) ^ P2pS + (^l — «l*s) V. pjpi] *s . J 

There will be no loss of generality by making 

*s = y 3 = 23 = 1 ( 4 9) 

in these equations. After doing this, multiply the first of equations (47) by 1 , 
the second by a and the third by a* and add the results. By this process is 
obtained the vector equation 

4»p,Pi (*i + <*!/i + <*\) — ^p* (*» + «fy« + "2s) c J 



(48) 



136 Chapman: Application of Quaternions to Projective Geometry. 

To obtain the complete solution of these equations, which we know to be con- 
sistent, is apart from the present purpose. It will suffice to know a single system 
of values of the unknown quantities, and, taking a hint from equations (26), let 

us inquire if 

x x = ca u y x = caa 1 , z x = cuPai, ) 

a % gAzj oa % f ( 55 ) 

where a x and Og are to be determined, are possible forms for these quantities. 
Substituting them in equations (51), the first two are identically satisfied, while 
the third becomes 

^-3^=0, 
c 

or a 8 = c s a 1 , (56) 

as we should have expected from equation (25). The last two equations in (52), 
(53) and (54) become respectively 

0i + ft +0s= «i [^i(o— 1) + A 2 (ca» — a>) + A S (1 — a>*)], | 
1 + ^ + a,V,= -5-[^(l-^) + ^(a, 8 - W ) + A,( tt -l)] ) J" < 52 ') 

«ft + ufyi + ft = oj [*, (w — 1) + A, (1 — v?) + h 3 (a* — u)] , 

^ + 0, + ^. = -? [Mi -<■>') + Mi -<■>') + *,(!-<■>»)],'' (53) 



2a 
— (oVi + "ft + ft) = -j* [M 1 — o 2 ) + A 2 (w — 1) + M 

— o'(ft + ft + ft)= 2«! [*!(» - 1) + M<0- 1) + ^(W— 1)] 



to- 1)1. J 



(54') 



The values of g Y , Aj can now be found from equations (33), (43) and 

(44), together with 

— g>4>„,/?8 = A, F. t,t s [■ (48') 

From equations (33) and (46) we find 

_ _ ft (^8 — MX3) _ _ ft ,. g v 
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From (43) and (46), together with (35), 



— — 9i (wys — <* % cy 3 ) 
o* = 5 : 



From (44) and (46), 



6) 



jr 0s (<>% — uczj) 



0S 



(59) 



1 = 



-„«-#> (w'czj — CZs) 



— . ,*i 0» 



u 



0i (c*s — <**cxs) 



= + o 



0i 



(60) 



Equations (58), (59), (60) are consistent without regard to c; we have 
therefore 



From (48') we find that 



0i ft 



(61) 



^ _ S. ftfaft _ 9i (ca? 3 — <mx,) 

1 S.pWi x t y t — y& 3 + c (xtfs — x^) 

o * S-P»r t r s y^3 — z i y i -\-(M{y l z s — y 3 z x ) 






a 



r 0s ("*czj — cz$) 



or more simply, 



— [*»*• — *%% + <**c (z,x 8 — «s*i) 



A _ a,c(l— o) 

1 x% — yt+c(x 1 — yi)' 

h _ — 08°° (<* — *) 
8 y» — z« + «c (y! — Zj) ' 

h _ 03C (<■> + l)(o — 1) 

3 2, — X, + <J 2 C (Z, — «i) ' 

By substituting here the values (55) assumed for as,, . . . . , Zj, we have 



_ 0ic*(l— a) 
Al ~ 3a, 

1 _ — 0iC*(" — 



l)o» 



14 



3a, 

. _ —^(0—1)0 
' 3a, 



V 



(62) 
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We conclude that 



a 2 /*! _ 



c 


ft - 3 V-°>* 


do 

c 


k — c t -,\ c 
ft -~ 3 («-0«= 3 


«2 

c 


''3 C , 2 / 1 \ C 

ft" -"'3 "("-!)- 3 



= -^-o(l — o), 



= -^-o s (l — o). 



(63) 



With these values, equations (52'), (53'), (64 ; ) are all verified, provided that we 

impose upon c the condition 

c = l. (64) 



This leads to the conclusion that, equation (66), 

a x = ao t 

while g x is undetermined. We have thus 

ft— s^"^-")' 

■ft-8^ tt ( 1 - tt )- 



(65) 



(66) 



By these values of g %1 . . . . , h s , c, the first equations of (52), (53) and (54) are 
reduced to identities without regard to the values of g x and a 2 . 

Let us now return to equations (46) and add them together, keeping in 
mind the values found for the scalar coefficients. We thus obtain 

4> Pl pi = ^i^.p2P3- (67) 

Again add them, after multiplying them in order by 1 , o , o 2 , and we have 

♦*pi=0i"P-M>i- (68) 

Finally, multiply by g> 2 , u, 1 and add, the result is 

4>p I p2 = a 2fl r i^pipi- (69) 

Adding equations (47) and using (68), we find 

<J> Pl p3 = <*%<P P f% = "201 V. p 8 pi . (70) 

Multiply equations (47) in order by 1, o*, o and add. This gives 

♦*fr = «2* Pl pi = <*i9i V. p 2 p 8 . (71) 
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From (70) and (71) we learn that 

and that consequently 

< ? ) P,ps = »^Pip2. (72) 

Since F.p^, 7.p.,p 3 , V.p^ are respectively proportional top 8 , p x , p 2 , the exist- 
ence of three numbers having the property defined by equations (18) is demon- 
strated. The points p lf p 2 , p 3 form a triangle upon each side of which lie three 
points of inflection. * Their affixes are given by the following scheme : 

ft = Pi — ps> 

& = Pi — <->p 2 , 

ft = — — "(pi — o'p*). ^ 
on the side joining p x and p, . 

yi = p 2 _p 3 , 

y 2 = p 3 — G>p 3 , 

ys = — — (p 2 — W ? p 3 ), J 
on the side joining p 2 and p 3 . 

^i=p3 — pi» 
$> == Ps — "pi > 

^3 = — — (P3 — " 2 Pi)^ 

on the side joining p 3 and p la 

We find by solving these equations that 

p2 = i(yi + r» — wyi),J- (73) 

pa = i (<$i + $* — <A) • J 

It is to be concluded that when the arrangement of the points of inflection 
on the sides of a triangle is known, the affixes of the vertices will be given by 
equations similar to (73), and those affixes will have the properties given in 
equations (18). It follows that the equation 

4>pP = *p ( 74 ) 

has at least twelve solutions which fall into four sets with three members in a set. 
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In equation (72) the scalar x is undetermined, but its value is easily found. 
There is a number a x = lp x + #ip, + np 3 which satisfies the equation 

<Mi=0. (75) 

This gives us without difficulty, since y x = p 8 — p 3 , 

1a 2 g l —nx=0,\ 

m — fa 2 =0,j- (76) 

n — m = 0, ) 

whence x = g x . (77) 

The equation of the cubic referred to the triangle p lt p 2 , pj takes the form 

o 3 + # 8 + z 3 + 6a % xyz = 0, (78) 

and we conclude that <* 2 is the absolute invariant of the ternary cubic* 
From equations (67), (68), (72) we have 

#• Pi^p.Pi = $ • P*$p,P2 = $- P&pJs = 9iS. pipsps • (79) 

Taking a = xf> x , (3 = yp 8 , y = zp 8 , we shall have 

<^pi = ^ <M = 0i^p*ps = -^ ^£r; 

whence ^=^7.^,1 

and similarly, ^ = ^y.ya, )> (80) 

It will be seen that any one of the choices 

x, y = caar , z = gAc, 

x, y = oAc, z = o>a;,}- (81) 

x, y = x , z = sc 

preserves the property of equations (79), 

S. a$ a a = S.pQpp = £. y<J> Y y . (8 2) 

Johns Hopkins University, December 80, 1891. 

* Cf. Clebsch, Vorlesungen, p. 510. 



On the Part of the Parallactic Inequalities in the Moon's 

Motion which is a Function of the Mean 
Motions of the Sun and Moon. 

m 

By Ernest W. Brown, M. A., Haverford College, Pa. 



In Vol. I of the American Journal of Mathematics* Mr. G. W, Hill, taking 
into account only inequalities depending on the mean motions of the sun and 
moon, has shown that these inequalities are able to be determined to a high 
degree of accuracy by using moving rectangular axes, one of which passes 
through the mean place of the sun. This paper is an adaptation of his method 
so as to include that class of inequalities which depends also on the ratio of the 
solar and lunar distances, and in particular, the principal part of the Parallactic 
Inequality. Owing to the use which has been made of this latter in obtaining 
the parallax of the sun, it becomes of importance that its coefficient should be 
accurately known. Delaunay's expressions^ are deficient in this respect, and we 
have no means of knowing how near Hansen's numerical value is to the truth. 
The inequalities are obtained below in an algebraical and numerical form, the 
latter giving their coefficients in longitude and parallax true to about one thou- 
sandth of a second of arc. 

I. 
Transformation of the Equations of Motion. 

The inequalities from purely circular motion which depend only on the 
lunar eccentricity and mean motions of the sun and moon only, are given by the 
equations 






to 



* Researches in the Lunar Theory, pp. 5, 129, 245. t Mem. Fr. Acad. Sc., Vol. XXIX, p. 847. 
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where w', p have their usual significations, the axes being rectangular and revolv- 
ing with uniform angular velocity n f , and that of x passing through the mean 
sun. The earth is supposed to be moving in a circle round the sun with uniform 
angular velocity n'. The above equation is that which would be obtained from 
the consideration of a disturbing body of infinitely great mass, and at an infinite 
distance moving round the earth in a circle with finite uniform angular velocity 
n', where 7^ /a = mass -r- (dist.) 3 . In order to get the inequalities free from the 
lunar eccentricity, Mr. Hill gets a particular solution of the above equations. 
When now we wish to include inequalities dependent on the distance of the sun, 
we can no longer suppose it at an infinite distance and of infinite mass. We must 
include the part of the disturbing function due to this cause which has been 
omitted. It will then be seen that we can obtain all the inequalities which a 
disturbing body moving round the earth with constant angular velocity in the 
moon's orbit produces, when the moon's undisturbed orbit is taken to be circular. 
Hence we have, instead of zero on the right-hand sides of equations (1), to 

put ~-r-l and -T-1 respectively, where 

*=v IV— h»'] + £|>-*v+ 4 v] 

+ ~jr [x 8 — 5aV + -g- ay 4 ] + 

dx du 
Multiplying the equations thus formed by —tj- , H?- , adding and integrating 

the result, we get the Jacobian equation 

Transforming to new coordinates u, *, where 

u = x + y*/ — 1, 
s = x — y*/ — i, 

our equations of motion and the Jacobian integral become respectively 

cPu i ,- — - du u 3 IW , . , _ d£l x 



w + 2nV- 1 . w + fyu = ^- «'> + «) + 2-3- 
du ds 2u , 3 fi/ . m . «^ rt ^y 



i r 



(2) 
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and £i x takes the form 



| ••••••••••• 

Hx, expressed in terms of u, s, is obtained directly by expanding , where p 

is the distance between the sun and moon and is equal in this case to 

V(a' 9 — 2a'rcos0 + r»). 

For since r* = us and 2r cos = 2x = u + * , we have 2r n cos nd = u n + * n , and 
therefore n / V ' „ „ / r p , r» x 

P n is the zonal harmonic of degree n, and is expressible in terms of 

cos nd , cos (n — 2) ... . 



Hence we have 



n ,% n f * 



where 

^_ 1.3 (2n— 1) , n , nX , 1.3 (2n— 3) 1 / w _ 2 , « ix , 

^ = 2.4.... 2n <* +* > + 2^7. .7(2^2] * T "<* ■+*—) + . • • • 

II. 

Solution of the Equations. 

In order to solve our equations for the particular class of inequalities which 
we wish to get, take the particular integrals 

x = l t A i cos iv (t — t Q ) , 
y = 2-4< sin iv {t — * ) » 

i having positive integral values from zero to infinity, and v = n — n 1 . Put 

^4 < = a < _ 1 + a_ < _ 1 , B i = a i ^ x — a_i_ lf 
we obtain x = 2a< _ x cos tV (£ — tf ) , 

y = 2a< _! sin zV (£ — t ) , 



144 Brown : On the Part of the Parallactic Inequalities in the Mom's 

where the summation is now extended to negative values oft. Transforming to 
the complex variables u, s, and putting e r(| -' ,u '~ 1 = £, we have 

Also putting 

n' fi y d V — 1 d n 

m =T' x = "^"' ^ - — —'-at- 1 *' 

the equations (2) may be written 

[B>-2mD-^\s =-4-"»> + ')-«'-^-W' 

1 (us)* 4 v ' n' 

Multiply the first of these equations by «, the second by u, and add to the last ; 
also with the same multipliers subtract the first from the second, the resulting 
equations will be 

X>» (tie) — DuDs — 2m (uDa — sDu) + -j- »» 8 (« + «)* 



4 

2 / rfH x , rfflx 



= - m • ^("w + *^r + n + C7 - 

D(uDs — sDu- 2mm) + \ m* (u z — s») = - m* . -^- (u ^ — * ^) ' 



(3) 



The constant * has vanished and will have to be determined from our previous 
equations in terms of the new constants introduced in the Particular Solution 
(Hill, p. 132). 

Substituting in (3) the values of u, s } which are 

u = Sio^ift s = X^t-tf, 

or, what is the same thing, 

so that 

us = £,2/1,0, _ £', uDs — sDu = 2,2, (i — 2j — 2) a/ij _ £' , etc., 
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and equating the coefficient of £* to zero (except when i = 0), we obtain 
2, [* - U + 1)(» -J- 1) - 2m (* - 2/ - 2) + -|" ™ 3 ] «¥*,-« 



4 
Sj [i (t — 2j — 2) — 2mi\ a J a J _ i 



9 



3 



(4) 



where — wt'Z,,, — ?n s if, are the coefficients of £' on the right-hand sides of equa- 
tions (3). Multiply these equations by 2 and 3 respectively, and take the sum 
and difference, we get 

2, [5t» - 8 (j + 1) i + 2 (j + 1)' - 2m (5» - 4/- 4) + 9m 2 ] aj a_ (+J 

+ 9m?Sjaj-ia t _,_, = — m 2 (2i, + 3Jf<) , 

2/ [— »* + 4 (/ + 1) i + 2 (/ + 1) ! + 2m (i + 4^ + 4) + 9m 3 ] <*/»_, + , 

-f- 9m 2 2 J a_,_ 1 a_ < . K ,_ 1 = — m" (2i, — 3Jf,) . 

The terms of lowest order in these equations are a a t and a ( fi_ i . In order 
to separate out these, multiply the last pair of equations by 

— t* + ii 4 2 + 2m (i + 4) + 9m 2 , 

— 5i* + 8i — 2 + 2m (5i — 4) — 9m 2 , 

respectively, add the products and divide the whole by 

12* [2 (i 2 — 1) — 4m + m % ] . 

In the resulting equation the term a «_, will have vanished and the coefficient 
of a„a t will be — 1. The equation is 

= - 4- [2A {[*] + (»■) I + 3-Mi' r * 1 /,x ' n ^ 5) 



liiH-WU.I 



where r . •-,_ 3_ (i-2)j+i^+2i- 2-2(j-i + 2)m + m i 

l t >Jl — — ~i- 2 ■(»* — 1) — 4;n + m* 

Zrrf_ i 2 — 4i — 2 — 2( t 4- 4) m — 9m 2 
W — — 4* 2(i»— 1) — 4m + m 2 

r\— S — 5 ** — 8i 4- 2 — 2 (5i — 4) m 4- 9m" 
W — ~ "4» ,_ "" ^(i 2 — 1) — 4m + m 2 
15 
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and therefore, as they should be, 

[i, i] = — l [i, o] = 0. 

• 

The equation (5) corresponds to that obtained by Mr. Hill on p. 135 of his 
memoir referred to. It may be shown that if we put zero instead of the func- 
tion on the right-hand side of equation (5), every a with an odd suffix will 
vanish, and with one or two changes in notation it becomes the same as his. 

The expressions Z<, M t must now be obtained. Since flj is formed of homo- 
geneous functions of u, s of the 3 d , 4 th , .... degrees, we have 

* + *%+•% = *•£[-&(* + *> + i 3 6 «•<« + •>] 

. n'* r315 . , .. , 105 . , .. , 15 ... *-i , 
4 "7 r 1.256 <" -*)+256 M *( M ^ 8 -« 8 )+i28«V(«-*)J+ 

and — Z -o~if< being the coefficients in these when for u 1 8 are substituted 
their values. Hence 

= - ~ [J i (u 8 ) f + 4 (« 8 ), + B { («»«), + *,' («*»),] 

- "^r [C t (u% + Ci («*), + A («'«), + D' t (««*),+ ^ (uV),] 



u 
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where (u 3 ) iy (e?) iy etc., denote the coefficients of J* in u 3 , a 8 , etc. A it A f iy etc. 
are definite functions of m of the order m % at least. Their values are 

^ = ^-U7[f|- (i», « = -£-! W+ (OK 
A=^|4H+ (01. J« = ^I»H + 8(»U 

A' t , B' t , C[, D[, F' t , G{, HI Are got by merely interchanging [i] and (t) in the 
expressions for the corresponding undashed letters. Hence 

A 5rrf 2? — lOt — 6 — 4 (t + 6) m — 27m* 

*~~ 16** ' 2(i»— 1) — 4m + m* 

., _ 5m^ i4t<— 22i + 6 — 4(7i — 6) m + 27m* 
1 16i* " 2(t»— 1) — 4»n + m 8 

„ _ _ 3ot* 6t » — 14» — 2 — 4 (3i + 2) m — 9m * 
* 16t» ' "" 2 (i* — 1) — 4w +'«• 

d, _ _ Sm* lOt* — 18> + 2 — 4 (6* — 2) + 9m* 
1 16? ' 2 (t» — 1) — 4m + m» 

etc. 
Also we have 

Zl = 4" Mr KA + WiK-i-IWi + ^Xj] + 

** = IF [ll K« 3 )i-(* 8 )i} + llW.-(AM] + ••• • 

The coefficients of £* in t* 8 , s 8 , etc., are now to be obtained. From the forms 
of u, s we have, if the coefficient of £' in wV be denoted by (u p s 9 ) t as before, 

(u?8 q ) t = 22 .... a/x^/ • . . . (p factors) X a 9 afi w ••••(# factors) , 

for all integral values, positive and negative, of j, k, /....*,*, w ... . con- 
sistent with the condition 

(p + J + &+ Z. . . .) — (q + 8 + t + w . . . .) = i. 
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From this equation we see that 

(tlW), = («*!*<)_,. 

The coefficient of J* is more easily obtained by taking the coefficient of £\ where 

h = i— p + q, 

and therefore 

(j + Jc + l+ )— ( s + t + w+ ) = h. 



III. 

77ie Coefficients a x and a_ x . 

We have now obtained all the expressions necessary for the determination 
of the coefficients a { . But before developing them, some remarks must be made 
on the equations for a x and a._ x . 

It will be noticed that every term in equation (5) except the principal one 
is divided by the expression 2 (i 3 — 1) — 4m + m 2 . When i = ± 1 , this reduces 
to — 4m + m 3 , and the order of a x and a_ x is thus lowered by one power of m . 
The consequence of this is a great increase in the difficulty of obtaining their 
expressions. We have to carry them one order higher to get the same degree of 
approximation, and when we obtain them by the method of successive approxi- 
mation, each process, instead of carrying our expressions two orders higher, takes 
them only one ; the number of such processes is consequently doubled, and the 
numerical multipliers of the various powers of m are very much increased in 
complexity. 

A second disadvantage arises from another cause. If we form the expan- 
sions of a x and a_ 2 in ascending powers of m from equation (5), we find large 
and continually increasing multipliers of the various powers of m which tend to 
lessen the value of the successive approximations when expressed numerically, 
to such an extent that the series, instead of proceeding in a progression whose 
ratio is roughly m or 1/12, proceeds in a progression with a ratio of about bm 
or 2/5. As this ratio seems somewhat regular between the successive powers, 
I have used the following method to discover and counteract the effect of the 
slow convergence. In the following, squares and higher powers of 1/a' are 
neglected. 
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Going back to the equations (4) obtained directly from the equations of 
motion, put i= 1 in them, and write down the coefficients of a lt a_ l7 neglecting 
terms of the seventh and higher orders. These principal terms then become 

a a 1 [3 + 6m + ^^ + (7 + 107n + ^7n 8 )^+^m^^] 

+ a Q a_ x [l + 2m + 9m* + (1 — 2m + 9m 2 ) 55=1] , 

cut, ["— 3 — 2m — (5 + 2m) ^L + 3m* 5=l"| 
L a a J 

+ «o«-i [— 1 — 2m + 3m 8 + (1 — 2m + 3m 2 ) 5=!].. 

Now a 2 /ao and a_ 2 / a o involve m only, and their expressions have been found 
by Mr. Hill. He gives 

^= -T6 m *+-2- m3 + -l2 m ' + --> 
a_, 19 . 5 . 43 4 , 

• -^ = - le - ^ - -8" "^ " "ST w + •••• 

Substituting these values and expanding, we have for the principal terms, 
art [ 3 + 6m + -jg- m 2 -f ] + <*,,(*_! [ 1 + 2m + — m* + ] , 

a i p 1 £— 3 — 2m — m* +....] + a a_ x f— 1 — 2m + -y^- m 2 + ....]. 

Denote these expressions by a^P + a^^P and artG + a<p,_ x Q! respectively. 

When we wish to separate out Oj and a_ x by the ordinary process of solu- 
tion, i. e. multiplying the equations by Q, F and subtracting, also by Q, P and 
subtracting ; the principal terms become 

an-xiQP-yP). 

The resulting expressions for a x and a_ x thus found would therefore be both 
divided by the factor PQ — QP. Expanding it in powers of m, we find these 
expressions will be multiplied by 

' . - (l-^-^m'-....)" 1 .^, 

or by 1 / 165 \ 
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We thus have an explanation of the slow convergence of the series, and by 
retaining this divisor, we shall be able to obtain series which will converge much 
more quickly. By proceeding in the following way, the values of a x and a_ x 
can be formed to the seventh order in one approximation ; and it will also be 
shown that to this order, our values will be sufficient to obtain the coefficient of 
this part of the Parallactic Inequality from the expansions, with an error less 
than two hundredths of a second of arc. 
In equations (4) put i = 1 , we have 

S/W-i [i 1 +/+ 1 + 2m (2j + 1) + \ m»] 

9 

3 
2fljCLj-i [ — 2 i — l ~ 2m ] + %j ~2 m * [ a j-i a -j— a-j-ity-s] = — m % M x . 

Multiply the second equation by 2m , add to the first and write out the result- 
ing equation and the second equation, for errors of the sixth order at most in m, 

+090.! [l + 5m*+ 6m*+ ^ (1 + 5m»— 6m*)] 



+ ^( 7 + -£)] = -* ^ + M*) 



OflO! [3 + 2m + -^- (5 + 2m) — 3m* ^=* + 3m 2 2=i] 
+ a^s ["J" (7 + 2m) + £- (9 + 2m)] 



+<W-i[l + 2m — 3m« + ^ (— 1 + 2m + 3m*)] 

+«oa-3 \^m* - 3m» -^- + (- 3 + 2m) %1 + (- 5 + 2m) ?=*] = «•!£. 

The equations (6) will be used for a x and a_! instead of those obtained from 
the general form (5). 



(6) 
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IV. 

The Determination of the Parts of a, depending on the First Power of the Ratio 

of Vie Mean Distances. 

The coefficients a 4 will now be obtained to the order ?n 5 .a /a'. To obtain 
them to this order we have 

(u % s\ = a\ + 2a (aj + aL 2 + OjGL.,) , 

(uA = aJ(2a_ f + a t ), 

(u*s) s = (i^)_s = <*S ( 2a * + a -») t 



(a 8 )! = 3aja_ 4 + 3aL,a , 
(u 8 ) 5 =(« 3 )_ 5 = 3a§a 3B , 



the rest of the coefficients of £ in u 8 , * 8 , u 2 s, * 2 m being zero to the order taken. 
Whence we have 

— IK Q 

A = -jjr [y (aoa-3+«oa-4+ai 2 ) + y ( a o+ 2a i+ 2ai 2 +2aaa.,+ 2a a_.,+a a 2 )] , 
ifi= -^r [-y {*&-%— a a-4— «-2) + y (ao+2a|+2aL $ +2a,a_ r -2a a_,— a^)] 

for substitution in the equations (6). Also the right-hand side of equation (5) 
becomes when 

i= 3, -^7-[^8«o + ^sa (2a 2 +a_ 2 )], 
» = - 3 , I?- OlgflJ + £1,0, ( 2a, + «-•)] . 



a' 



t = 



— 5 , —j- A__ 5 . 3cr a 8 , 



whence, writing out equations (5) for a s , a_ 8 , a 5 , a_ 5 with a sufficient number of 
terms to obtain these quantities as far as the order m*. a /a f , we have 



<*ifli — [3, lJaja-g+O, 2] a^ 1 a % + [3] 26^+ -^ [Vo+^o(2a 2 +a_ 2 )] 

+ [3,4] a&i + [3, — 1] a_,a_ 4 + [3] 2a,a_ 1( 
<**!_,= [— 3, — 2] aia_,+ [— 3, — lja^a, + (— 3) 2^0,, 

+ -$- [^1 3 «S + £l^o (2a, + a_,)] 

+ [— 3, 1] t^a, + [— 3, — 4] a_ l0 _ 4 + (— 3) 2a^_!, 



(7) 
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tfo<*5= [5, l]axa_ 4 + [5,4] a 4 a_ x + [5, 2] a^g 



<h 



+ [5,3] atfi_i + [5](2a8a + 2a 2 ri l ) + —j- A^.Sa^, 



a 



atfi-i = [— 5, — 4] a x a- 4 + [— 5, — l] a 4 a«j + [— 5 , — 3] omi_ 3 

+ [—5, — 2]a l a_,+ (— 5)(2a g a +2o I a 1 )+-^-^l l .3a tf a l ^ 



(8) 



The usual method is to solve the equations (6) for a first approximation of a lf a_ 2 
by neglecting a 3 , a_ 3 , obtain a 3 , a_ 3 from (7) with these values of a lt a_ x and pro- 
ceed then for a second approximation of a lf a_ l9 I prefer to do this in one pro- 
cess as folio ws. 

Since a^, a_ 2 , a 4 , a_ 4 are known expansions of m in series, we can to the 
order given, write the equations for a*, a_ 3 in the form 



a_ 8 =a'a 1 + /?'a_ 1 + /^-a 0) J 



(9) 



where a, /?, y, a', /?', / are known functions of m. Substituting these values of 
Oj, a_ 8 in equations (6) for a {J a^ x , we obtain linear equations of the form 



a x .x +c/_ x .A =f£. -, a , 

a 



*\ 



(10) 



where x, %, ^, x', X', ^' are known functions of m. This method of procedure 
has the advantage of giving us the whole value of the functions of m used when 
dealing numerically with the equations; while in finding their expansions alge- 
braically, we lose much less than by the usual method. Also, if we wish to pro- 
ceed to a higher approximation, by using the equations always in the forms (9) 
and (10), we shall merely get terms in (9) independent of a Xl a_ lt and conse- 
quently in (10) terms added only to the right-hand sides of the equations. Then 
the coefficients of a lv a_j in (10) will remain unchanged, and the small changes in 
(i, fi f can be easily obtained. This will not be found necessary here, as the 
results obtained up to the order indicated above are sufficiently accurate. 
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,/51 , 3371 13451 ,\ ./15 . 167 , 607 A 

a 3 = m % {-y- + giTgsm + W7¥" ) a ^~ m \W + IF m+ 3~72» W V a_1 

. / 5 , 45 ,545 . 781 „\ a 

19 215 ,\ 

"2 Tm + 3^ iTO ; a - 1 



1 



«,/ 25 , 103 , 2659 .\ ,/ 

a_ 8 = m 8 (^— ^r + 3X35 «+ gXgio «* ) <hr~ m \ 



3*.2» 

, .,„ , 175 



+ 2» 



229 , 8455 ,\ a„ 
3.2" m — sT^^V a' ° ' 



and 



therefore from equation (6) we can obtain 

/_ , 29 . , 7 „ 1163 . 209893 B \ 

/ , 61 , , 13 , 68563 . 338477 .\ 

°~ l C 1 + 16 m + T "* 3\2* m 3*3°" W V 

3 „ 12795 , 96643 . 752323 t \ 



(11) 



+ 



12795 . 
2 io m 



"~ ~ar ' ^ \ 2 "*" 4 "* 2 10 " 2 1 * " 

' 15 9S . . 20645 . , 362467 K \ 

m + "3T2 15 + 3». 2" J 

55379 . 891109 _\ 



15 «,» J- 23 



a, (3 + 2m + -jg 

+ a_ x A + 2*n 



«o / 3 , 



29 , 
IF" 1 



17 3 
24 m 



3165 . 21333 . 



1300401 ,\ 
3.2» m )' 



■ (Ho) 



Subtract the first of these equations from the second, the resulting equation is 
then divisible by m ; also, multiply the second equation by 3 and subtract from 
the first. We have then two equations from which a u a_ x must be found. 
Performing these processes, we get 



<h _ <h 






■ a' 
_ «o 



15 g _ 15 123 

32 m 16 m "*" 32 



— [- 

WIT L 

1 r j- 45 «,» a. 21 m 3 

--L+32 W +le m_ 



m 4 + 



13975 
oi5 



BIT 



2763 . 13449 
m* — 



2 8 



2» 



«i 5 + 



m" — 



1709047 
3.2 16 

2979511 
3.2 15 



m 



m' 






(12) 



where mr, the common divisor, is given by 



2 



mr = m — 4mr — 



37 

8 



m 



3 



17 
6 



mr — 



89963 
3*. 2 10 



TO' 



16 



a 


— 


m % 


«_3 


— 


m % 
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■ 

•We can of course divide out by m . It has been kept in here to show in what 
manner a transformation of the form 

tn = -z — i 1 1 

1 +am 

if indicated by theory, must be made.* We should get different expressions for 
the coefficients a x and a_ lf kept still in the form (12) according as the factor m 
had been divided out or not. 

Using the values (12), after dividing out by the factor m, since it can now 
be any time replaced if necessary, equations (11) give 

"* r 5 -1. 45 *n 4- 545 «n* ?81 W 3 

m /45 , 8165 66251 ,\t 

a r 55 175 ,229 2 , 8455 f 
^"L-"2^^"2^ m + 3T2 nm +3T2 5 ™ 

, m /15 , 551 7459 8 \n 

and thence from equations (8), 

a 5 a 4 r 105 , 797 2655 ™1 

^7 = "^™ L _ in---o nm -"sF-T-r 

This method has the advantage also of giving numerical results along with the 
algebraical expansions, and thus we can obtain some idea of the errors which are 
produced by the portions of the series neglected when we expand the various 
functions used, in powers of m. In working out the numerical results by this 
method, it appeared that the principal parts of the errors in a x , a_ x were due to 
the neglect of the higher powers of m in solving the linear equations for a^ and 
a_x, and that even this part was not very great. For example, the value of r 

found was 

37 , 17 t 89963 , 
1 — 4m g- m* g- m » — ^ ^ m* , 

giving r = . 6443757 . 

The value found by the numerical process to the same order is 

r = . 6444540, 
a difference of . 0000783 . 

•See Monthly Not. R. A. S., Vol. LII, No. 2 . 
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The term 89963 ^^^ 

— -jjTTjio " * = —.0004171, 

so that the neglected portion is less than one-fifth of the last term in r calcu- 
lated. 

The expressions given above, when transformed, agree with those given by 
Delaunay as far as the order m A .a Q jal. The multiplier of ?n 5 .a /a' differs in all 
these coefficients by a small amount, causing, however, only a small difference 
in the numerical values of the coefficients of a few ten-thousandths of a second. 

V. 

The Determination of the Portions of the Coefficients depending on Powers of 

11 a! higher than the first. 

If now we wish to obtain the portions of the coefficients depending on 
(a /a f ) % and (a /a') 8 , very little extra labor is necessary. In the coefficients with 
even suffixes only even powers, and in those with odd suffixes, only odd powers 
of this ratio occur. Let 8a r denote the portion to be added to a r depending on 
the square or cube of this ratio according as r is even or odd. The even coeffi- 
cients will be obtained below as far as the order m 3 (a Q ja!) % } and the odd ones as 
far as the order rn % (a /a') 8 . As 5a is of the order m* (a /a') 2 , we have to the 
required degree of accuracy from equation (5), after obtaining the necessary 
terms in i, if, 

Oo&*i= [2, l\a l a^y + [2 J 3] a 1 fl l + [2, — 1] a^ x a^ s 

+ -J- [SAm-i+B*. (Stai + a-i)] + (-fr) A«S, 
cro8a_s = [— 2, — l] a^a^ + [— 2, 1] a^x x + [— 2, — 3] a„ x a_ 3 

+ -%- [SALjw^ + BL/i. (2a, + a.,)] + (jfl&-& 

a /a \^ 

Oo&i, = [4, 3] a t a_ t + [4, l] o^cls + -£- . ZAp^ + (-£-) ^4«o» \ (13) 

ao5a_ 4 =[— 4, — l]a 8 a_ 1 +[— 4, — 3] a x a_,+ — r .3^i 4 ajOi+f -,) CL t a\, 
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For a x and a_ x we must use the equations (6). Differentiating these and 
remembering the orders to which our quantities are carried, we get 

a Sa x P + a 5a_ 1 P'+ 7a x hai + a_ x 8a_ 2 = — m 2 (SL x + 2mSM l ) 1 
a Sa x Q + a ^ a - 1 Q + 5a x Sa % — a_ x ha- % = nPhMx , 

where P, Q> P, Q are the same functions of m which we had previously as 
multipliers of a x and a_ x in their respective equations. Treat these in the same 
manner as we did the corresponding ones for a Xl a_ lf i. e. subtract the first equa- 
tion from the second and also multiply the second equation by 3 and add to the 
first, we get 

<*oM Q —P)+aJa- l (Q —P')= m* [SL X + hM x ( 1 + 2m)] + 2a 1 8a t + 2a_ 1 Sa_ 2 , 
a Sa 1 (3Q+P)+aM^ (3^+/*) = m 2 [— 5A+ $M X (3— 2m)]— 220^0,+ 2a_ 1 &i_„ 

corresponding to the equations (11a), the coefficients on the left-hand side being 
the same. Also 

* r f a o Vr 25 it% , x , 45 n , , x , 45 -i 

dL x = a \^r) IYq (3a_, + a x ) + -^ 2 (a_ x + a x ) + -^ a J > 

hM x = a (-^-) [- 8 - (3a_! + «i) + ~q± a ] • 

Working out these and equations (13), and retaining the factor — wherever it 
occurs, we obtain the following series of values : 

3a, 8 /a \»r 5 5 45.67 m 45 1 n 

&»_, s /a \»r 45 6 15.1253 m , 46 ., , . , 1 1 

&*4 , / o Vr 7 , 7 15.25 m "i 

5a_ 4 ./OoVr 7 - 17 21 . 15.45 ml 

"07-*" U r ;L--2i--572 i, "+~2*--"T-l' 

fai /«oVr 105 210 , 1125 m* -] 1 

~^ = U'jL--2^ m --2^ m, --^--^Jv 
5a_ x / a \»r315 ,270 , , 3375 m* n 1 

-«7= ("sOL?- •» + -?-"•■• + -?-•— .It- 

^[8__^2 /«oV 35 

$a_j _ . / Oo \y 35^43\ 

fat _ . / «o \ s 21 
a ' W ; * 5T2 11 » 

&t_ t _ , / o \V 1533\ 



=■ = •»' • (*) (- rS) • 
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When these are compared with Delaunay's expressions they all agree as far as 
the order to which he has carried them. 

The results obtained by using numerical values from the outset are : 



— = — .0641700 
a. 



^r - .086 
a 



— = + .1789909 -^- + .240 f-^f Y, 
a a' \ a' / 

— .0000589 -J- + .0001 (-jr) . 



a. 



^=* = — .0029370 



^T — .0016 
a' 



— = + .00000047 ■% + .0000 ( ■%} , 
ao a' ' \ a' / ' 

^* = — .00000184 -^- — .0010 f-^T-V, 
a a' \ a / 

£ = + .007284 (^)'. 

£ = + .ooooeo (»', 



^«-g_ 



= — .007432 



( a r ) ' 



a 

&*-* ~ /a \ 5 

— 4 = — .001428 ( ? J . 

a \ a' / 



3 



tion 



The quantity 8a must now be obtained. For this purpose I use the equa- 



dCli 



Substituting in this 

and taking out the coefficient of £ we get with the former notation, 

* ((sp) = O+ 2 " 1 + 4 w2 ) a «+ 4 "*«-» + v- [-T- ^ + 4 <«' + 2ttfl )J 

When the parallactic terms are neglected Hill finds that 



ao=a[ H J' 



where 



^ = n 2 a*, 



J= * ( w),- 
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and a H is the value of the right-hand side of the equation. Let 8a , &J, bH 
be the corresponding quantities due to the parallactic terms. Then since 

J+SJ, H+83 
are defined in the same way as J, H, we have 

Oo + da —a I H+kH J ' 

Neglecting powers of -^- above the second, we get 

Oq 3 J 3 EL 

We shall obtain Sa to the order m 3 . (a /a l ) % . For this 

a' L 8 a ' 4 a J a' 16 

r 9 225 7n s -i/a Y 

/+ SJ is the coefficient of t in ^i or of £• in J 2a «^ q 3 . whence we get 

u _ A a i + «-i , 9 («i + a-i) 3 
*'-- 2 * a* +'4 * aS 

m* 675 



J3 = 1 + 2m + -J- "*' + Ar ™ 



AISO rr_ ^ . «_ i 3 —2 _l_ 3 _, 2 «- 2 



21 
t/"= 1 + -yT m * + • • • • » 

a = afl g ....), 

we therefore have 

&*o / a \» (225 1 + 4rn , 75 m , 3 . ft x l 

and numerically, 



= — (-^-Yo0965. 
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VI. 
Transformation to Polar Coordinate*. 

The inequalities will now be expressed in polar coordinates. For this pur- 
pose we have, if V be the true longitude of the moon. 

rcos(F-fi/)=-i- 2a, (? + £"') 

rsin(F- nt) = ^-^ 2a< (? - T ') 

where A t . a„ = a, + a_ , and Z?< . a, = 6, — 6_ i , and consequently Jj = J _ , , 
l?i = — 2?_<. And since 

at 

tan0 = 0— — + 

The coefficient of sin D or (£* — f"" 1 )/2%/— 1 is therefore 
A + 4"(A4i-^A) + -y (2^,- 4A) + 4"*(^8- ^ + 

or Oi — a^ a l a_ % — a % a_ 1 + a % a_ 3 — a&- % . 2 (ax — a,]) a^a, » , 

s i -j + ••••» 

«o a; a o 

and similarly for the other coefficients. Performing these operations we get the 

following expressions, omitting those terms dependent on m only. 

In longitude, 

15 9 a 1951 . 41585 4 2096751 ^ 

— ^ + _ m _ T _ m ___ m _ 49i62 m B 36 ^ 1346 

~~ ^ ] 37 ! 17 : 89963 4/ " 1024 m 12288 

1 — 4m jr- rrr g- wr — Q21fi m 4 (= r) -o".oooa -o".ooo§ 



- 1S8".QM5 



a % f 105 _m _15_ n£ 1125 m» 1 

""o^l 64 ' r + 8 r + 128 '"tM 

_0".0006 — 0".0001 -0".0004 



a n 

— r sin Z) 
a' 
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VZm* , x , 225 ,(5 + 11m) , 15.747 m 3 n a* . on 

o".oot8 +o".an« +o"ooeo 
r 15 , , 55 , 41 . 2309 . 1 /255 , , 7543 4 134525 .\ 
+ ["32 m+ 128 m 1536 *" ~ 9216 m ~ v(l28 m + 1536 m 819T ™ J 

1".6173 + C.1199 -0".000« — 0".0005 — 0".M72 



, a* 385 ,n a . ._ 
+ ^"1536 W J^- Mn3i> 



+ C.OOO0 



, r63 , . 77 3 1725 m 3 -i a» . 
+ 1.856 w + 480 m ~ 2048 ' ~Vi ^^^ 

0".<X»1 +O".0OOl — C.0008 

, r75- . . 2797 . 18415 »n 5 , a 2 777 ,t a . „ _ 
+ Ll28 m + 2048 m ~ TlM' -T + IF- 5T20 m J ^ 8m 5D ' 

0".0132 + 0".0Q25 — 0".OOM -fO".0000 

In parallax, 

1 r / 15 3 , 1869\ 1 n a 

at \ 16 8 256 / r J a' 

— 1".0100 

, 1 r25 8 65 3 459 m 3 i 1 on 

a L 64 ' 256 256 r J a' 

0".02»3 + 0".OOM - 0".01» 

None of the other parts produce in parallax, coefficients so great as one thou- 
sandth of a second. 

The numerical values of these coefficients are obtained by using 

m = . 0808489338, 
% = .00255878. 



a 

If we use the numerical value of m from the outset, we obtain the more 
accurate series of coefficients : 
In longitude, 

— 128".070 sin D+0".039 8 in 2Z)+0".750 sin 3D+ 0".001 sin4Z)+0".008 gin 5Z), 

and in parallax 

— 1".001 cos D + 0".008 cos 3D. 

For the discussion and comparison of these results with those obtained by 
Delaunay, see Monthly Notices of Royal Astron. Soc, Vol. LII, No. 2. 

November, 1891. 



On the Curves which are Self-reciprocal in a Linear 
Nulsystem, and their Configurations in Space. 

A paper read before the New York Mathematical Society at the Meeting of Nov. 7, 1891. 

By Charles Proteus Steinmetz, Tonkers, N. Y. 



§ 1. — Introduction. 

Every conic curve defines in the plane a polar system ; that is, a linear 
involutory reciprocal correspondence between the points and the lines of the 
plane. 

In a similar way the simplest rational curve in space, the twisted cubic, 
defines a reciprocal correspondence also, whereby the points and the planes in 
space are related to each other so that to every point r corresponds the connecting 
plane £ of the osculating points of the three osculating planes drawn from r onto 
the cubic curve, while inversely to every plane £ corresponds the point of inter- 
section r of the osculating planes of the cubic curve, drawn in the 3 points of 
intersection of the plane £ with the cubic curve. Hence to the points of the 
cubic curve correspond its osculating planes, and inversely, so that this cubic 
curve is self-reciprocal in this polar system in space. 

Now, the plane £ always passing through its corresponding point r, this 
linear involutory reciprocal correspondence is coincident ; that means, corre- 
sponding elements coincide. Hence this polar system in space is a nulsystem, 
and £ the nulplane of the nulpol r . 

The nulsystem defined by the twisted cubic is the linear nulsystem. 

But reversing the reasoning, we find that to every polar system in the plane 
belongs a conic curve — which indeed may be imaginary — while on the other 
hand, a nulsystem in space does not define a curve as self-reciprocal element, 
but an infinite number of curves, amongst which there are straight lines, cubics 
and higher algebraic curves, and transcendental curves. 
17 
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With these curves, which are self-reciprocals in a linear nulsystem in space, 
and with the configurations of these curves, we shall deal in the following, 
especially with cubic curves. 

A curve G will be called self-reciprocal in the linear nulsystem in space, if 
to every point r of the curve G as nulpol, corresponds the osculating plane £ of 
this point as nulplane. Then, from the properties of the nulsystem follows, that 
the osculating points of all the osculating planes of the curve G which pass 
through a given point r, lie upon a plane £, which passes through point r as its 
nulpol, and that the osculating planes in the points of intersection of the curve 
C with any plane £ intersect in a point r, which lies upon £ as its nulplane. 

A surface S will be called self-reciprocal in the linear nulsystem, if to every 
point r of the surface S corresponds a tangent plane £ of this surface S as nul- 
plane, and inversely. 

But in general the nulplane £ is not the tangejit plane of S in point r, 
but in another point 9 . Only a finite number of points j of the surface S can 
exist, which have their own tangent plane as nulplane, and shall be called the 
singular points of the surface S. 

Surfaces of that kind, that every tangent plane is nulplane of its own tan- 
gent point, cannot exist. For in such a surface all the tangent planes through a 
point r outside of S would touch S in a plane £ passing through r , and their tan- 
gent-points therefore lie on a plane curve of n ih order. But the tangent points 
of the planes through r lie on a curve of n (n — l) th order, and therefore 

n = n (n — 1 ) ; 

hence n = , the point ; 

n= 2, the quadric surface. 

But the quadric surface defines a polar system where the plane £ cannot pass 
through r , hence never can be a nulsystem. 

Plane curves cannot be self-reciprocals in the linear nulsystem except when 
being straight lines. 

For in a plane self-reciprocal curve to every point of the curve its plane 
would have to correspond as nulplane, what is impossible. 

Self-reciprocal straight lines exist as a tridimensional system, the " self- 
conjugate rays" of the nulsystem, and are grouped in plane pencils. 

Self-reciprocal conies cannot exist. 
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Self-reciprocal cubics form a 7-dimensional system, and are grouped into 
pencils also on conic surfaces, which we shall treat in the following. 

Self- reciprocal quartics exist also. They are rational quartics with two 
stationary tangents. 

§2. — Self-reciprocal Algebraic Curves in the Nulsystem. 

Besides cubics and quartics, there exist still an infinite number of self-recip- 
rocal curves in the linear nulsystem. 

For to any point a x corresponds a nulplane a x . Now assume a point a 3 on 
oi, infinitely near to a a . To a 2 corresponds the nulplane a 2 which passes through 
a x and a 2 . Assume a 3 on a 2 infinitely near to a 2 and produce its nulplane a 8 , etc. 

Then the points a ly a Sl a 8 . . . • a M have as nulplanes 

a lf a 8 = | a x a 2 a $ | , cu, = | a^a^ | , . . . . a* , 
while the lines 

h = I a i a » I 1 *2 = I a 2 a 3 1 1 • • • • '• 



are self-conjugate rays. Hence the curve consisting of the points a lv a 2 , a 8 . . . . 00 , 
having as osculating planes their nulplanes a lf o^ . . . . a a , and as tangents the 
self-conjugate rays t ly t % . . . . t w1 must therefore be a self-reciprocal curve. 

Every one of these self-reciprocal curves defines the nulsystem. 

All the self-reciprocal curves of the linear nulsystem have the essential 
property that — 

1). The osculating points of all the osculating planes drawn through any 
point r, taken at random in space, lie on a plane £ passing through r. 

2). The osculating planes in all the points of intersection of the curve with 
a plane £, taken at random, intersect each other in a point r of this plane. 

For algebraic self-reciprocal curves hold the conditions — 

1). The class m of the curve, that is, the number of osculating planes through 
any point in space, is equal to the order n of the curve ; that is, the number of 
points of intersection of the curve with any plane in space. 

2). Stationary osculating planes cannot exist (except in stationary tangents, 
which represent each two stationary osculating planes), for a stationary osculat- 
ing plane would have two nulpols infinitely near with each other, its two oscu- 
lating points. 

3). The same, cuspidal points cannot exist. 

4). Simple double points and double osculating planes cannot exist. 
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But a combination of double point and double osculating plane can exist ; 
that is, a double point whose two osculating planes coincide in one double oscu- 
lating plane. 

5). To determine the rank of the curve ; that is, the order of the associate 
developable surface or the number of tangents intersecting a straight line g, we 
consider the involution of n th order produced on this line g. 

Let g 1 be the conjugate line to g in the nulsystem. Then to any point p 1 of 
g' corresponds a nulplane ri which passes through g . This plane *rt intersects 
the curve G in n points x t , and the n lines | p'r< | cut g in n points of an involu- 
tion. 

This involution contains 2 (n — 1) double points. 

In each of those 2 (?i — 1) points coincide two lines | p'Xi | . Now these lines 
\y'Ti\ are self-conjugate rays because of intersecting two conjugate rays g and gf- 

Hence, when two lines |p'r t | coincide, this line must contain two points x t 
of the curve, infinitely near with each other ; that is, it must be a tangent. 

Hence 2(n — 1) tangents of C intersect g, or 

" The rank of the curve G is r = 2 (n — 1) ." 

6). Number of chords through a point r , or number of apparent nodes of 
the curve. 

Projecting the twisted curve C from a point p upon a plane e, we derive in 
this plane, as the image of curve <?, a curve c ofn^ order. 

The points x f and tangents t' of this curve c are the projections of the points 

r and tangents t of the twisted curve C. 

G being of the rank 2 (n — 1) , c is of the class 2 (n — 1) . 

Hence if d is the number of (real) double points or nodes of (7, s is the 
number of apparent double points or of chords onto G from p, the curve c has 
(d + s) double points. 

If p is taken at random in space, but outside of the developable surface 

determined by C, no tangent of C passes through p, and C having no cuspidal 

points, c has no cusps either. 

Hence it is 

2 (n — 1 ) = n (n — 1 ) — 2 (d + s) , 

d + 8= (n-l)(n-2) t 
the number of apparent and true nodes of C. 
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Now let 

n = the order of the self-reciprocal curve (7, or the number of points of intersec- 
tion with a plane e. 

m = the class of (7, or the number of osculating planes through a point p. 

r = the rank of C, or the number of tangents intersecting a line g. 

d = the number of double points of G . 

8 = the number of apparent double points, or of chords through a point p . 

v = the number of biosculating planes. 

u = the number of osculating lines ; that is, lines of intersection of two osculat- 
ing planes, in a plane e . 

t = the number of stationary tangents. 

k = the order of the nodal curve of the osculating developable. 

I = the class of the bitangent developable. 

The number of cuspidal points and stationary osculating planes being =0. 
Then we have 

2). d = v. 

3). k = I. (I) 

4). r=2(w— 1). 

k\ -l_j . (n — l)(n— 2) 
5). 8 + d = u + v v ^ - . 

But, between these constants of the curve (7, 

n, m, r, d, £, v, u, t, k } I 

exist in general the six equations 

1). m = r (r — 1) — 2k — 3 (n + *) . 

2). r = m (m — 1) — 2(u + v). 

3). n + t = S(r— m). 

4). n = r(r— 1)— 27— 3(m + <). 

5). r =n(w — 1) — 2 (t + d). 

6). m + t = 3 (r — n). 

The equations (I) and (II) combined give 

a). m = n. d). A ±=. Z = 2 (n — 2)(w — 3) . 

b). r=2(n— 1). e). < = 2(n — 3). 

c). $-+-d=:tt+t;= * § ' , f). 8 = W, d = t? . 



•c 



(II) 
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Whence we get the genus of the self-reciprocal curve 

p = (n — 1 )(n — 2) — 2 (d + s) = ; 
that is, 

" The algebraic curve, which is self-reciprocal in a linear nulsystem, is of the 
genus zero; that is, is a rational curve. 11 

From these equations (III) we derive for the first orders of self-reciprocal 
curves the numerical constants : 

s + d=u + v. t. & = Z. 



n = m . 


r. 


1 





2 


2 


3 


4 


4 


6 


5 


8 


6 


10 



1 

3 2 4 

6 4 12 

10 6 24 

Hence the first self-reciprocal twisted curves are the general twisted cubic, 
and the rational twisted quartic with two stationary tangents. 

§3. — Self reciprocal Straight Lines and their Configurations in the Nulsystem. 

The linear nulsystem contains a tridimensional system of self-reciprocal 
straight lines, which are grouped into plane pencils : the self-conjugate rays of 
the nulsystem. 

Of their configurations the most simple is the self-reciprocal tetragon, gene- 
rally called " nul tetrahedron." 

It consists of four self-conjugate rays — 

|ab|, |bc|, |cb|, |*a|, 

which form four edges of a tetrahedron, the planes of which are the nulplanes of 
its vertices, while the third pair of edges is a pair of conjugate rays — 

|ac| conjugate |bb|. 

Another configuration is the nulhexagon. 

Let its vertices be Pi > Ps * • • • • P« > 

its edges, g lt > g %s , . . . . g^, 

its sides, 6 U3 , 6034 , ... . s m . 
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Then the planes e u are the nulplanes of the points p K . 
The diagonals 

lu=\hPi\i 4s = I P*P5 1 » 4« = j PsPe | 

are conjugate rays to the three lines of intersection of the diametrically opposite 
planes 

*H = I S *to e 345 I > *25 = | £l23 f 4M | » 1 86 = | f 284*561 1 • 

These six lines, l H V u 1& l^l^ l^ are cut by two self-conjugate rays g l and g % . 
The short diagonals of the hexagon 

A = |PiPs|. />4 = |Wfc|> ft = |Prih| 
are conjugate rays to the lines 

jP£ = |ei*s|i JP4=|v»|t Pa=|Vi|- 
Therefore pipipi intersect in a point p of the plane {jptPtPi'] . The same 
pipipi intersect in a point p' of the plane [piJPal^]- 
The nuloctagon. 

Let its vertices be 

Pi, P2 , • • • • Pet 

its edges, g 1%1 g 23 , <7 81 , 

its sides, ei, « g , . . . . 6 8 . 

Each quadruple of 4 not adjoining edges is cut by two lines, 

ftst flto* flto, 9i% b y ^1 and 7i, 

9*3 > Jfo » flfa* #81 by ^ and 2*, which are conjugate rays, and these four lines 

&!, d, ^, ^ 
are in hyperbolic position. 

Hereby to every self-reciprocal octagon is associated a ruled hyperboloid. 

The nul n-gon. 

Any quadruple of not adjoining edges is cut by two conjugate rays, and any 

two of these pairs determine a ruled hyperboloid, etc. 

§4. — Self-reciprocal Cubic Curves in the NuUystem. 

Every linear nulsystem contains a 7-dimensional system of self-reciprocal 
twisted cubics. 

Through every point p passes a 5-dimensional system of self-reciprocal 
cubics, which in p osculate the uulplane e of p. Every self-conjugate ray in e is 
tangent of a 4-dimensional system of this 5-dimensional system. 
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Every self-conjugate ray is tangent of a 5-dimensional system of self-recip- 
rocal cubics. 

Two points p x and p,, with their nulplanes e x and e%, determine a tridimen- 
sional system. 

Three points p x , p 2 > hi with their nulplanes e it e %1 e 3 , determine a pencil of 
self-reciprocal cubics. 

The nulsystem contains a 5-dimensional system of cubic parabolas, 

a 5-dimensional " " " circles, 
a 6-dimensional " " " hyperbolic parabolas. 

§5. — Self-reciprocal Curves on given Surfaces. 

On any surface F given at random, there exists an infinite number of curves, 
C, which are self-reciprocals in a given linear nulsystem. 

Through every point of F always passes one and only one C 1 except in cer- 
tain " singular points" © of F } through which passes an infinite number of C'&. 
These singular points @ are those points which have their tangent plane as nul- 
plane. In these points © the surface F is touched by the surface F', which is 
reciprocal to F in the nulsystem. Hence these points © exist only in a finite 
number. 

The self-reciprocal curve (7, which passes through a given point x x of F, is 
produced by the infinitesimal method in the following way : 

Let £ 2 be the nulplane of r^ Then & intersects F in a curve, which has as 
tangent in x x the tangent t x of C. Assume on t x a point r 2 infinitely near to x x . 
Then the nulplane £ 2 of r 2 intersects F in the next tangent ^ of (7, etc. 

Let n = the order of the surface F } m= the class, r = the rank. 
Then m — the order of the reciprocal F', n = the class, r = the rank. 

The order of their curve of intersection equals the class of their double- 
tangent developable, =wm, and the points of intersection of both curves are the 
singular points <& . 

§6. — Self reciprocal Curves on Ruled and Developable Surfaces. 

All the self-reciprocal curves C on a ruled surface F intersect the genera- 
trices of F in projective ranges of points, and the tangents of C along any 
generatrix g from a ruled hyperboloid of self-conjugate rays which touches the 
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reciprocal ruled surface F 1 in a straight line </, reciprocal to g, and besides gf 
intersects F* in a curve of 2 (n — l) th order. 

For the tangents t of the self-reciprocals C intersect^, the infinitely near 
generatrix g lt and the conjugate ray g f . 

All the self-reciprocal curves G on a given developable surface F intersect 
the generatrices in projective ranges of points also. The tangents of C along a 
given generatrix g of .F form a plane pencil, with the nulpol of the tangent plane 
of Fin g as centre. Hence infinitely near generatrices of F are cut by the self- 
reciprocal curves G in perspective ranges of points, and the developable sur- 
faces of the self-reciprocal curves G intersect each other in a curve JT, which is 
the reciprocal curve of the developable surface F. 

Twisted Cubics on Ruled and Developable Surfaces. 

A developable surface, containing two given twisted cubics, is determined 
as the locus of the common tangent planes of both. 

The class of this developable is, m = 16. For the two twisted cubics are 
projected from a point in space by cones of fourth class, which have 16 gene- 
ratrices in common. 

Every tangent of the one twisted cubic being intersected by four tangents 
of the other, four tangent planes of the other pass through the tangent line of 
the first ; that is, the curves of third order are quadruple curves of the develop- 
able surface. 

The osculating curve intersects either one of the twisted cubics in 1 2 points, 
the points of intersection of the one cubic with the osculating developable of the 
other. 

A ruled surface, containing three given twisted cubics, C l G 2 C z , is determined 
as the locus of the common secants of the three cubics. 

This ruled surface is of the 54 th order and class. For 

Assume three straight lines IJ % 1 3 at random. All the rays g intersecting 
these three lines l^ form a ruled hyperboloid. This intersects the cubic G x in 
6 generatrices. Hence all the rays intersecting one cubic G x and two straight 
lines y 8 form a ruled surface of 6 th order because of intersecting a line l x in 6 
points. 

This ruled surface of 6 th order intersects G % in 18 points. 

18 



170 Steinmetz: On the Curves which are Self-reciprocal in a 

Hence the secants of two cubics G l G % and one line l 9 form a ruled surface 
of 18 th order because of intersecting a line J % in 18 points. 

This ruled surface of 18 th order intersects G 3 in 54 points, etc. 

This ruled surface of 54 th order, R, which is determined by the three self- 
reciprocal cubics C X C % C 3 , contains G X G % G 3 as 9-ple curves. For through any 
point of G x pass 9 generatrices of R y the common generatrices of the two cubic 
cones, which produce G % and G 3 . 

Besides these three 9-ple cubics, the surface R contains 108 double rays. 
For all the chords of G x which intersect a line I lie on a ruled surface of 4 th order. 
This intersects <7 2 in 12 points. Hence the chords of G x which intersect G % 
form a ruled surface of 12 th order, and this intersects C 3 in 36 points. Hence 
there exist 36 generatrices of R which cut <7j twice, and therefore are double 
generatrices of R. The same 36 double generatrices of R intersect C % twice, 
and 36 intersect C 3 twice. 

The curve of intersection of a plane with the ruled surface R is of 54 th order 
and 54 th class, contains nine 9-ple points and 108 double points. Hence it con- 
tains' still : 

£ \ 54 X 53 — 9 X (9 X 8) — 2 X 108 — 54 f = 972 double points. 

The ruled surface R contains a double curve of 972 nd order. 

On this ruled surface R of 54 th order exists an infinite number of self-recip- 
rocal curves of 27 th order, three of which degenerate into the cubics C X G % C 3 . 
No two of these reciprocal curves intersect each other. Hence the surface con- 
tains no singular points. 

If the three self-reciprocal cubics G X C % G 9 have one point a in common, the 
ruled surface R breaks up into — 

1). The three quadratic cones, projecting C X G % G 3 from a, counted twice. 

2). The osculating plane a of G x C % G Zl which as nulplane of a is common to 
G\C t C z , counted twice also. 

3). A ruled surface of 40 th order, which has a as singular point. If the 
three self-reciprocal cubics C X C 2 C 3 have 3 points abc in common, the ruled sur- 
face R consists of — 

1). The 9 quadratic cones, projecting C x C t G 3 from abc, counted twice. 

2). The 3 osculating planes afiy in abc counted twice. 

3). A cubic cone K, projecting the three cubics GiC % C t from the point 
fc = (a/?y), counted 6-fold. 
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This cubic cone K, into which the ruled surface R degenerates, has the 
points abc as singular points, and contains an infinite number of twisted cubics 
into which the curves of 27 th order of R degenerated. Its centre p = (aj3y) is 
the nulpol of the connecting plane of its 3 singular points n = [abc] . The self- 
reciprocal cubics then pass through 3 given points abc and osculate there the 
three planes a/3y. They shall be considered more particularly in §9. 

§7. — Self-reciprocal Curves on Ruled Hyperboloids. 

On every ruled hyperboloid exists an infinite number of curves which are 
self-reciprocals in a linear nulsystem in space. 

To find the singular points of the hyperboloid, we determine its self-conju- 
gate generatrices. For any generatrix of the hyperboloid passing through a 
singular point, must be a self-conjugate ray, and the singular points of the hyper- 
boloid are therefore the points of intersection of its self-reciprocal generatrices. 

Let the rays of the one system of straight lines of the hyperboloid be called 
generatrices, the rays of the other system directrices. 

Then to all generatrices and directrices of the ruled hyperboloid H, taken 
at random in space, correspond in the nulsystem the generatrices and directrices 
of another hyperboloid H f . 

To a generatrix g of H corresponds a generatrix <f of H 9 . g f intersects H 
in two points. Through each one of these two points passes a directrix d u viz. 
d^ of H, which, because of intersecting two conjugate rays g and g f , is a self- 
conjugate ray, and therefore common ray of both hyperboloids H and H'. 

In the same way we find two self-reciprocal generatrices g x and g t1 which 
are common rays of both hyperboloids. 

Hence the hyperboloid H contains 4 self-reciprocal rays, 2 generatrices, 
<7i> g%> aad 2 directrices, c^, & 2 , which, lying on the conjugate hyperboloid W 
also, represent its curve of intersection of 4 th order with H. 

The 4 points of intersection, 

{9i d i)> (Sid*)* (#A)i (9V4) 
are the singular points, and the nulplanes of these singular points are 

[0idj> [yA]i [ft rf i]> [flvy« 

The lines |(^i), (ffA)\ and l(0A)i (flV^i) 

are conjugate rays. 
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Each ruled hyperbohid H contains 4 singular points, which form a nultetra- 
hedron. 

All the self-reciprocal curves on the hyperboloid intersect any two genera- 
trices, viz. directrices, in projective ranges of points, and the connecting lines of 
corresponding points form a ruled hyperboloid. 

In general, no twisted cubic exists amongst the self-reciprocal curves on a 
ruled hyperboloid. For : 

Supposed on the hyperboloid H exists a self-reciprocal cubic C. This C 
has two generatrices of any ruled hyperboloid through H as tangents. Hence it 
has the self-conjugate generatrices g x , g % as tangents, and osculates them in two 
singular points. 

But the cubic G is determined by two points with their tangents g x , g % and 
their osculating planes, and determines an hyperboloid with g Xl g % as genera- 
trices where it lies on. Only when this hyperboloid is identical with H, what 
in general is not the case, H contains a twisted cubic. 

If a ruled hyperboloid contains a twisted cubic, it contains only one, and 
never more. For : 

Supposed H contains besides the self-reciprocal cubic C still another one, O. 

If G and G' have different systems of generatrices of H as chords, then 2 
chords, g and d', together with C and C 7 , make up two quartic curves of inter- 
section of H with two quadrines, which have 8 common points of intersection 
Now g and d' intersect G l and G in one point, each other in one point, hence G 
and G' must have 5 points of intersection, what is impossible. 

If, on the other hand, G and C f have the same system of generatrices of 
H as chords, then they make up two quartic curves with two generatrices 
g and g f . g intersects C\ cf \ G in two points, hence G and G 1 must have four 
points of intersection, which could only be the four singular points of H. But 
four points of intersection of two cubics are possible only in the case, §9, which 
is excluded here, because then the connecting lines of the common points of 
intersection cannot be self-conjugate rays. 

Hence the hyperboloid can contain more than one cubic only, if these have 
less than four points of intersection, and that is, if g and g* intersect each other, 
or, what is the same, if H degenerates into a quadricone. Hence, quadric sur- 
faces which contain more than one self reciprocal cubic are cones. 

In general, an hyperboloid if contains two pairs of self-conjugate rays which 
form a nultetrahedron, but contains no pair of conjugate rays. 
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If an hyperboloid H contains one pair of conjugate rays, g and g*, all the 
rays of this system of generatrices are grouped in pairs of conjugate rays, while 
the other system of generatrices consists entirely of self-conjugate rays. Then 
this hyperboloid H and its reciprocal hyperboloid H 1 coincide, and H is called a 
self-reciprocal hyperboloid. It contains of self-reciprocal curves only the rays of 
the one system of generatrices. 

What has been said here with regard to the ruled hyperboloid holds in the 
same way, with due specialization for its special case, the ruled paraboloid. Of 
special interest is that paraboloid which touches the plane at infinity in its nul- 
pol and thereby contains it as singular point. 

• 

§8. — The Quadratic Pencil of Self- Reciprocal Cubics. 

We have seen in §7 that a quadratic surface can contain more than one self- 
reciprocal twisted cubic only when it degenerates into a quadricone. 

But not every quadricone, but only such a cone which contains the nulplane 
of its centre as tangent plane, contains reciprocal cubics. 

All the self-reciprocal twisted cubics which pass through a. point $ and there 
osculate its nulplane II, form a 5-dimensional system. 

All those self-reciprocal twisted cubics which in a point $ have the line P 
as tangent and osculate II which passes through P, form a 4-dimensional system. 
They are produced from $ by a tridimensional system of quadricones, which 
have in their common generatrix P the common tangent plane II . 

Assume at random one of those cones K . 

All the generatrices p of K are conjugate to the tangents q of a plane conic 
curve St in II. The points q of this cone correspond to the tangent planes of K, 
and therefore lie upon them. 

Let us assume one of these quadricones K. Construe in any one of its 
points r the self-conjugate tangent line x which passes through a point 9 of the 
conjugate conic $ in II and at the same time intersects the next generatrix of K 
in x x . Construe again the tangent x u intersecting ^ in $ lf etc., so we get on K 
a self-reciprocal curve r, x l . . . . = C. 

The curve of intersection of the osculating developable surface of this curve 
G with the plane II consists of the double ray P and of the conic it, is therefore 
of 4 th order. Hence this developable, being of 4 th order, intersects K in a curve 
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of 8 th order, which consists of the double ray P and the double curve C. That 
means, G is a twisted cubic, q. e. d. 

From a point r of this twisted cubic G on the generatrix £>, it is projected 
by a quadric cone, which intersects II in the conic X. This conic X touches the 
conic & , which corresponds to K in the point $ , and the point of intersection of 
sc, the tangent of G in r with II. 

Projecting X from any other point r' of the same generatrix p by a quad- 
ratic cone, this cone intersects K in p and in a twisted cubic G 1 . 

Any tangent yf of this cubic G 1 is produced from r 7 by a plane | yftf \ , which 
intersects II in the same line x 0i as the plane \xy\ producing the tangent y of C 
from r. Hence y and yf both pass through the point of intersection q of x^ with 
the tangent plane of K along |9ty|. But this point q.is nulpol of this tangent 
plane, because oiy being self-conjugate, and therefore j/ is self-conjugate; that 
is, all the tangents of G' are self-conjugate rays, and G 1 therefore a self-recipro- 
cal curve : 

"On the quadricone K exists an infinite number of self -reciprocal twisted cubics, 
which, from their points of intersection with any generatrix p of K are projected 
upon the nulplane II of the centre tyofKby one and the same conic X. In this way 
to every generatrix pofK corresponds a conic X inU ." 

In consequence hereof, 

"All the twisted cubics intersect the generatrices of the quadricone K in perspec- 
tive ranges of points, and their tangents produce projective pencils of rays in the 
tangent plane ofK. v 

For the lines | rp | , r being point of intersection with the one, 9 with the 
other generatrix, pass through one and the same point of II, the point of inter- 
section of the projection-conies X and F. All the tangents of C along a genera- 
trix p intersect in the nulpol of n on II . 

Any two self-reciprocal twisted cubics of the quadratic pencil have, besides 
the centre $, no point of intersection. For, if intersecting in a point j, they 
are produced from this point j by the same quadratic cone, hence they are 
identical. 

Therefore the quadratic cone K contains only one singular point, its centre 
$ , which really consists of two singular points, infinitely near together, on the 
generatrix P. 

The reciprocal surface of cone K is conic R. 
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Assume at random two cubics G Y and C % of the 4-dimensional system, 

They are produced from $ by two quadricones Kj and K 2 , which have a common 
generatrix P with common tangent plane II , and contain each a quadratic pencil 
of self-reciprocal cubics. 

These quadricones intersect in two farther rays, d and d!. 

Through a point t> of d passes one curve of pencil K x and one curve of pencil 
K, . These curves intersect d 1 in t>{ and t>i . 

The osculating plane h of point fc intersects P in point p . Then from p 
both cubics C x and C 2 are projected by the same cubic cone with cuspidal- 
generatrix P. 

§9. — The Cubic Pencil of Self-reciprocal Cubics. 

The cubic pencil of self-reciprocal cubics is determined by three points, 
a f b, c, as common points of intersection, or three planes, a, /?, y } as common 
planes of osculation. 

Let n=[a, b, c] and p = (a, /?, y). Then n is the nulplane of p and 
therefore passes through p . 

All the curves C of the cubic pencil are produced from p by a cubic cone K 
with double generatrix d and the planes a, /?, y as inflexion-planes, and the 
osculating planes of all the cubics C envelop a curve S of third class in n with a 
double tangent e#, which, by the nulsystem, corresponds to the double genera- 
trix d, while the whole curve S is reciprocal to the cone K . 

Proof: Any two twisted cubics which pass through a, b, c are produced 
from p by two cubic cones with double generatrix, which have in common the 
three inflexion planes a, /?, y with their inflexion generatrices |pa|, |pb|, |pc|, 
and therefore are identical, q. e. d. 

The cubic cone K has p = (a(3y) as centre, a, /?, y as inflexion planes with 
a = | pa | , b = | pb | , c = | pc | as inflexion generatrices, and d as double genera- 
trix. Hence it is of the 4 th class. 

The plane curve S of 3 rd class has the points a , b , c as cuspidal points with 
a, 6, c as cuspidal tangents; d\ the conjugate ray of d, as double tangent, and 
therefore is of 4 th order. 

Every ray r which is drawn- through p in n contains 4 points of intersection 
with S, which are the nulpoles of the 4 tangent planes drawn through r onto K. 
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All the osculating planes of the cubics G of the pencil envelop S. Hence 
all the tangents of the curves G intersect S. All the tangents of G in the points 
r of a generatrix x of cone K lie in a plane £ which intersects S in q . Hence all 
the tangents of G in the points r of generatrix x pass through point q and 
thereby constitute a plane pencil of rays. 

The tangents of G in the two tangent planes h x and S 2 of the double genera- 
trix d pass through the tangent points b{ and t>, of the double tangent df of S. 

Through every point t> of the double generatrix d pass two cubics (7, and 
every plane ft through the double tangent d! osculates two cubics G. 

Through every point of the cone K passes one, and only one, cubic C, 
with the exception of the points of the double generatrix, through which pass 
two cubics C. Hence the cone K contains no singular points but a, b, c, through 
which pass all the curves G of the pencil, with their singular planes a, /?, y, as 
common osculating planes of all the curves of the pencil. 

The tangents of all the curves G constitute a system of rays of 4 th order and 
class, with abc as base points and a(3y as base planes. 

From all the points r of a generatrix x of the cone K the cubics G resp. are 
produced by quadricones upon the plane n in one and the same conic curve X. 

Proof: Producing from two points x x and r, of x the two cubics G Y and G % , 
which pass through x x and r 2 resp. by quadricones, these quadricones intersect 
plane n in two conies X x and X 2 , which have in common the three singular 
points a, b, c, the point r' as point of intersection of the tangents of C in the 
points of x, or nulpol of £, and the tangent x! in r' as conjugate ray to x. Hence 
these two conies X x and X 2 are identically the same. 

Therefore all the <x> 2 quadricones passing through the twisted cubics C of 
the cubic pencil intersect n in a conic pencil of second order — that is, through 
every point of n pass 2 of these conies — and fourth class, that is, every straight 
line in n touches 4 of these conies (because from every point of n passes one 
chord through any (7, but through every line of n four tangents on any (7), and 
this pencil has as envelop the curve S of 4 th order and 3 rd class, with one double 
tangent d f and three cuspidal points a, b, c. 

This conic pencil is projective to the rays of the cubic cone K, and to every 
generatrix of K corresponds a tangent plane £, a tangent point r' on curve S, a 
tangent ^ of ffi and a conic X touching £ in r ; . 

Assume two rays x and y of the cubic cone K and connect their correspond- 
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ing points of intersection with the cubics G. These connecting lines | rp | are 
common generatrices of those quadricones which produce G from the points of 
x, and those which produce C from the points of y. Hence they must intersect 
both projection conies X and Fin n, hence pass through one point. That is, 

11 The connecting lines of the corresponding points of intersection of two genera- 
trices ofK with the cubics G form a linear pencil of rays with its centre in n," and 

"All the twisted cubics G of the cubic pencil intersect the rays of the cubic cone 
K in perspective ranges of points, which have their centres of perspectivity in n" 

"All the cubics C of the cubic pencil can be produced as the (partial) curves of 
intersection of two quadricones which have the points of intersection of a pencil of 
raySy with centre in n, with two lines x and y as centres, and produce two conies 
X and Y of the nulplane nofp = (xy) ." 

The cubic pencil is a configuration dual to itself, and so by inverting points 
and planes, we derive by the laws of duality the properties — 

"AU the osculating planes of G which pass through a given tangent tf of S are 
cut by the other osculating planes of G in conies, which from p are projected by one 
and the same quadricone. This quadricone has the planes a, /?, y as tangent planes, 
and touches the cubic cone K in that generatrix t, which corresponds in the nulsystem 
to tangent t f o/S." 

"From any two tangents t[ and t' 2 of £ can be produced two osculating planes 
%i and % 2 on t° €ac h cubic G. These pairs of osculating planes % x and £ 2 intersect each 
other in the rays of a plane pencil, which has the point of intersection of the tangents 
t[ and fcj as centre, and lies in the common tangent plane of the two quadricones with 
centres in p, which correspond to the tangents t[ and tL" 

"On the double generatrix d of K exist two coincident projective ranges of 
points of intersection with the cubics G, which ranges of points have only one 
self-corresponding point p." 

"The double tangent dl of £ is the centre of two coincident projective 
pencils of osculating planes of the cubics G, which pencil has only one self- 
corresponding plane n." 

"Amongst the cubics C of the pencil exists one special cubic, which breaks 
up into three straight lines a, b, c." 

"The cubics G are produced from the tangents tl of £ by perspective pencils 
of osculating planes/' etc. 

To every cubic G x of the cubic pencil can be found two other cubics G % and 

19 
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C 3 of the pencil which intersect G x , besides in the points a, b, c, still in a fourth 
point p and p' resp., on the double generatrix d. For C x intersects d in two 
points p and p', and through either one of these points passes another cubic G % 
and G % resp. 

Let G x and C % be two cubics of the pencil (a, b, c) which have one further 
point b in common. Let & be the nulplane of b. 

Then we can consider G x and C s as two cubics of the pencil 

(a, b, c)= |a, /3, y | , with the centre p = (a, /?, y) and the double ray d = |pb | , 

(a f M)=|a f jM| f " " " P' =(a f 0, 5) " " d! = |p'c|, 

(a,b,c)=ja,5,y|, " " " p"=(a,5,y) " " d» = \p'b\, 

(*,M)=|*,ftr|. " " " p'" = (S,/?, y) " " <F=|p'"'a|. 

Hence the points abcb are interchangeable, and 2 cubics, which have 4 com- 
mon points of intersection, lie in 4 cubic pencils; that is, on 4 cubic cones. 
Hence two such cubics are quadruply perspective. 

" To every cubic C x of a. cubic pencil can be found two other cubics G % and C z of 
the same cubic pencil, which are quadruply perspective to C x " 

u Two cubics G x and G % of a nuhystem, which have 4 common point* of inter- 
section abcb, are quadruply perspective, and the 4 centres of perspectivity are the 4 
vertices of that tetrahedron pp'p'y, ichich, in the nulsystem, is conjugate to the tetra- 
hedron abcb . The osculating planes of these two cubics can be put in correspondence 
with each other in four ways, so that corresponding osculating planes intersect each 
other in rays of a plane. Tfiese 4 planes, which give with the 2 cubics the same trace, 
are the sides of the tetrahedron of common points of intersection — 

n= [abc], 7i'= [abb], ti"= [abc], *"' = [bbc], 

and pass through pp'p'y resp. 11 

" To any cubic G exist in the nulsystem <x> 8 other cubics, which are quadruply 
perspective to C" 

But these four centres of perspectivity of two quadruply perspective cubics 
can never be all real points. 

For, as known, if the three osculating planes a, /?, y of a cubic C, which 
can be produced through a point p, are real, the chord d of G through p intersects 
G in two imaginary points b, and b,', and if the chord d of a cubic G through a 
point p intersects G in two real points b and b', two of the three osculating 
planes of G through p are imaginary, (3 t , y { . 
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» 

Hence of the 4 points of intersection, abet), and their osculating planes, 
afiyS, in the first case, t>, and 5, are imaginary ; 
in the latter case, fyq and /? 4 -y, are imaginary ; 

hence, of the points ppyy and the planes 7tri^ii^ 

in the first case, Pipl'vl" an d nfa't'rt'i" are imaginary ; 
in the latter case, pffl and rtfa" are imaginary. 

That means, of the 4 centres of perspectivity of 2 quadruply perspective 
cubics either two are imaginary and two real, the cubics contain two real and 
two imaginary points of intersection, give the same trace on two real and two 
imaginary planes, and have two real and two imaginary common osculating 
planes, or 

Three centres of perspectivity are imaginary and only one real, the cubics con- 
tain three real and one imaginary point of intersection, give the same trace on 
one real and three imaginary planes, and have three real and one imaginary 
osculating planes in common. Hence, 

The highest number of real points of intersection or of common osculating 
planes of cubics of a nulsystem is two, and two cubics of a nulsystem can never 
be more than double perspective with two real centres of perspectivity. 

Herefrom we derive the result — 

"If two cubics of the same linear nulsystem have 4 points, abet) in common, they 
have 4 common osculating planes also, a(3yb, and viz. the tetrahedron of the four 
common points of intersection, T, and the tetrahedron of the four common osculating 
planes, T, are conjugate tetrahedra of the nulsystem. The 4 planes of the tetrahe- 
dron of the common points of intersection T are cut by the osculating planes of the 
two cubics in the tangents of the same quartic curve of 3 rd class, and the points of both 
cubics are projected from the 4 vertices of t/te tetrahedron of common osculating planes, 
T, by the same cubic cones of 4** class. 

" Of the common points of intersection, and of the common osculating planes, not 
more than three and not less than two are real ; of the tracing curves in the planes of 
the tetrahedron T, and of the projecting cones from the vertices of tetrahedra T, or 
centres of perspectivity of both cubics, not more than two and not less than one are 
real — the others imaginary." 

The general cubic pencil contains , 2 or 4 cubic hyperbolic parabolas, 
according to the number of real points of intersection of S with the line of 
infinity, but no cubic parabola, except if the cubic cone K passes through the 
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pole p„ of the plane at infinity, n* . In this case £ is a parabolic curve ; that is, 
has the line of infinity as tangent, and on the ray | pp„ | the tangents of all the 
cubics G are parallel. 

§10. — Special Self-reciprocal Cubics and their Configurations. 
I.— Particular Positions and Coincidence of Base Points. 

I). If two of three base points a, b, c of the cubic pencil lie upon a self- 
conjugate ray, s = | be | , their osculating planes /? and y pass through the same 
ray, s = |/?y|, the centre of the cubic cone K is the point of intersection of s 
with a, the osculating plane of a, p = (sa), and the plane of the curve £ is 
n = |*a|. The cubics (7, because of having 4 points of intersection with the 
planes (3 and y, the triple point b and c with /?, and the triple point c and b with 
y, must break up into the double line s and the pencil of self-conjugate rays in a. 
The cubic cone K consists of the three planes a/?y and the curve £ of the four 
lines, |ab|, |bc|, |ca|, |ap|. 

2). If two of the three base points b and c coincide into one point, the con- 
necting line of these two coincident points, *= |bc|, is either self-conjugate ray 
or not. 

If «-= | be | is no self-conjugate ray, the cubic pencil can contain no real 
cubics, because every cubic of the pencil must pass through b = c without having 
s=z | be | as tangent. Hence, if d is the conjugate ray of s, p is the point of 
intersection of S* with a, p = (s f a) 1 and lies upon n= [a*]. The cubic cone K 
consists of the double plane [V b] and the plane a ; the curve £ of | ap | , * = | be | 
and the double line |pb| = |pe|. The cubics C break up into the self-conjugate 
rays of pencil (aa) and the double rays of pencil | bV | = | es 7 1 . 

If s-= | be | is a self- conjugate ray of the nulsystem, the pencil consists of 
those twisted cubics which pass through a and s = b = c, and have in * the com- 
mon tangent s. The centre of the cone K is the point of intersection p = (sa), 
is of the 3 rd order and 3 rd class, with s as cuspidal generatrix and a as inflexion 
plane. The curve S lies in the plane n = [as] , is of 3 rd order and 3 rd class, with 
8 as inflexion tangent and a as cuspidal point. 

3). If all the base points abe coincide into one point, this point p is the 
centre of the projection cone K, all the cubics C osculate each other in p, and 
the cone K is a quadricone while the curve S in n is a conic curve. The cubics 
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C of this pencil have, besides the triple point p, no further points in common, 
and the pencil is the quadratic pencil treated in §8, which in this way appears as 
a special case of the general cubic pencil. 

II.— Cylinder Pencils. 

4). If the centre p of the cone K lies in the plane at infinity, the cone K 
becomes a cylinder of 3 rd order and 4 th class. This is the case if plane n = | abc | 
passes through the pole 9^ of the plane at infinity. 

Such cylinder pencils exist a> 8 . 

5). The most interesting of them are those which have the pole of the plane 
at infinity, ^ as centre. 

Their curve S lies entirely in the infinity. Hence all the pencils of tangents 
and of connecting lines of the points of intersection of the cubics G with two 
generatrices x and y are parallel systems of lines. Therefore, 

"All the cubics of a pencil with ^^ as centre are congruent and parallel." 

"To any cubic of the nulsystem exists an infinite number of congruent and 
parallel cubics which lie upon a cylinder with $ m as centre." 

For every cubic is produced from $ w by a cubic cylinder. 

Such pencils exist <x> 6 . 

Their singular points abc lie in the plane at infinity. 

Hence 

"Every self-reciprocal curve of the nulsystem can be transferred parallel with 
itself in the direction to and fro the pole of the plane at infinity without ceasing to be 
self -reciprocal" 

6). Amongst the cylinder pencils with $ w as centre exist oo 4 parabolic 
pencils, which consist of an infinite number of congruent and parallel cubic para- 
bolas on a quadratic parabolic cylinder. 

Hence the nulsystem contains oo 5 self-reciprocal cubic parabolas. 

7). Every point at infinity determines a quadratic cylindric pencil. 

§11. — The Quartic Pencil. 
I.— On the Cubic Cone. 

Produce a cubic cone K with double generatrix, with a point p as centre, 
which has the nulplane n of p as tangent plane, with p as tangent generatrix. 
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Then this plane n intersects cone K in one further generatrix a. Let this 
generatrix a be inflexion-generatrix of K, with plane a as its inflexion-plane, and 
point a as inflexion-point, a is self-conjugate ray, and a passes through p. 

Then points p and a are singular points of the cone K, and therefore common 
points of intersection of all its self-reciprocal curves. 

The two other inflexion-generatrices b and c lie in a plane $ with a, and 
the nulplanes of b and c, (3 and y resp., form two plane pencils with V and d 
as axes. V and d lie in 7t, but none of the planes (3 and y passes through p; 
hence they intersect the inflexion-planes (3 l and y x of cone K length b and c in 
three points of a straight line, infinitely near with each other. That means, the 
tangents of the self-reciprocal curves on K, length b and c, are stationary tangents. 

Let d be the double generatrix of K, with h x and h % as tangent planes. 

The conjugate rays x f of the generatrices x of K lie in the plane n and 
envelop there a curve S of 3 rd class and 4 th order, which passes through p and a, 
and has in p the tangent^?. This curve has the points ab'c' as cuspidal point, the 
rays ab'd as cuspidal tangents, and d', the conjugate ray of d, as double tangent 
with t>! and b 2 as tangent points. 

Through every point r of K passes one, and only one, self-reciprocal curve 
which has the connecting line x x of r with the point of intersection r' of £ and £ , 
the nulpol of £, as tangent. In the infinitely near tangent plane £ x the point of 
the self-reciprocal curve is derived again by its tangent x % intersecting rj and S, 
etc., and so the self-reciprocal curve G is produced by a line which, lying in a 
tangent plane and intersecting curve 6 in the nulpol of this tangent plane, 
describes a developable surface. 

This curve G intersects plane n in a and the triple point p, where n oscu- 
lates G. Any plane e through p intersects K in three rays x, y, z, and each of 
these contains a point r, p, J of C\ while p is the fourth point of intersection of 
e with G. 

Hence C is of the 4 th order. 

From any point q of n pass three tangents a/yV onto S , which each deter- 
mine an osculating plane of G. n is osculating plane also ; hence 

G is of 4 th class. 

The osculating developable of G intersects the osculating plane n in the 
curve S of 4 th order, and the tangent^, counting twice. Hence 

C is of 6 th rank. 
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A stationary tangent must be produced from p by a stationary or inflexion 
plane. K contains two such planes (besides a), (3 and y, Hence 

G has two stationary tangents, etc. 

Therefore, 

" G is the rational quartic with ttco stationary tangents, 11 and 

11 Gone K contains a pencil of self-reciprocal quartics which pass through a and 
osculate each other in p ." 

u d is the one trisecant chord of G" 

"From all the points r of any generatrix % x of K all the quartics are prodxvced 
upon n by one and the same plane cubic with double points. 

Hence, given one twisted quartic G Y on K, all the others can be produced 
by producing the curve of intersection of n with that cubic cone which projects 
Ci from one of its points r lf from all the other points of the same generatrix &." 

Besides in point p, the double ray d intersects any self-reciprocal quartic 
G in two points t> x and $ % . Producing G from b lt we derive a cone A x which 
has d as double generatrix, and in d, plane S 2 as common tangent plane with K, 
while it has plane [b,jp] as other tangent plane in d. Hence, its other curve of 
intersection is only G. 

Through any point b of d pass two quartics C x and C % . The one has its 
tangent in 5 lf the other in b % . They are produced from b by cubic cones which 
have d as double generatrix with one common tangent plane [bp] and as other 
tangent plane S s and & x resp. 

Remark : A rational cubic cone contains a quartic pencil if the nulplane of 
its centre is tangent-plane, and, besides this, intersects in an inflexion genera- 
trix ; a rational cubic cone contains a cubic pencil if the nulplane of its centre 
intersects in three inflexion generatrices. 

n.—QuABTio Pencil on a Quartic Cone. 

Projecting a self-reciprocal quartic C from an outside point p by a rational 
quartic cone K, we derive on K a pencil of self-reciprocal quartics. 

Perspective-cone K contains three double rays d l d s d 1i . The nulplane n of 
p intersects G in four singular points abcb, with their nulplanes afiyh as inflexion 
planes, and abed as inflexion generatrices. K contains two farther inflexion 
planes r x r t with inflexion generatrices <^, which contain the stationary tangents 
of the quartics. The cone K is of 4 th order and of 6 th class, and the tangents of 
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all the self-reciprocal quartics intersect n in the points of a curve S of 6 th order 
and 4 th class, with six cuspidal points abct> t^ and three double tangents d[d^d^ 

This pencil of quartics shares the property, that all the generatrices of its 
perspective cone K are intersected by the quartics in perspective ranges of 
points, with their centre of perspectivity in n ; all the tangents of G along a 
generatrix x form a plane pencil with centre on S ; all the quartics G are pro- 
duced from the points r of a generatrix x by cubic cones which intersect n in 
one and the same cubic curve of 4 th class, etc. 

The greatest number of common points of intersection of two self-reciprocal 
quartics or their greatest number of common osculating planes is five, four of 
which must lie in a plane n, the nulplane of the centre of their perspective cone 
of 4 th order K, which sends a double generatrix through the fifth common point. 

§12.— The n iie Pencil 

The self-reciprocal n tic can be construed as partial curve of intersection of 
two rational cones of (n — l) tb order, which have their centres on the n tic G % or 
of two rational cones of n th order. 

For, the constants of the n tlc being given in §2, the constants of its project- 
ing cone of (n — l) th order from one of its points are known, and on this cone of 
(n — l) th order K an infinite number of n t,C8 can be produced either by the infini- 
tesimal method or by intersection with (n — l) tlc cones with the centre in one of 
the generatrices of K. 

K contains a pencil of self-reciprocal n tics . 

From an outside point p a self-reciprocal n tlc C is produced by a rational 

perspective-cone K of n th order and 2(?i — l) th class, with - ^ double- 
generatrices, and n + 2 (n — 3) = 3 (n — 2) inflexion planes K generatrices, n of 
which lie in the nulplane n of the centre p , the other 2 (n — 3) produce the 
stationary tangents of C. 

This cone K contains a pencil of self-reciprocal n tlC8 G which intersect each 
other in n singular points a, b .... of the plane n, the nulpoles or osculating 
points of the singular planes or common osculating planes a, (3 . . . . which inter- 
sect each other in p . 

Two self-reciprocal n tics never contain more than (n + 1) common points of 
intersection, with common osculating planes, n of these points always lie in a 
plane n, while n of the common osculating planes pass through a point p. 
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All the self-reciprocal n tlcs C of the pencil intersect the generatrices of cone 
K in perspective ranges of points, with their centres of perspectivity in plane n , 
the nulplane of centre p. 

The tangents of all the n tlC8 of the pencil intersect plane n in the points of a 

curve £ of 2(n — l) th order in n and n th class in it, with 3(n — 2) cuspidal 

points, a, b, . . . . and the traces of the 2(n — 3) stationary tangents, and with 

(n— l)(n— 2) A 

~ double tangents. 

All the tangents of G along a generatrix x form a plane pencil with centre 
on (£. 

All the n tiC8 G are projected from their points of intersection r with a gener- 
atrix x by cones of (n — l) th order and 2 (n- — 2) th class, which intersect n in one 
and the same curve of (n — l) th order.- 

All the n t,cs G are projected from all their points upon the plane n by the 
curves of (n — l) th order of a 1 -dimensional system of (n — l)(n — 2) th order and 
2 (n — l)(n — 2)** class, with the curve of 2 (n — 2) th order and (n — l) th class <J 
as envelope. 

Hence all the curves of the n Ue pencil can be produced as the curves of 
intersection of 2 (?i — l) tic cones, H and H , which have their centres in the points 
r and p resp. of two generatrices x and y of K , have the rays of the pencil in 
plane [xy] with centre in n resp. in common, and project the same two curves 
of {n — l) th order and 2 (n — 2) th class in n resp. 

« 

Multiple perspectivity does not exist amongst higher curves than cubics. 
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Thus m — as is seen from its value in terms of %, (i and <j — is the ratio of the 
velocity of Q in OS to that of P in AP at A , and — as its value (ij '%. cos (<p — (3) 
shows — it is also the ratio of the velocity of N 1 along OT to that of P along OR 
when R is at A . 

Since the rates of variation of u 1 and />, so long as m remains constant, main- 
tain their ratio to each other undisturbed, namely, the ratio m/p, the fixing of 
m fixes their relative values. Hence m, and (3 f which is independent of m f are 
assumed to be constant for all corresponding values of z t w t in any one system 
of logarithms, whatever the value of <J>, and fix the system, while X, (i, q may 
vary subject only to the conditions 

(i/+/%? + o 8 = constant, tan (q> — /3) = o/a . 

The terms modulus, logarithm, base, and exponential are defined as follows : 

1. me is the modulus of the system of logarithms. 

2. The difference OQ — OQ is the logarithm, with respect to modulus me, 
of the ratio OP/OP, wherein P, P correspond to Q, Q. In particular OQ is 
the logarithm, to modulus me, of OP. The symbolic definitions are: 

w — vd = log (m<) (2/2/) , 
w = log (m<) 2 .* 

By assuming that P passes A at the instant when Q passes the origin, so 
that to u = v = corresponds y == 0, x = 1 , we take advantage of the conve- 
nient relation 

log^l = 0. 

3. In any system of logarithms the value of 2, for which w = 1 , is the base 
of the system ; it is here denoted by b e . 

4. The value of jp, for which vl = 1, will remain unchanged and indepen- 
dent of (3 so long merely as m is constant. 

Denoting this value of p by b, we define z symbolically as a function of w 

by the identity 

z = b?. 

The expression b" is here called the exponential of 10 with respect to base 6 € . 

*I have elsewhere written this in the form ""log 2, but this notation is sometimes used to denote 
logarithm with respect to base me (see Harnack, Diff. u. Int. Rechnung, p. 13). It seems best therefore 
to abandon it in favor of a notation that has not been already used by reputable authors for inn>th»r 
purpose. 
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The Law of Metathesis. — The value of m being unchanged, suppose fi changed 
to h(i (k a real quantity), then |u/\/X* + cj*.e becomes k^js/T? + Q*.e = kme , and 

q f w become kq, lew, whence 

kw = k \og {mt) z 

= log {tm€) z , 

and .*. also = km log^z. 

More particularly 

w = log (mt) 3 = m log (C) z , 

from which, by putting w = 1 , and correspondingly z = b t , we obtain m in the 
form 

and the logarithmic function in the consequent form 

v, = log<-> 2 = j^j- • 

When now for z in this last equation we substitute its exponential equiva- 
lent b?, the formula thus obtained, 

w log (€) 6 € = log (€) 6» 

expresses the law of metathesis, if I may so call it, for the natural system of 

logarithms with complex modulus. For logarithms in general the similar 

formula 

w log^b, = log^&r 

is obtained from the preceding by multiplying each member by the real quantity 
k, the complex quantity b< representing, in the new system with the new 
modulus ke, any complex value whatever. 

The Law of Involution. — Successive applications of the law of metathesis give 
the following equivalent expressions : 

w log (k<) 6f ' = vi log^Jf 

= io g <*«> (bry = io g ( *«> (br)*. 

A sufficient condition for the equivalence of the last two is 

and for every pair of values w, id, there exists the corresponding equation as 
above written, expressing the law of involution. We may therefore omit the 
parentheses and write without ambiguity 

(hf'Y = b?» = br°'. 
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The Addition Theorem.— The definition of the logarithmic function states also 
in substance the addition theorem ; for the equation of definition is 

w — uf= log (lu) 2 — log** V 

= log™ («/*), 
which is the form of the theorem for w — u/. In order to obtain the form for 
w + w/, we write in the last equation w = , whence 

— w/ = log< w<) (l/ 2 '); 

but + «/ = log (W€ V, 

.*. w + u/ = log (m<) z + log (W€ V 

= log (w<) (z.z / ), 
which is the form required. 

The Index Law follows as a corollary from the addition theorem. Thus if 

and z.7! = b?.b?. 

But log (W€) (z . zf) = log (lu) 2 + lotf-V 

.-. ^ = &?+»' 

' = b w b w ' 

which is the index law for multiplication ; and the law for division is deduced 
by a repetition of this process with the signs / and — . 

The Agonic System : (3 = . — The special value zero for the modular angle 
A OT eliminates the imaginary term from the modulus and introduces the ordi- 
nary system of logarithms, whose equations of definitions are 

u/ = log (wl) 2, z=bf, 

or as they may now be written without ambiguity, 

v/ = log {m) z, z = b w \ 

The original systems above described, whose modulus involves an inde- 
pendent angular element, will be here referred to as gonic systems ; when special- 
ized by the omission of this angular element it will be called the ordinary or 
Organic system. 
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The laws of operation in the a-gonic system have their expression in the 
formulae already deduced for the gonic systems, with (3 and e everywhere 
dropped out. The geometrical representation is obtained by turning the figure 
TN 1 QS backward through the angle AOT, so that T, S fall into the positions 
A, S 1 . The new $, say $', = arc TS= arc AS', the new modulus 



= /a/\/;i 2 + (3 8 = !u/;i.cos4>' = m, 

its former value with the factor e omitted, no change in A, [t, and g> having 

taken place. Thus the motion of P remains intact and the new Q moves in the 

line OS 1 with its former velocity. Hence the values of z in the two systems are 

identical, while uf in the agonic system and w in the gonic bear the relation to 

each other, 

w = v/ cis /? = ufe, 

and we may write 

w = log (m,) 2 = e log (w) z . 

Since e is independent of m , this equation, together with 

k log (m€) z = \og (kmt) z 

previously demonstrated, expresses the law: To multiply the modulus of a loga- 
rithm by any quantity has the effect of multiplying the logarithm itself by the same 
quantity. 

The corresponding equation in terms of the exponential functions, namely, 

b? = b w/ % 

gives us (by the law of involution) the value of the gonic base b< in the form 

b, - b x '\ 

The value of & itself, expressed in terms of m and e, the base corresponding to 
modulus 1, is obtained in like manner from the inverse of the equation 

l/m = log (,) &,, namely, from 

b t = ei M = J /m \ 

giving b = £ ,m . 

A second agonic system is obtained by putting ^ = tc. Its modulus is 
— m, its base 1/6, and its logarithms are the negatives of those in the systems 
whose modulus and base are + m and b . In every other respect the two 
systems are alike. 
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m 

Linear Systems. — When the angle TOS=0, the corresponding values of 
function and variable are w = q cis @ = qe, and z = p a real quantity ; and the 
relation between p and q is expressed in either of the forms 

w= qe = log (lu) p , z = p = ij ', 

belonging, when /3 is not zero, to a gonic system. Q moves in OT with the 
velocity p, P in Oil with the velocity Jl/>. Hence in a gonic system the loga- 
rithm of a real quantity is, in general, complex ; though in particular, when 
(3 = =fc 7i/2, it is a pure imaginary, 

When /3=0, the condition $ = @ makes angle A OT= angle TOS= 0, 
t£? = y, z = p, o=0, m = (i/%, 6=1] and the relations between ^> and 5 are 

2 = log (m) />, p = b 9 . 

These may be regarded as belonging to the general agonic system, obtained 
from it by making 4> = 0, or as the defining equations of the ordinary system 
for real quantities only, whose geometrical representatives are lengths upon the 
real axis laid off in accordance with the logarithmic law : that q varies uniformly 
while the rate of change of p bears a constant ratio to its own length. The 
modulus, (i/%, is the ratio of the rate of q to that of p at the instant when p = 1 , 
and the base, 6, is the value of p when q = 1 . This is the well-known Naperian 
representation of the logarithmic function. 

The Semi-cosine Equivalent of 6J°. — Returning to the general case : $ and @ 
unequal and not zero, and denoting the arc AR by 0, OP is 

z = p cis d = bf. 

• 

Then since the velocity of N 1 in OTis ft cos ($ — (3) and that of P in OR is Ap, 

while m=(i/X.cos($> — /?), the relation between ON 1 , = u' and OP, = p, two 

real quantities, is that of an exponential to its logarithm, with respect to the 

modulus 77i ; that is, 

vl = log ( "°p and p = b u '. 

And again, since w = A tan ($ — /3) and m = (i/h.coa ($ — /?) , 

.\ m> = f*sin(4> — #); 

but <» and ^ are the rates of change of d and q respectively, and q = 0, 0=0 

are simultaneous values ; 

.-. md = qain(q> — (3) = vf 
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and e= — 

m 

Hence b? = p cis 

= b u cis — 
m 

or also, introducing me and 6; in place of m and 6 , and substituting for w its 
equivalent eu f + ict/, 

f 'me 

or again, replacing u f t vf by their values, u cos |3 + v sin /?, v cos /3 — a sin /3, in 
terms of u, v, (3, 

b u+u — 6 «c<»0+tsiii0 cifi vooQp — usmp 
' m 

When (3 = 0, this assumes the familiar form 

&«+* = b u ( cos — + % sin -V). 

7%« Derivatives of the Logarithmic and Exponential Functions. — By definition, 
the rates of change ofjp, q and are respectively 

dp do dd 

in which t is taken to represent time. Differentiating z and to, expressed in 
terms of />, 9, © and <j>, we have 

dz = d(p cis 0) , 

= (dp + ipdd) cis 

= (Xp + V*>) cis 0. <U, 
and du? = d (q cis $) 

= dq. cis q> 

= fi cis ty.dt, 

cfoc |U cis 4> 

rfz — /> (a, + iw) cis ' 
and since « = X tan (4> — /tf) , 

rfu? (i cis $ cos (4> — /?) 

rfz — jpX cis ($ — £) cis 

— ft cos (4> — @) cis ft 
_ ^ 

me 

z 

21 
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the formula for the derivative of the logarithmic function. Hence also, for the 

exponential function, 

dz z 

dw me 

= &r.log (1) &.; 

for it has been shown that 1/ra = log (<) 6, = clog (l) 6,. 

The Locus of P. — The rates of change of/> and 6 are respectively Xp and <*>, 

= a, tan (<£ — /?); hence by the definition of a logarithm, in real quantities, is 

the logarithm of p with respect to the modulus {A, tan (q> — /?)[ /a, = tan (<p — £); 

or, in equivalent terms, 

= tan(<j>-/3).log ( V, 

which is the equation of the logarithmic spiral. Because pdd/dp = tan (q> — £), 
this curve crosses its radius vector at an angle = TOS. 

Tlte Sine and Cosine Functions. — An obvious generalization of the formulae 
of the circular and hyperbolic functions is obtained by assuming, as definitions 
of the generalized sine and cosine, the functions 

Let these be denoted for the moment by sinb € w and cosb, w respectively. Well 
known substitutions and reductions then lead to the following formulae : 

hf = cosb, w + e~ l sinb, w , 

b~* = cosb, w — e"~ l sinb, w, 

cosb? w — e" % sinb? w = 1 , 
sinb, (w ± u/) = sinb, w cosb, xd =fc cosb, w sinb, %d, 
cosb, (w ± id) = cosb, w cosb, u/ ±. e~ 2 sinb, w cosb, w/, 

from which others are easily obtained. These include the corresponding formulae 
in hyberbolic and circular functions as special cases, b = e and e = 1 giving the 
hyperbolic, b = e and e = i = V — 1 the circular forms. 

Berkeley, August, 1891. 



Corrected Seminvariant Tables for the Weights 11 & 12. 



By Prof. Cayley. 



The tables in my paper, " Seminvariant Tables," A. M. J., t. VII (1885), pp. 
59-73, are not in the best form, but the deviations present themselves only in a 
few columns of the tables for the weights 11 and 12, viz. in the former of these 
two columns, and in the latter a single column, ought to be replaced by linear 
combinations of other columns ; there are besides columns which should be new 
named; in regard hereto there is a point of theory which requires tQ be made 
clear. I remark that in each table the literal terms are in alphabetical order 
(A 0) ; this is the proper order far the final terms, and although (as about to be 
explained) the proper order for the initial terms is the counter order (CO), yet 
as the tables cannot be at the same time arranged in the one and the other order, 
I adhere to the A as the proper arrangement for the terms of the tables ; we 
have, however, to introduce the notion that in general it is not the top term of 
a column which is to be regarded as the initial term, and in connection herewith 
to consider how the columns are to be named. An instance first presents itself 
for the weight 11: we have, see column 5 of the table for that weight here 
given, a seminvariant 

fg + 1 

b*j 

bci 

bdh 

beg — 5 

t*h — 16 



4V+ 70; 

this is to be regarded, not as a seminvariant fg — &V, (it is hardly necessary 
to remark that, here and elsewhere the — is not a minus sign, but a mere 
22 
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stroke), but as a seminvariant c l h — frV, viz. cVi is a term entering into the 
seminvariant, and which, although it is in AO subsequent, it is in CO precedent 
to the terms fg, beg and ft/ 2 . The seminvariant contains the term — 16c*h and 
other terms with the letter h, and it is a misnomer to call it fg — &V, a name 
implying that the highest letter thereof is g. Instead of the stroke, it would 
perhaps be better to write <x>, for instance cYioo 6V f where of course <» would 
be used as a mere conventional symbol. 

For greater clearness I give here the express definition of counter order, 
((70), viz. whereas in AO we begin with the lowest letters, in CO we begin 
contrariwise with the highest letters. A term containing a higher letter or 
higher power of such letter precedes a term containing a lower letter or lower 
power of the same letter — or in the easiest form, the counter order is the alpha- 
betical order corresponding to the reversed arrangement z, y ,..../, e, d, c, b 
of the letters. 

A symbol as above c 2 h — 6V may be regarded as referring to a set of terms 
c % h, 4V and all the terms which are in CO subsequent to c % h and in AO prece- 
dent to 6V: as by supposition the terms are arranged in AO the set includes no 
term lower than ftV, or say the bottom term 6V is also the final term of the set, 
but it does include terms fg, beg and bf % higher than cVi, and thus the top term 
fg is not, but cVi is, the initial term of the set. It should be remarked that a 
seminvariant ch — i'V need not include all the terms of the set as just defined, 
there may very well be terms with a coefficient zero, or say accidental zeros : an 
instance presents itself, weight 10, where in the column eg — bd? we have Oce 8 , 
no term in c£ . 

The changes actually required are very slight, viz. 
Weight 1 1 , instead of 

fg — 6V, we require <rh — frV, old fg — iV, new named, 

c 2 A — b s <P, " fg — Vd\ linear combination {fg — 6V) +8 (c*A — b s d?) , 

de> — b*cF, " c 3 / — #<P, old d<? — bH\ new named, 

<?f— b*c\ " cU — 6V f linear combination (efe 3 — b*#) + 6 (c 3 / — 6 s c 4 ) . 

Weight 12, instead of 

cf* — bed?, we require d?g — bed?, old cf 2 — bed?, new named, 
tPg — c 3 d?, " cf 2 — c 3 d 2 , linear combination (vf z — bed?) — 5 (dr g — eW) ; 

but I have thought it desirable to give the complete tables for the weights 
in question, 11 and 12; and I have also rearranged the entire columns of the 



Catlby: Corrected Seminvariant Tables for the Weights 11 and 12. 197 



two tables so as to present in each of them the finals in A . This is the case 
with the existing tables, except that in the table weight 10 there is a single 
transposition. Instead of the columns cdf — 6 4 cP, ce* — c 5 , we ought to have 
ce* — c 5 , cdf — b 4 cP. The complete list up to the weight 12 is 



10 = 






8 


c 


— 6* 


8 


d 


— 6 8 


4 


e 


— c 2 




c 2 


— 6* 


5 


f 


— be 2 




cd 


— 6* 


6 


9 


— d 2 




ce 


— c 8 




d 2 


— b 2 e 2 




c 8 


— b* 


7 


h 


— bd 2 




cf 


— be 2 




de 


— b 2 c 2 




c 2 d 


— W 


8 


• 

• 


— e 2 




% 


— cd 2 




— b 2 d 2 




e 2 


— c* 




c 2 e 


— b 2 c* 




cd 2 


— b*c 2 




c 4 


— 6 8 



tr = 




tr = 




11 


I —bf 2 




ci — de 2 
di — free* 




eft — cd* 




c*h — 6 8 e 8 




/0 — 6 2 d 8 




ce/ — bc 2 d 2 
edg —b*cd 2 






d 2 f —6c 5 




c*f — 6 5 d a 




de 2 -6 8 c* 




c 2 de — 6 6 c 8 




cd 9 — 6 7 c 2 




c 8 d — 6 11 



tr = 






12 


m 


-fir 2 




c* 


-cf 2 




ex 


— e* 




fh 


— b 2 P 

— bde 2 




9 2 


— c 2 e 2 




ceg 


— d* 




cH 


— 6»ce* 




d 2 g 


— 6cd 8 




cP 


— c*d 2 




cdh 


— 6*e a 




def 


— 6 8 d 8 




e 8 


— 6*c*d 2 




c 2 e* 


— c« 




c'g 
ca 2 e 


— 6*cd a 




— 6 2 c 5 




c 2 df 


— 6 6 d* 




d* 


— 6 4 c 4 




c 4 e 


-6 8 c 8 




c 8 d 2 


— 6 8 c a 




c 6 


— 6 1 * 



The two new tables are as follows : some accidental numerical errors have 



been corrected. 



Table, Weight 11. 

5 6 7 8 9 



10 11 12 13 14 



10 



20 





i 


«i 


di 


eh 


c 2 h 


fff 


cef 


edg 


* 2 f 


**f 


de 2 


c 2 de 


cd* 


c 4 d 


I 


+ i 


• 


























bk 


— ii 




























V 


+ 35 


T"5 


























di 


- 75 


— 9 


T~i 
























eh 


+ 90 


+ 14 


— 2 


+ 1 






















fg 


— 42 


— 7 


+ 1 


— 1 


T ' i 


+ 1 


















b 2 j 


+ 20 


— 2 


























bci 


- 90 


+ 9 


— 3 
























bdh 


+240 


+ 16 




— 4 






















beg 


—420 


- 63 


+ 9 


— 2 


— 5 


— 5 


















V 2 


+252 


+ 42 


— 6 


+ 6 


- 6 


— 6 


















e 2 h 




— 30 


+ io 


+ 3 


— 16 




















edg 




+ 70 


— 26 


— 2 


+ 58 


+ 2 




T""i 














cef 




— 21 


+ 7 


— 6 


+ 5 


+ 45 


T"i 


— 3 














d 2 f 




— 56 


+ 24 


+ io 


—100 


-100 


— 3 


+ 6 


1T^ 












de 2 
b*i 




+ 35 


— 15 
+ 2 


— 6 


+ 60 


+ 60 


+ 2 


— 4 


— 1 


+ 1 


T~l 










b 2 eh 






— 8 




+ 32 




















\b 2 dg 






+ 8 


+ 20 


- 48 


+ 8 




— 1 














y % *f 




- 4 


— 18 


+ 40 




— 1 


+ 3 















10 



20 



6 



8 



9 



10 11 12 13 14 



198 Cayley: Corrected Seminvariant Tables for Hie Weights 11 and 12. 



Table, Weight 11. — Continued. 





1 


2 


3 


4 


5 


6 


7 


8 


\ 


) 


10 


11 


12 


13 


14 






I 


cj 


di 

+ 8 


eh 
— 15 


e 2 h 
— 62 


fg 

— 6 


cef 


edg 
— 3 


d 2 f 


c*f 


de 2 


e 2 de 


cd* 


c*d 


21 


bc 2 g 






bed/ 






— 16 


— 24 


+232 


+408 


+ 14 


— 30 


— 


6 














bee 2 
bd 2 e 






+ 10 


+ 45 
— 10 


—205 
+ 20 


—405 
+ 20 


— 11 

— 1 


+ 27 
+ 2 


+ 
+ 


3 
3 


— 3 

— 8 


— 3 

— 8 














c*f 








+ 27 


— 54 


-270 


— 9 


+ 27 


+ 


4 


— 12 












e 2 de 








— 45 


+ 90 


+450 


+ 14 


- 45 


— 


6 


+ 36 


+ 6 


+ 1 








cd* 








+ 20 


— 40 


—200 


- 6 


+ 20 


+ 


2 


— 18 




- 1 


T"I 






b*h 










— 16 
























b*cg 










+ 56 






+ 5 
















30 


b*df 










-112 


-288 


— 8 


+ 18 


+ 


4 














b*e 2 










+ 70 


+270 


+ 9 


- 23 


— 


2 


+ 2 


+ 2 










b 2 e 2 f 










^^^™ 


+216 


+ 6 


— 27 


— 


3 


+ 36 












b 2 cde 












—360 


— 16 


+ 51 


+ 


6 


— 36 


+ 24 


— 2 








b 2 d* 












+160 


+ 8 


— 24 




8 


+ 34 


+ 16 


+ 1 


— i 






bc*e 












^^^^ m 


+ 3 




___ 


2 


- 48 


— 18 


- 3 








bc 2 d 2 














— 2 




+ 


6 


+ 18 


— 24 


+ 5 


— 9 






e 4 d 














"™ ™" 




^_ 


1 


+ 3 


+ 9 


— 1 


+ 4 


TT 




b*g 
















— 2 


















Vcf 
















+ 6 






— 36 










40 


b*de 
b*c 2 e 
















- 2 

— 6 


+ 


4 
3 


+ 14 
+ 72 


— 16 
+ 12 


+ 1 

+ 8 








b*cd 2 
b 2 c*d 






> 










+ 4 


+ 


8 
10 


— 78 
+ 80 


— 48 
+ 72 


— 7 

— 5 


+ 15 
+ 11 


— 4 








be 6 


















+ 


3 


- 9 


— 27 


+ 3 


— 12 


- 3 




b*f 






















+ 12 












b*ce 






















- 80 




— 7 








b*d 2 
b*c 2 d 






















+ 20 


+ 32 


+ 2 


— 6 




























— 48 


+ 10 


— 89 


+ 6 




b*c* 

19 .. 
























+ 18 


— 5 


+ 29 


+ 14 


50 


b 7 e 
b*cd 
b*c* 
b*d 


























+ 2 
— 4 

+ 2 


+ 32 

— 23 

- 8 


— 4 

— 26 

+ 1 








Vc 2 




























+ 6 


+ 24 




b 9 c 




























^^^™ 


-11 


66 


b 11 
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Table, Weight 12. 
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Table, Weight 12. — Continued. 
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±1024±212±82±1740±2854±946 ±12 ±46 ±325 ±190 ±298±1664 ±442 ±18 ±52 ±51 ±258 ±156 ±48 ±68 ±32 



Sur les fonctions it espaces lacunaires. 

Par H. Poincare. 



M. Weierstrass dans un memoire intitule 'Zur Funktionenlehre' et ins6re 
dans les Berliner Monatsberichte a appele l'attention des geom&tres sur certaines 
fonctions presentant des singularites speciales. Au lieu de presenter un nombre 
fini ou infini de points singuliers essentiels isolfe elles offrent des lignes singu- 
lifcres essentielles ou meme des espaces lacunaires a l'interieur desquels elles 
cessent d'exister. Dans une lettre h M. Mittag-Leffler, ins6ree dans les Acta 
Societatis Scientiarum Fennicse M. Hermite a retrouve les memes resultats par 
une voie toute differente. D'apres les conseils de M. Hermite j'ai entrepris de 
rechercher de nouveaux exemples de la particularite signalee par les deux 
savants geom&tres. 

II y a une infinite de manures de definir une fonction, et si on ne s'imposait 
a priori aucune condition, rien ne serait plus facile que de concevoir une trans- 
cendante presentant un espace lacunaire quelconque ; on pourrait imaginer par 
exemple une fonction definie de la manure suivante ; elle devrait etre 6gale a 1 
k Texterieur d'un certain cercle, et cesser d 7 exister k l'int6rieur de ce cercle. Ce 
cercle serait alors un espace lacunaire. Si done on donnait au mot, fonctions h 
espaces lacunaires le sens etendu qu'il semble comporter d'abord, on pourrait en 
imaginer arbitrairement une infinite. II est done necessaire de pr6ciser ce qu'on 
doit entendre par cette expression, fonctions a espaces lacunaires. C'est ce qui 
est facile, grace h, une conception nouvelle des fonctions analytiques qui a son 
origine dans les travaux de Cauchy et que M. Weierstrass a si clairement 
expos6e dans son m6moire *Zur Functionenlehre ' (Monatsberichte, Aout 1880, 
page 12). 

Consid6rons une s6rie developpee suivant les puissances croissantes de x — x^. 
Elle sera convergente a Pinterieur d J un certain cercle G ayant pour centre x et 
pour rayon R. Si on ne s'occupait que du developpement lui-meme, on pourrait 
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considerer la fonction definie par la serie comme cessant d'exister a Pexterieur 
du cercle de convergence, et toute la region du plan exterieure a ce cercle comme 
formant un espace lacunaire. Ainsi comprise, la fonction a espaces lacunaires ne 
serai t pas une notion analytic] ue nouvelle. Mais il est un moyen bien connu 
d'etendre au-dela du cercle de convergence le domaine ou la fonction envisagee 
existe. Si Ton consid&re un point x x interieur au cercle de convergence, on 
pourra par la fonnule de Taylor developper la fonction en s6rie ordonn6e suivant 
les puissances de x — x x et convergente a Pinterieur d'un certain cercle C x . A 
Pint6rieur de C u on prendra un point <r 3 'et on developpera la fonction en s6rie 
ordonn6e suivant les puissances de x — x 2 et convergente h Pint6rieur d'un cer- 1 
tain cercle (7 3 . La fonction se trouvera alors definie non seulement a Pint6rieur 
du premier cercle de convergence, mais Pinterieur de C x , de (7 2 , etc. 

Pour la plupart des fonctions qui ont etc jusqu'ici Pobjet des travaux des 
geom&tres, les cercles tels que G x , (7 2 , etc., recouvrent tout le plau, soit une fois, 
soit plusieurs fois, soit une infinite de fois, en laissant seulement de cot6 certains 
points isoles, appeles points singuliers. La fonction existe partout, sauf en des 
points isoles. 77 n'y a pas (Vespace lacwniire. 

Mais il iPen est pas to uj ours ainsi; il peut arriver que les cercles C Xi Co, 
etc., laissent de cote non des points isoles, mais toute une ligne, ou meme toute 
une region du plan. M. Weierstrass a le premier mis cette verite en lumi&re, et 
apres lui M. Hermite a defini a Paide d'integrales multiples definies des trans- 
cend antes qui n'ont d'existence que dans un domaine limite. 

On pourrait citer un grand nombre d'autres exemples de ce fait analytique. 
Ainsi Ton sait que les fonctions definies par les series : 

1 + -g - x -\ 02 3* +••••! o»^ + . . . . 

et x$ (1) + x?$ (2) + . . . . + x n $ (n) + . . . . 

(ou <£ (n) represente la somme des puissances p CB des diviseurs de n) n 'existent 
qu'a Pinterieur du cercle qui a pour centre Porigine et pour rayon Punite. II 
en est de meme de certaines fonctions que j'ai appelees fuchsiennes. 

Les exemples que je veux etudier specialement dans la presente note pre- 
senteront les particularites suivantes. Le plan sera divise en deux regions, Pune 
exterieure, Pautre int6rieure k un certain contour G. A Pexterieur du contour 
la fonction envisagee sera holomorphe et uniforme (et par consequent finie, con- 
tinue, monodrome et monog&ne). A Pinterieur du contour elle cessera d'exister. 
La region interieure a G sera un espace lacunaire. 
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Je supposerai dans ce qui va suivre que la ligne qui limite G ait en chaque 
point une tangente et un rayon de courbure afin qu'on puisse construire un 
cercle tangent a cette ligne, ayant son centre en un point quelconque de la partie 
du plan qui est en dehors de G et de telle fapon que ce cercle soit tout entier 
ext6rieur a C. 

Si x est un point quelconque exterieur k G la fonction sera d6veloppable 
suivant les puissances de x — ar ; le cercle de convergence sera tangent ext6- 
rieurement k G. Reciproquement si (x 6tant un point quelconque exterieur 
k G) une fonction est developpable suivant les puissances de x — x , de telle 
sorte que le cercle de convergence soit tangent exterieurement a C, il est clair 
que cette fonction offrira un espace lacunaire qui sera la region interieure au 
contour G. 

Voici maintenant comment je definirai une transcendante jouissant de ces 
proprietes. Envisageons la serie suivante : 



n =00 



£ 



x — b n 

n = n 

Je suppose : 
1° que la serie : 



V =♦(*). (i) 



n = oD 



n=0 



K (2) 



soit absolument convergente. 

2° que tous les points b n soient interieurs a G ou sur le contour G lui-meme. 

3° que si Ton prend sur le contour G un arc quelconque et aussi petit que 
Ton voudra, il y ait toujours une infinite de points b n sur cet arc. 

Je pose : 

n=oo n = oo 

n=p n=0 

La serie (2) etant absolument convergente, on pourra prendre p assez grand 
pour que E p soit aussi petit que Ton veut. 

Je dis d 7 abord que si Xq est exterieur a (7, la fonction $ (x) dSfinie par la 
s6rie (1) peut se developper en serie suivant les puissances de x — x , et que 
cette serie est convergente a Tinterieur du cercle qui a pour centre x et qui est 
tangent exterieurement a G. Si en effet R est le rayon de ce cercle, on aura 
pour tous les points b n , 

\K — aJ>.R. Posons Ix — ar |=©-^- 

23 
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Supposons que x soit interieur au cercle qui a pour centre x et pour rayon 
R, on aura: 0< 1. 

On aura evidemment : 

-, w =£[£(A ( -fe^,)]- 

n = 9 = v w ' 

II est clair : 

1° que la serie a termes positifs et a double entree 

n=oo, 9=00 



2-, ix^ n ) (3) 



(x — x ) 

n = 0, q — 



est absolument convergente. 
2° que 

mod r A & - x ^ 1 s mod A « eq+ * 
L " Wn --x,)*f*i < mod (F- x„) 

II en resulte que la serie a double entree: 



n =», «/=oo 



EA ( 8 ~ ~. a >J!_ M 

n (&»-*.) 9+1 lJ 

n — 0. 7 = 

est absolument convergente et que sa sorame est independante de Fordre des 
termes. 

La somme de la serie (4) sera done — q> (x) quel que soit Fordre des termes. 
On aura done : 

- * (*) = ]£ B n (x - x o y (5) 

en posant : 

71=00 

n = 

J'ai done demontre a la fois : 

1° que si x est ext6rieur k C la serie (2) est convergente et la fonction $(x) 
qu'elle definit est holomorphe et uniforme. 

2° que si x est interieur au cercle qui a pour centre x et pour rayon R et 
qui est tangent exterieurement a G, la serie (5) est convergente. 



Rp ^ ~7Z~ R' 
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Je dis maintenant que la s6rie (5) est divergente si x est sur ce cercle ou 
exterieur a ce cercle et pour le demontrer, je suppose d'abord que x soit sur la 
normale elevee & G en un des points b n , au point b n par exemple. 

Je me propose de faire voir que le terme 

B q R* 

ne tend pas vers quand q tend vers Tinfini ; je vais montrer en effet que Ton 
peut prendre q assez grand pour que : 

modR?[B q -A k (b k -x )-«+"]<e, 

quelque petit que soit e. 

Soit p un nombre entier assez grand pour que : 

€ 

2 

Supposons en raeme temps 

p>k. 

D6crivons du point x comme centre un cercle de rayon R 1 plus grand que 
R, mais assez petit pour que tous les points : 

*0> ^l» *2) • • • • Ok— 2) Ok — 1» 0* + l» 6fc + 2> • • • • b p 

soient ext6rieurs a ce cercle. On aura : 

R <> 
Soit maintenant q un nombre entier assez grand pour que : 

S (R_\ q ^ J_ 
~K\R< J^ 2 ' 
On aura : 

On aura : 

^"V^ inod A n (R\*. V* mocL4„ _S fA Y_i_ A / 
^ Z^ 2? V W*" Z_^ i2 ^iJ'^'Z+iiJ^ 6 - 

n=k+l n=p 
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On a done : 

lim B> (B q — A k (b k — x„)- q + ') = . 

Or: 

mod(&A k (b t -z )-<+ i ) = ™ ^. 

II est done impossible que R q A k (b k — # )~" 9+1 et par consequent que R q B q 
tende vers 0. 

Supposons maintenant que x ne soit pas sur la normale elev6e a G en Tun 
des points b n ; je dis que la serie (6) est encore divergente quand : 

mod (x — x ) "> R . 

En efTet supposons que cela ne soit pas vrai et que le cercle de convergence 
ait un rayon R f plus grand que R. Ce cercle de convergence decouperait sur le 
contour G un certain arc sur lequel, par hypothese, il devrait y avoir une infinite 
de points b n . Soit b k Tun de ces points. Elevons en ce point une normale k G 
et prenons sur cette normale un point x x assez voisin de b k pour que le cercle K 
qui passe par b k et qui a x x pour centre soit tout entier interieur au cercle qui a 
pour rayon R 1 et pour centre x ; cela est 6videmment toujours possible. La 
fonction q> (x) pourrait alors se developper en s6rie suivant les puissances de 
x — x x et cette serie devrait etre convergente, non seulement h Pinterieur du 
cercle K, mais sur la circonference de ce cercle, ce qui est contraire a ce que je 
viens de demontrer. 

II est done demontre que le cercle de convergence de la serie (6) est toujours 
tangent exterieurement a G. 

Done la fonction $ (x) est holomorphe et uniforme a Pext6rieur de G et pre- 
sente un espace lacunaire h Fint6rieur de ce contour. 

Je vais maintenant citer quelques exemples de series satisfaisant aux condi- 
tions imposees a la serie (1). 

Soit d'abord: 

^ , x) = y* «' . . .. <* 

^— ' ??i 1 a 1 + 7H 2 a 2 + ....+ m p g p . (6) 

m i + m % + • • • • + m p 
Je suppose : 

1° que 1^, U}, . . . . u p sont des quantity donn6es de module plus petit que 1. 

2° que ax, as, ... .Op sont des constantes quelconques. 

3° que m x , m^, . . • . m p prennent sous le signe 2 tous les syst&mes de valeurs 

entieres positives. 
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J'envisage le polygone P defini par les conditions suivantes : 
1° II est convexe. 

2° Tous ses soramets font partie du syst&me des points a x , a 2 . . . .a p . 
3° Tous les points c^, a,. . . .a,, qui ne sont pas des sommets du polygone 
Psont sur le p6rim&tre de ce polygone ou a son int6rieur. 
II est clair que : 
1° La s6rie 



\\ mod (v% l u£* . .. .u% p j 



est convergente. 

2° Tous les points 

m l a l + rn 2 a 2 -f . . . . -f- wyx p 
rn x + m % + . . . . + m p 

sont sur le p6rim&tre de P ou bien k Fint6rieur de ce polygone. 

3° Sour tout segment, si petit qu'il soit, de Fun des cot6s de P t il y a une 
infinite de points : 

«, + «,+ . ... + m, ' 

Soit en effet a x a* le cote du polygone considere, il est clair qu'on pourra 
choisir les entiers positifs m x et m % (et cela d'une infinite de manures) de telle 
sorte que le point 

#>!<*! + rngOg 

soit situe sur un segment donne du cote a^. 

II en r6sulte que la fonction ${x) est holomorphe et uniforme k Pexterieur 
de P et pr6sente un espace lacunaire a Pinterieur de ce polygone. 

Dans le cas ou jp = 3, Pespace lacunaire se r6duit au triangle a l a f fli 3 . 

Dans le cas oil p = 2, Pespace lacunaire se r6duit a une ligne singuli&re essen- 
tielle qui est le segment de droite a^ . 

Corame second exemple je citerai la fonction dont voici l'o'rigine. 

Soit Pequation aux differences partielles : 
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F x , F % , . . . . F n sont des fonctions des n variables u u u% . . . . u n et du para- 
ni&tre x, holomorphes pour toutes les valeurs de x et lorsque les modules de 
t* l9 ti) . . . . u» sont suffisamment petits. Elles se reduisent respectivement a 

1 x — a » x — a * 

quand on y annule tous les u. 

Dans une th&se que j'ai soutenue devant la Faculte des Sciences de Paris le 
l er Aout 1879, j'ai demontre que si le point x est exterieur au polygone convexe 
P circonscrit aux n points a lf a % . . . . a n , il existe une serie S ordonnee suivant 
les puissances des u ) convergente et fcatisfaisant a ^equation (7) pourvu que les 
modules de ces variables soient assez petits. Les coefficients de cette serie sont 
des fonctions rationnelles de as; si on donne aux u des valeurs de module suffi- 
samment petit et qu'on les considfere comme des constantes, la somme de la s6rie 
est une fonction de ar, et Ton peut voir qu'elle est analogue a la fonction q>(x) 
definie par la serie (l) et qu'elle presente comme elle un espace lacunaire. Le 
polygone P est compris tout entier dans cet espace lacunaire. 

On remarquera que dans la demonstration qui pr6c&de, il y a un proced6 qui 
joue un role essentiel. On decrit du point x comme centre un cercle avec un 
rayon R 1 plus grand que 

R = 1*0 — h\ 
et cependant assez petit pour que tous les points 

^0) ^i, 6 2 , • • • • , O ifc _2 i Vfc — li Uk + l » *£ + 2» • • • • *p> 

c'est a dire les points b n tels que n _ p , n^h soient tous ext&rieurs h ce cercle, 
et que 






A n \<4R, 



2 

n = p 



la sommation etant ainsi etendue h tous les indices n^>p. 
Les points b n sont ainsi r6partes en deux cat6gories : 

1° ceux pour lesquels n_p; ils sont en nombre fini et ils sont tous 

exterieurs au cercle de rayon R 1 a l'exception d'un seul, le point b k . 

2° ceux pour lesquels n^>p qui sont en nombre infini, mais si p est assez 
grand la somme des modules des coefficients correspondants A n sera aussi petite 
qu'on voudra. 
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C'est sur la possibility de cette repartition que repose toute la demonstration 
et c'est pour cette raison qu'elle n'est pas susceptible de diverses generalisations 
que Ton croirait d'abord possibles. 

Soit par exemple dans le plan une courbe fermee G et z un point mobile 
assujetti a rester sur cette courbe ; soit x un point exterieur a la courbe et j\z) 
une fonction quelconque de z. L'int6grale 



/ 



z — x 



6tendue a la courbe ferm6e C definit une fonction $(x) de x. On pourrait croire 
que les raisonnements qui prScfcdent lui sont applicables, a condition que 
Fint6grale 

~ MM* 



f 



soit finie, et que la fonction $(x) admet Fint6rieur de C comme espace lacunaire. 
II n'en est rien a cause de Pimpossibilite de la repartition dont nous venons de 
parler. II est vrai que cette fonction $(x) reste holomorphe k Fexterieur de C, 
mais non pas que si x est exterieur a C, le cercle de convergence relatif au 
developpement de $(x) suivant les puissances croissantes de x — x soit tout 
en tier k Fexterieur de G. II suffit pour s'en convaincre de se rappeler que siy(x) 
est une fonction quelconque holomorphe a Fexterieur de G et tendant vers 
quand le point x s'eloigne indefiniment, Fintegrale 

*Az)dz 



/ 



z — x 



prise le long de C est precis6raent 6gale a 2inf(x). 

De meme si le point z n'est plus assujetti k rester sur la courbe C elle merae 

mais peut prendre une position quelconque k Fint6rieur de cette courbe, si f(z) 

est une fonction continue quelconque de z et da un element de Faire limitee par 

cette courbe, et que z designe precis6ment Faffixe du centre de gravit6 de do, 

Fintegrale 

V(z)dG> 

Z — X 



f J 



6tendue k Faire limitee par G repr6sentera une fonction $(x) qui sera holomorphe 
k Pext6rieur de C mais qui n'admettra pas en g6neral la region int6rieure k G 
comme espace lacunaire. 
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On obtient des resultats analogues dans la theorie du potentiel newtonien. 
Soient M u M 2l . • • • M ni • • • • un norabre infini de points dont les masses 
vn x , m % , . . . . m n soient toutes positives. Supposons que la serie 



£ 



m. 



soit convergente ; que tous ces points attirent un point mobile P de coordonn6es 
x, y, et z conformement a la loi de Newton; que tous ces points soient a 
Pinterieur d'une certaine region R limitee par une surface S; et enfin que sur 
chaque 61ement si petit qu'il soit de cette surface S il y ait une infinite de ces 
points. 

Soit alors V(x, y, z) le potentiel de ces points *atti rants. On verrait alors 
par un raisonnement tout pareil a celui qui precede, que la fonction V est 
holomorphe a 1 exterieur de R et qu'elle admet cette region R comme espace 
lacunaire. 

Supposons au contraire que nous ayons affaire non pas a des points attirants 
discrets quoique en nonibre infini et infiniment rapproches les unes des autres, 
mais a une surface attirante, ou a un volume attirant, il n'en sera plus de meme. 

Si on considere par exemple un volume attirant limit6 par une surface S 
sans point singulier et que la dense soit une fonction holomorphe de x, y et z, 
la fonction Fpourra etre prolongee par continuation analytique a Pinterieur du 
volume attirant. 

Supposons en particulier une sphere attirante homog&ne ayant son centre h. 
Porigine, ayant pour rayon R et pour masse M. Alors on soit que la fonction 

M 

loin d'adinettre comme espace lacunaire Pinterieur de la sphere 

peut etre prolongee par continuation analytique jusqu'au centre meme de cette 
sphere. 

II arrive quelquefois qu'on a a envisager des developpements en series de 
la forme suivante : 

<p{x) = XR n (x) , 

R n {x) 6tant rationnelle en x. 
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Supposons que ce developpeinent soit convergent a Pinterieur d'une certaine 
courbe C, convergent egalement a Pexterieur de cette courbe, mais qu'il diverge 
pour tous les points de la courbe elle-meme. Les developpements de cette forme 
ont 6t6 Studies par M. Weierstrass dans le memoire que j'ai cit6 plus haut, ainsi 
que les diverses circonstances que je vais signaler. 

Soit $i(x) la somme de la serie a Pinterieur de la courbe C, fa(x) la somme 
de cette meme s6rie a Pexterieur de la courbe G. II peut se faire d'abord que 
les fonctions $i(x) et fy(x) puissent etre prolongees, par le procede de la continua- 
tion analytique expose au debut du present travail, la premiere a Pexterieur 
de C, la seconde a Pinterieur de G. 

C'est ainsi que par exemple la serie de M. Tannery : 

x n —l x n ~ l —l 



Epr— l x n " x — i n 
Lx n + l~x n ' 1 + 1J 



n = l 

a pour somme +1 k Pexterieur du cercle : 

x\= 1 



et — 1 ^ Pinterieur de ce cercle. II est clair alors que les fonctions +1 et — 1 
peuvent etre prolongees dans tout le plan. 

Mais il peut arriver aussi que les fonctions fa et <£> 2 admettent comme 
espace lacunaire, la premiere Pexterieur de C t la seconde Pinterieur de G. M. 
Weierstrass cite des exemples de ce fait dans son m6moire et d'ailleurs plusieurs 
des developpements en series de la fonction modulaire presentent la meme 
particularite. 

Une question se pose alors. Nous avons : 

fa{x) = XR n (x) 

k Pinterieur de G et 

$&) = 2i2 u (x) 

a Pext6rieur de G. Avons-nous le droit de dire que la fonction fa cesse d'exister 
a Pexterieur de G et la fonction fa a Pinterieur, ou bien ne devrons-nous pas 
plutot considerer les deux fonctions fa et fa comme le prolongement naturel Pune 
de Pautre ? 

On en serait d'abord tente; mais on renoncera k cette mani&re de voir si 
Pon r6flechit qu'& ce point de vue, une fonction a espace lacunaire aurait dans 
cet espace une infinite de prolongements naturels possibles. C'est ce dont on 
24 
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peut se rendre compte par deux raisonnements diff6rents que je vais appliquer a 

des courbes C particuli&res mais qu'on pourrait etendre, mutatis mutandis, a des 

courbes C quelconques. 

Supposons d'abord que la courbe C soit un cercle. 

Soit encore : 

<fr(z) = 2/2 n (a), <p % {x) = 2R n {x) 

la premiere egalite ayant lieu a l'interieur du cercle, la seconde a Pexterieur. 
Supposons que les deux fonctions $ x et ^ ne puissent etre prolongees analytique- 
ment au dela du cercle. 

J'ai demontre Pexistence de certaines fonctions que j'ai appelees fuchsiennes 
et tetafuchsiennes qui n 'existent qu ? a Pinterieur du cercle C et pour lesquelles par 
consequent la region exterieure a ce cercle est un espace lacunaire. Les fonctions 
tetafuchsiennes sont susceptibles d'un developpement dont les termes sont des 
fonctions rationnelles de x ; je me suis longuement etendu sur ces d6veloppements 
dans mon memoire sur les fonctions fuchsiennes (Acta Mathematica, tome 1). 

Soit: 

■£«*) = sir («±£) <*.+«-* 

un de ces developpements. II repr6sentera en g6n6ral a Tinterieur de G une 
fonction tetafuchsienne qui cessera d'exister a Pexterieur de ce cercle, et a 
Pexterieur de C il representera une autre fonction tetafuchsienne qui cessera a 
son tous d'exister a l'interieur de ce cercle. 

Dans ce developpement H{x) est une fonction rationnelle quelconque, m est 

une entier et ( x, a ' lX , \ n ) une substitution quelconque du groupe fuchsien. 

^ y n x + d n / 

Si tous les infinis de H{x) sont a Pexterieur de (7, la fonction tetafuchsienne 

representee par notre developpement a l'int£rieur de G n'aura pas d'infinis et, 

aussi que je Pai montr£ dans le memoire cite, on peut d'une infinite de mani&res 

choisir H de telle sorte que cette fonction soit identiquement nulle. On aura 

alors: 

XH n (x) = a Pinterieur de C, 

XHj(x) = e{x) £b Pexterieur de (7, 

etant une fonction tetafuchsienne. 

Quel se rait alors le prolongement naturel de $i(x) a Pexterieur de G. 
Comme 
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ce prolongement serait la somme de ce d6veloppement h l'ext6rieur de C, c'est 
a dire <p 2 - 

Mais on a aussi a rinterieur de G 

<fo = 2(i2 n + H n ) puisque 2H n = . 

Le prolongement naturel de ^ a Pext6rieur de G devrait encore etre la 
somme de ce d6veloppement 2(i2 n + H n ), c'est a dire q> % + 0. 

Ainsi une fonction a espace lacunaire serait susceptible de plusieurs " pro- 
longements naturels"; c'est assez dire qu'il n'y en a aucun qui merite ce nom. 

Mais on peut s'en rendre compte encore d'une autre mani&re. 

Consid6rons le plan des x comme divise en deux parties par l'axe des 
quantites reelles. Soit/(x) une fonction n'existant que dans la partie sup6rieure et 
6tant partout holomorphe dans cette partie ; soit/^x) une fonction n'existant que 
dans la partie inf&rieure du plan et etant partout holomorphe dans cette partie. 
La moiti6 inferieure du plan est pour f(x), la moiti6 superieure pour /i(z), un 
espace lacunaire. 

Je dis alors que je pourrai trouver deux fonctions $(x) et ^(x) jouissant des 
propri6t6s suivantes : 

1° Elles existeront dans tout le plan, sauf le long de certaines " coupures." 

2° On aura <J> + i// =/dans moiti6 sup6rieure du plan. 

3° On aura $ + i// =/j dans la moitie inferieure. 

4° La fonction <£> admettra pour coupure le segment de l'axe des quantites 
reelles compris entre les points x = — 1 et a; = + 1 . 

5° La fonction ^ admettra pour coupure les deux autres segments de l'axe 
des quantites r6elles, c'est a dire les segments ( — oo, — l) et (+ 1, + oo). 

S'il en est ainsi il est clair que si la fonction / avait un " prolongement 
naturel " dans la moitie inferieure du plan, ce prolongement ne pourrait etre que 
f x \ car les fonctions <p et ^ existent dans tout le plan et le prolongement naturel 
de/ devrait etre comme la fonction /elle-meme 6gal h la somme $ -f- ^- Mais 
f x est une fonction quelconque assujettie seulement k n'exister que dans la moiti6 
inferieure du plan. Une fonction quelconque pourrait done etre regard6e comme 
le prolongement naturel de /. 

Pour d6montrer le th6or&me que je viens d'enoncer, j'ai besoin d'abord 
d'6tablir le lemme suivant. 

Soit F(x) une fonction que je n'assujettis pas a etre analytique, mais qui doit 
rester finie et continue pour toutes les valeurs rSelles et positives de x } tout en 
croissant ind&iniment avec x. 
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Je dis alors que quelle que soit cette fonction F(x), on pourra toujours 
trouver une fonction analytique entire G(x) qui croisse assez rapidement pour 
que le rapport : 

xG{x) 

tende vers quand x croit indefiniment par valeurs reelles positives. 

En effet, on peut toujours trouver un nombre positif A n assez grand pour 
que la plus grande valeur que prenne le module de F\x) quand x varie dena 
n + 1 soit plus petite que A n . 

On aura alors (pour w<a;<w+ 1): 



I\x) 



<A n <A n (?-)*• . (8) 



Je puis supposer que X n est un entier positif plus grand que n et assez 
grand d'ailleurs pour que : 

Considerons alors la serie : 



A. 



<?<*)=£ 4- ( 



-) 

n = l 



Je dis d'abord que cette serie converge pour toutes les valeurs de x et repr6sente 
par consequent une fonction entiere. II vient en effet : 



J<^=<& : <(.^y- 



x Jt 

Quand n croit indefiniment tend vers et comme — est plus grand 

n — 1 n 



K 



que 1 il en sera de meme de ( J . 



La s6rie est done convergente. 

Je dis ensuite que pour les valeurs reelles et positives de x, on a 

\F(z)\<G(x). 

En effet tous les termes de la serie G(x) sont positifs, et Vinegalit^ (8) prouve 
qu'il y a toujours un de ces termes qui est plus grand que | F(x) \ . 
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II est clair alors que 

hm iG(^ = ° ( P ° Ur X= + °°)- C. Q. F. D. 

On peut tirer de ce lemrae divers corollaires. Comme G(x) est une fonction 
enti&re dont les termes sont tous positifs et contienment des puissances de x 
dont Fexposant depasse toute limite, on aura quand x croitra indefiniment par 
valeurs reelles positives : 

lim G(^ = ' lim ^w=o 

et par cons6quent 

lim F(x)e~ G(x) =0. 

Je dis maintenant que si F(x) est flnie pour les valeurs reelles de x tant 
positives que n6gatives et suffisamment grandes en valeur absolue, on pourra 
trouver une fonction enti&re G(x) telle que 

lim F{x)e- Q ^ = 

quand x croit indefiniment par valeurs reelles so it positives, soit negatives. 

Soit en effet F x (t?) la plus grande des deux quantites | F\x) | et | F\ — x) | ce 
sera evidemment par definition meme une fonction paire de x, c'est a dire ne 
changeant pas quand on change x en — x . 

On pourra alors d'apr&s le lemme qui precede trouver une fonction Gi(a?) 

telle que 

UmF 1 (^)e- G ^ = 

pour 7? = + oo (a* reel positif). 
Si alors G x (x % ) = G(x) on aura 

lim F{x)e~ *<*> = 

pour x = ± oo (x reel, positif ou negatif). 

Comme les valeurs que prend F(x) quand \x\ est suffisamment grand, 
influent evidemment seules sur cette limite, il suffit pour que le lemme soit 
vrai que F(x) soit fini pour les valeurs reeles de x suffisamment grandes, il suffit 
par exemple que F{x) ne devienne infini que pour un nombre fini de valeurs 
rSelles de x . 

Considerons maintenant la circonference 

x\= 1 
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» 

decrite sur le segment ( — 1, + 1) comme diam&tre et supposons que sur cette 
circonference que j'appellerai G pour abr£ger la fonction F(x) n'ait qu'un n ombre 
fini d'infinis parmi lesquels le point x = + 1 . 

Je dis qu'on pourra trouver une fonction entire G(x) telle que 

quand x tendra vers 1 en suivant la circonference. 

Posons en effet 

.x+1 
* x — 1 

Si x est sur la circonference G } y sera reel; si x tend vers 1 en suivant Tune 
des moities de la circonference, y tend vers + oo ; si x tend vers 1 en suivant 
Fautre moitie, y tend vers — oo . Si nous posons F{x) = F x (y) , la fonction F x 
n'admettra qu'un nombre fini d'infmis reels. Alors on pourra trouver une fonction 
G(y) telle que 

lim F x (y)e- G(y) = (pour lim y = ± oo ) 

on en deduira par consequent : 

lim F(x)e-°^ '^ l =0. c. Q. F. D. 

De meme, alors raeme que F(x) deviendrait infinie pour x= — 1, on pourra 
trouver une fonction entiere G f (x) telle que : 

lim^^e-^*^) 

quand x tend vers — 1 en suivant la circonference. 

Ces corollaires etablis venons a la question qui nous occupe. 

Nous designerons par F(x) une fonction qui sera egale a/(x) dans la moitie 
superieure du plan et a f x {x) dans la moitie inferieure. Sur la circonference que 
j'ai appelee (7, la fonction F{x) ainsi definie ne pourra avoir que deux infinis, 
x = -fl et x = — 1. 

On pourra alors construire les deux fonctions entires : 



\ X — 1/ \ X + 1/ 



X + 

que je viens de definir. 
Soit alors : 



0(x) = e~ °C &) ~ « :-fl) = e-°- a ' . 
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On voit que 0(x) est une fonction de x holomorphe dans tout le plan et 

n'admettant d'autres points singulars que deux points singuliers essentiels 

x=letas= — 1. 

Je dis maintenant que 

lim F(x)d(x) = 

quand x tend vers — 1 ou vers + 1 en suivant la circonference C. 

En effet 

FQ=Fe~ G e- Q '. 

Si x tend vers +1, Fe~ a tend vers et e~ G ' vers une limite finie ; si x tend 
vers — 1 , Fe~ G ' tend vers et e~ ° vers une limite finie. 
Soit done 

o) 6tant reel; x est alors sur la circonference (7; le produit F(x)0(x) peut ainsi 

etre regardee un instant comme une fonction de g>. Cette fonction est analytique 

sur tout arc de la circonference C qui ne contient ni le point x = + 1 , ni le point 

x = — 1 , et quand x se rapproche indefiniment de Tun de ces deux points elle 

tend vers . Elle est done developpable par la formule de Fourier et je puis 

6crire : 

Fd = 2c m cos mo + 2d m sin mo , 

ou bien encore 

F6 = Xa m e- mi ~ + 2b m e mi » (a = 0) 

les coefficients a m et b m 6tant des constantes qu'il est aise de calculer. On a en 
effet: 

27ta m =JF6e mUt do 



^nb m —lFQe-^do' 

Considerons les deux d6veloppements 

q>(x)0(x) = %a m x~ m 
+(x)6{x) = Xb m x". 

Le premier de ces deux d6veloppements est convergent a Pext6rieur de la 
circonference C et sur la circonference elle-meme, mais diverge a Pint6rieur de 
cette circonference ; le second d6veloppement au contraire converge a FintSrieur 
de G et sur la circonference elle-meme, mais diverge a Pext6rieur de O. 
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Sur la circonference elle-ineme, on a 

<p(x)Q(x) + ^(x)d(x) = 2a m x" w + 26 m » m = F(x)6{x) 

et par consdquent : 

<p(x) + ^(x) = F(x) . 

Pour reconuaitre si cette egalite a encore lieu pour les valeurs de x qui 
n'appartiennent pas a cette circonference, il faut chercher aprolonger analytique- 
ment q>(x) a Pinterieur de C et ^(x) a Pexterieur de G. 

Nous avons : 



tf 



2nib m = i£FQt- mi ~dG> = CFQx~ m - l dx , 



les integrates etant etendues a la circonference G tout enti&re. Si je designe 
alors pour eviter toute confusion par la lettre z un point de la circonference G et 
par la lettre x un point n'appartenant pas a cette circonference, il viendra : 

2ina m = f F(z)Q(z)z~- l dz ; 2inb m = CF\z)Q{z)z-^ l dz , 

et par consequent si x est ext6rieur a G 

2in<l>(x)6(x)= 2in2a m x-~ = f F{z)Q{z)P^^)^ , 

ou enfin : 

o. , w x PF{z)Q{z)dz 

2m<p(x)d(x) =j K j±' z ; 

et si x est au contraire int6rieur h C, 

2i7t4,(x)d(x) = 2i7tZb m x m = f F{z)e{z)Zz- m - l x m dz , 



ou 



««.*.) =/«^ • do) 

Toutes ces integrates doivent etre prises le long de G. 
Ces integrates ne definissent encore les fonctions $ et i//, la premiere qu'& 
Fexterieur de G seulement et la seconde qu'a Pinterieur de G seulement. 
Mais on peut modifier le contour d'integration. 
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Je represente sur la figure 
1 l'axe des quantities reel les 
A OB, l'axe des quantity imag- 
inaires DOE, et la circonference 
BNEMAM'DNB qui n'est autre 
chose que la circonference G. Le 
point A est le point x = — 1 et le 
point B est le point x = + 1. 

Joignons deux points Met N 
de la moitie superieure de G par 
un arc de courbe quelconque 
MPN restant tout entier dans la 
moitie superieure du cercle limite par G. Joignons de meme deux points W et 
N 1 de la moitie inferieure par un arc de courbe G. 

On peut remplacer le contour d*int6gration G par le contour BNPMAM'FNB 
que j'appellerai O. 

Je dis que si x est exterieur h, G, on aura encore 




Fig. i. 



**.*.)=/«»». 



l'integrale 6tant prise le long de O, ou eu d'autres termes que l'integrale : 

>F(z)0(z)dz 



f 



X — z 



(11) 



prise le long de O est egale a cette meme integrate prise le long de G. 

II suffit de montrer que cette meme integrate prise le long du contour 
NEMPN ou le long du contour N'FM'DN 1 est nulle. 

En effet l\z)0(z) est holomorphe sauf sur Faxe des quantity reelles, 



x — z 



est holomorphe sauf pour z = x . Si done x est exterieur & G, la fonction sous le 
signej* sera holomorphe tant a l'interieur du contour NEMPN qu'a l'interieur 
du contour N'P'M'DN' ; ce qui demontre la proposition enoncee. 

Mais PintSgrale (10) prise le long de G f , definit une fonction de x qui reste 
holomorphe pour tous les points exterieurs & G\ et comme on peut rapprocher les 
deux arcs MPN et MPN 1 autant que Ton veut de la droite AOB, on peut d6finir 
ainsi la fonction q>(x) pour toutes les valeurs de x sauf pour le segment AOB, 
e'est & dire pour le segment ( — 1 , + 1) qui sert de diam&tre k la circonference G. 
25 
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La fonction q>(x) ainsi definie est holomorphe sauf pour les points qui appar- 
tiennent a ce segment ( — 1 , + 1) . 

Je me propose maintenant de demontrer qu'on aura pour un point x int6- 
rieur & G 

tfx) + +(*) = I\x) • 

Supposons en effet que le point x vienne en X % c'est a dire & Pinterieur du 
contour NEMPN. L'expression — 2i7t^(x)6(x) sera egale a Pintegrale (11) prise 
le long de G\ Pexpression 2in$(x) sera egale k PintSgrale (10) prise le long de G 1 . 

Par consequent Pexpression : 

— 2»*0($ + 4) 

sera 6gale a Pintegrale (10) prise le long de NEMPN qui est 6gale a 2inF\x)0(x) 
en vertu du thSor&me de Cauchy, plus Pintegrale (10) prise le long de N'FMDN 1 
qui est nulle en vertu du meme theor&me ; il vient done 

$ + 4 = F. c. Q. F. D. 

On definirait de la meme manure la fonction ^{x) a Pext6rieur de G. II 
suffit pour cela de prendre Pintegrale (10) le long d'un contour C form6 en 
remplapant les arcs NEMet M'DN' de la circonference G par deux arcs de courbe 
quelconques NQM et M'QN' situes en dehors de G et ne coupant pas Paxe des 
quantit6s reelles. On pourra alors choisir ces deux arcs de courbe de telle fapon 
que le point x quel qu'il soit se trouve k Pinterieur de G". 

L'integrale (10) prise le long de G" est alors egale a — 2in^{x)6(x) ce qui 
d6finit la fonction ^(x) . 

On verrait aussi que ^(x) est holomorphe dans tout le plan et qu'elle n'admet 
d'autres singularity que deux coupures qui sont les deux segments ( — oo , — l) 
et(+l, +oo). 

On demontrerait d'ailleurs par un raisonnement identique a celui qui 
pr6c&de que Pon a a Pexterieur de G : 

Cette egalite a done lieu dans tout le plan ; e'est a dire qu'on aura 

' ♦(*) + *(a?) =/(x) 
dans la moiti6 sup6rieure du plan et 

dans la moiti6 inferieure. c. Q. f. d. 



PoiNCARis : Sur lea fonctions h espaces lacunaires. 221 

Les fonctions $ et ^ ne sont cPailleurs pas les seules qui jouissent de cette 
propri6t6. Si en effet Jl(x) est une fonction de x n'ayant d'autre point singulier 
que deux points singuliers essentiels + 1 et — 1 , la fonction q>{x) + Jl(x) n'aura 
d'autre singularit6 qu'une coupure ( — 1 , + 1) et la fonction ^(x) — %(x) n'aura 
d'autre singularity que deux coupures (— » , — 1) et (+ 1, +<»). 

On aura d'ailleurs dans tout le plan : 

[*(*) + *(*)] + [+(*) - *(*)] = W- 



>*. i* 



On tlie Computation of Covariants by Transvection* 

By Emory McClintock. 



Let A = AqX? + A x x l ~ y y + A 2 x l ~*y i + . . . + Aft 1 and B = Box* + B x x m ~ l y + ... 
+ B^* be co variants of the quantic U = ax n + nbx n ~ l y + \n(n — l)cx n ~ % jf + . . . 

* 7 7 s7 jJ 

If a x1 a VJ represent -^ , -.— , operating only on A, and 8 X1 3 V} represent -^- , ^-, 
* ax ay ' v ax ay 

operating only on B, then, k being any number not greater than either I or ni 9 

(A,B), = (aA-MAB, (1) 

where (A,B)a represents the 7c ih transvectant of A and B, itself a third covariant, 
which let us denote by C = c^ +m ~ u + G l x 1 ^ m " n ~hj + . . . That the effect of 
this operation of transvection (" ueberschiebung ? ') is to produce a covariant is 
well known, as are also the theorems Xa =0, Ya a = (h + 1)a a + 1 , where 

X = a-jj + 2b -j + 3c ji + . . . and Y = nb-j — \- (71 — 1 ) c j* + • • . ; as well as the 

converse theorem that if X$= 0, $ is, if homogeneous, the leading coefficient 
of a covariant. 

The actual performance of the operation indicated in (1) will effect the com- 
putation of C in all its details. It is, however, extremely troublesome. An 
easier method, no doubt usually followed,, is to obtain by that means the leading 
coefficient only, c , and to derive c lf c^,... successively from c , expressed in 
terms of a, 6,... , by repeated applications of the operation Y. For the first 
step I am accustomed to use the formula 

C = j/*A B fc — j/^AA-l + 2V*~ 2A 2 B *-2 + . . . ± ? (k A*B , (2) 

where p = l — Jc+ 1, g = m — Jc+l, p<*=ip(p+ l)(p+ 2) ... (p + h — 1). 
This will be found, on examination, to embody, omitting a common numerical 



* Read before the New York Mathematical Society, Jan. 2. 1892. 
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factor, the results of the operation indicated in (1) for all terms independent of 
y. Something equivalent to (2) must no doubt be employed for the evaluation 
of Cq by every one who has to do with the computation of covariants by transvec- 
tion. If we undertake to frame, in terms of A , A lf . . . , b , . . . , corresponding 
formulae for c 2 , Cg, etc., we find them (except perhaps, as we shall see, when k = 1) 
becoming too complex for use, and it is easier, as just stated, to derive the other 
coefficients directly from c by applying repeatedly the operation Y. 

What cannot be done with formulae, however, towards assigning the numerical 
coefficients resulting from (1), can be accomplished by a tabular construction, by 
the aid of which I find it easy to compute Cj, CLj, etc., by means of A , A l9 . . . , b , . . . , 
without performing the operation Y. It is perhaps better to present this method 
at first by a numerical example. Let it be required to calculate the third trans- 
vectant of two covariants of the fourth and sixth orders respectively. (This is 
the process recommended, for instance, by Clebsch and Gordan for producing 
degree 6, order 4, of the quintic.) Let us call the quartic A, and the sextic B 
(the choice is immaterial), and let us form a table having as arguments at the side 
the coefficients of A and at the top the coefficients of B, the spaces of the table to 
be occupied by the numerical multipliers, respectively, of the product of the 
argument at the side by the argument at the top, in the resulting expression 
for the transvectant desired, say 0. We know that the latter can contain no 





Bo 


Bi 


B, 


B 3 


B 4 


B 5 

* 


B« 


A 











3 


12 


30 


60 


Ai 








—3 


— 6 


—6 





15 


A 2 





5 


4 





—4 


— 5 





A 3 


— 15 





6 


6 


3 








A 4 


—60 


—30 


— 12 


—3 












expression a^b a in which g + h<^k. All spaces for which the sum of the sub- 
scripts of the* arguments is less than k, that is, less than 3 in this case, are 
therefore filled with zeros. We know that g + h = k for all terms composing 
Cq, that g + h — k + 1 for all composing c ly and so on. Therefore the diagonal 
a^ . . . a 8 b will contain the multipliers for the terms of c , the next diagonal 
for those of c^, and so on. We fill the diagonal a b 3 , a^, etc., by means of 
formula (2), which in this case (where /=4, m = 6, &=3, jp=2, ^=4), 
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dropping the common factor 8, gives Cq = 3a b 3 — SAjBs + 5a 2 Bj — 15a 3 b . 
These figures being inserted in the table, the remaining spaces in the line a , 
at top, are filled successively by multiplying the number to the left by the 
subscript of B for the space to be filled, and dividing the result in the first 
instance by 1, in the second by 2, and so on. The remaining spaces in the 
column b are completed in like manner, by multiplying the number above by 
the subscript of A, the rule for division being the same. The figures — 6, 4, 0, 
completing the diagonal of Cj , are now obtained by performing both operations, 
and dividing the sum by 1 ; those completing the diagonal of (^ are next com- 
puted likewise, dividing by 2, and so on. Thus, for A{R Z in c^, the number above 
(3) is multiplied by the subscript of A(l), and the number to the left ( — 3) by 
the subscript of B(3), the results (3 and — 9) added together and divided by 
1 giving — 6. Again, for a 3 b 4 in c 4 , the number above ( — 4) is multiplied by 
3, and that to the left (6) by 4 , producing (— 12 + 24) -f- 4 = 3 . In all cases, 
the process to be pursued is embodied in the formula 

x = {sa + tr)-^- r, (3) 

where x is the number required for the space a,b,, a that appearing in the space 
above, r that to the left, and r the number of the diagonal (counting the first as 
0), or subscript of C. It is obvious that r = s + t — k. 

In proof of (3), we observe that c r ^ l consists of products having subscripts 
amounting in each case to s + t — 1, and including aA 8 _ 1 B t + rA $ B t _ 1 . The 
operation Y, which changes A g _ x into gA g , will, if performed on those products, 
produce a succession of products having subscripts of the joint value of s + t, 
including among them the form a 8 b,. Since we have YA t _ x = sA s1 yb < _ 1 = tB t , 
YC r _ 1 = rc r , it follows that the coefficient of a # b, in yc,..^ is on the one hand 
equal to ra, and on the other hand equal to so + tr, whence (3) follows imme- 
diately. Since xc\) = 0, when c is defined as in (2), showing that fy is a new 
covariant, the original definition of transvection contained in (1) is not necessary, 
when the only object in view is the production of new covariants. 

If we call the evaluation of (1) the first method of calculation, and the 
repeated use of Y upon the full expression of c in terms of a, 6, . .. the second 
method, we may explain this third method as equivalent to the second, except 
that the actual performance of Y is avoided, while the work is assisted by 
recourse to the tabular form and to formula (3). 
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Since by interchanging x and y the whole process might be performed back- 
wards, calling A, a , b ot b , etc., the numbers forming our table are always the same 
at opposite points, except that the sign may differ; that is to say, the multiplier 
for a # Bj is numerically the same as for A l _ 8 B m _ t . This property, together with 
the constant k th differences, makes the computation of the table a matter of little 
difficulty in most cases. It is not, indeed, really necessary to carry the table 
more than half way. When the evaluation of the resulting covariant has been 
effected as far as it can be by the help of half the table, the remaining com- 
plementary terms can be written off, as usual, by substituting — in the case of the 
sextic, for example — g for a, /for 6, and so on. Yet it is safer to carry the 
work out completely, and to check the results by verifying the complements. 

When one of the covariants employed is the quantic itself, we may write a 
at the top of the first column, nb (say, for the sextic, 66) at the top of the second, 
and so on, in lieu of b , b x , . . . , or in addition to those headings. A better way, 
however, will be explained shortly. We may, of course, in simple cases, re- 
arrange the whole table to suit our convenience, even substituting diagonals for 
columns, and vice versa. For example, I have used this table to compute the 
fourth transvectant of the covariant of the sextic of degree 2, order 4, with the 
sextic itself: 

For Cq . For c 2 . For Cg . 



ae — 4bd -f 3c 2 


m 

e 


2/ 


9 


2a f— 66c + 4cd 


— d 


— 2e 


-f 


ay — dee + %d? 


c 


2d 


e 


2bg — 6c/ + 4de 


— b 


— 2c 


— d 


eg — 4df + 3c 3 


a 


2b 


c 



Performing these multiplications, and dividing throughout by 2, we have 

C = acg — Sad/ + 2ae* — b*g + 36c/ — bde — Sc 2 e + 2ccP, 
d = — beg — Sbd/+ 96c 2 + 9c 2 /— 1 7cde + adg + ScP — aef, 
C 2 = aeg — Zbdg + 2<*g — a/ 2 + 36c/ —cdf— See* + 2d?e. 

We have here, as will be seen, the coefficients of the quadratic covariant of the 
third degree. This sort of table may be used to advantage whenever B = 
quantic and k = order of A . 
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The formation of a table for simple transvection may be illustrated by the 
case w = 6, 7=4, &= 2, jp = 3 : 







a 


b 


t 
c 


s 
d 


4 

e 


s 

/ 

24 


e 

9 


Ao 








6 


24 


36 


6 


H 





—3 


—9 


— 6 


6 


9 


3 


A, 


1 





— 9 


— 16 


—9 





1 


As 


3 


9 


6 


— 6 


—9 


—3 





A* 


6 


24 


36 


24 


6 









The upper row, beginning with column k, consists of the binomial coefficients of 
the degree n — k, each multiplied by p {h ' } the zero column is formed by writing 
1 opposite A k , then k + 1 , \(k + 1) ($ , $\(k + 1) (S , and so on ; and the first diagonal, 
beginning with the space A k a , consists of 1, jp, ijp* 1 , and so on. The columns 
(alone) can be completed or verified by constant k th differences. For another 
illustration, let us take a Jacobian, n = 6, 7=4, & = 1,^=4: 







a 


l 
b 


2 
C 


3 
d 


4 

e 


6 
/ 

—20 


< 

9 


Ao 





—4 


— 20 


—40 


—40 


—4 


Ai 


1 


2 


— 5 


— 20 


— 25 


—14 


—3 


A, 


2 


8 


10 





—10 


— 8 


—2 


A 3 


3 


14 


25 


20 


5 


— 2 


— 1 


A 4 


4 


20 


40 


40 


20 


4 






That case of simple transvection in which k = Z, so that p = 1 , supplies a 
numerical table which may be written down without calculation, and the table 
may be simplified further by substituting columns for diagonals. (An instance 
has already been shown.) Under the general rule, when w=6, ?=4, k=4, p=l f 
we should put the table in this form : 
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s 
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6 


e 
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b 
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d 


e 
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Ao 





■ 
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A, 











—1 


— 2 


—1 





A, 
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A s 





—1 


— 2 


— 1 











A 4 
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1 
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The simplification now in question consists in reducing the number of columns to 
n — I + 1 , one column for each coefficient of C in the result ; in writing the 
binomial coefficients for the degree n — I at the head of the columns ; in affecting 
Ax y A Sf . . . , having odd subscripts, with the negative sign ; in writing a at the foot 
of the first column, b above it, and so on, the rows being then completed in 
alphabetical order. The illustrative table just given then takes this shape : 

For Cq For Cx For c* 

XI X2 XI 



Ao 


e 


f 


9 


A x 


d 


e 


f 


A* 


c 


d 


e 


A3 


b 


c 


d 


A4 


a 


b 


c 



The coefficient of c when^> =1 is, by(5), k k a — A*.^ +A k _ffi — . . . , the numerical 
multipliers being equal, with alternate signs. But by (6), when the numerical 
multipliers, say for c r _!, are equal with alternate signs, we have 6 = — £, 
rz = 0(u — 8) = 0(n — t — 8 + 1) = 0(n — Z+ 1 — r). If n — ?, which is the order 
of C, be represented by X, we find thus that the numerical value of each multi- 
plier for Co is 1, for Cx is X, for c^ is £/l(X — 1), and so on according to the 
binomial series, the multipliers of each column having alternate, and of each 
row the same, signs, as constructed in the foregoing table. 
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the form of a symbolic determinant. On differentiating (r — 1) times in suc- 
cession the differential equation J£ — ~y = of which a solution is y = p* f and 

solving for -j-^-, we obtain in the form of a determinant an expression for the r th 
derivative of p* , which may be written 



g£)> = 



~(r-l), 



z" 
l! 


z"' 
' 2!' 


*, 


z" 

• TV 



,(') 



• • 



' O—i)! 

gfr-l) 



• • • • 







-(r-2), 4 , 



(r-2)! 

z (r-» 















1,«' 



(2 



In this expression substituting aw for z and afterwards -5- for a, we will have 

t>y (1). 



(iY= 



>dx/ 




(4) 
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where of course -j- is supposed not to operate upon any element of the deter- 
minant itself, a supposition which in the case of the second form of determinant 
may be taken account of by operating first in any term with those elements 

which involve (-t-j • 

We might also notice a generalization of the well-known theorem 
fiy^ = f> aM (4- + aYt>. For brevity writing a/— ) instead of the second 
determinant of (4) we have — 



k aM 



w 



0-<r- 2 )(*+aV\ 






«', 



u 



III 



u 



(r) 



2! (r — 1)! 



a 



u 



u 



(r-1) 



• • • 



(r-2) 



u 



(r-2) 



>-s)l 











••••-(aL +a ) l '* 



(s+0'-'< 5 > 



Our method of procedure in dealing with a function of several variables will 
be the same as that employed in the case of one variable. If $ be a function of 
any number of variables u, v, 10, • . . . each of which is a function of the same 

number of independent variables x, y, z, . . • . we will have f-r-j (j-) • • • • $ = 



d 
dv y ' 



^A,,* (^) (^J 4>, an expression of finite degree in g-, 

the coefficients A of which are functions of the differential coefficients of 
n, v, . . . . with regard to x, y . . . . , and independent of the form of $. Suppose 
we have in any manner obtained a formula 

(£)'(!)'••• .p~ +B+ ~- =£*... «'/5-....p- + " + - 
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where the coefficients B are independent of the arbitrary parameters a, /?, . . . . 
Since p au+/,t,+ • is a particular form of $, we will have also 

(0(4)' • • • r —-= 5> (£)(£)'■ ■ ■ ■ r + ~- = 

\ A x ^ ^ a x /? M . . . . p att +^+ •••• where the coefficients A are independent of the 

parameters a , (3 , . . . . Consequently 

^2 k* • • • • ^ • • • • =]C JB '' w aPil?w 

and the functional coefficients J. and B not involving the arbitrary parameters, 
we will have A Xt ^ .... = B kt M .... , and hence 

X/ A "* (^)(^)'--- = 2^-*-- (as) (as) •••• 

Our process therefore will be to first obtain the formula 

then substitute -=- , -=-.... for a , /? , . . . • respectively in the summation 
/ B Kt ^ . . . . a x /? M .... obtaining thence the formula 

(as) (a&) ••' * = 53^- •• • Gfi) (as)"- •• • (6) 

which, as we have seen, must hold good in general. 

We will now determine the form of the coefficients B in (6). 

We know that — (-*-) — (j-j • • • • ^I x » y> • • • •) * 8 the coefficient of 
£V .... in the expansion of JF\x + £, y + y, . . . .) in powers of £, 97, . • • • If 
then cP is a function of x, y, .... we will have -^ — | ( -=- j ( t- ) .... p w for 

7"! &!•••• \CuX/ \XJby/ 

the coefficient of £V .... in the expansion of p« + A «+yj«+ — = pp - where 
A = f-r- + >7-T- + .... Putting g) = aw + /?v + . . . . , we have 

__* QWjLY p «u+**+ ... = coefficient of gy • ... in jA"+"+ ••••> (7) 
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• • • • 



Now (A-+"+ •••) = f x ". |A = p(' f =' ' ,£ - ••)-. p'*"' 

= p 2 " r . 2 ~^ •••/<• .... = p 2 - ! •' •••• - / 

(where in none of the exponents of p are all the numerical exponents 
a, b, ... . zero at the same time) 

= P «-V '- ( (t & ( " * )V ~ ■ Y ( (f ^ ° ** ' - ~ Y f*- - - - - 

Developing p p *•, p* ** . . . . in the same way, we find 

^ _ - v i f ft ^r o £)'— yy c &y (- i)v-- y 

where for brevity the product p x \ p 2 ! . . . . is represented by n(p !).... 
We will now have the coefficient of Qrf . . . . in p p " equal to 

r ! «!.... vdas/ Vdy/ ^ v L^ n(p !) 7i(^)' !).... /$\ 

subject to the conditions Xpa + Sp'a'-f- . . . . = r , 2p6 + 2p'6'+ ....=*, etc. 
We may write (9) in the form 

r! «!.... W \dy) ' ' " - p (10) 

= V^ Cnfruy. n{^vY <x A 0" p-+^+ •••• 

where by v m * s meant any differential coefficient of u with regard to 

x, y and where n(^u) p designates any product of powers of differential 

coefficient of u, G . . . . being a constant coefficient for any term and equal in 
value to the reciprocal of the product of the factorials of all the exponents which 
appear in the term, each exponent being taken as often as it appears in the term, 
e. g. in the term which appears explicitly in (9), a x enters as an exponent p x 
times while p x occurs once, and consequently in the denominator of the coefficient 

27 
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a x ! appears p x times and p x ! once. The only limitations upon the summation in 
(10), as we see from (9), are that the dimensions of each term in (-r-\ \T~r 

must respectively equal r, 8, • . . . while A,, fi, . . . . must indicate its dimensions 
in u, v, ... • respectively. From (10) by (6) we now derive 

rnhrtx)' (£)' ■ • • • = £ n***-**- . . . (£)* (£)'. ... w 

* 

where to repeat ourself the only conditions upon the summation are : 

I. The dimensions of every term in _,_,.... respectively must be 

CuXi ay 

# l' O | • • • • 

II. The dimensions of every term in u, v, . . . . respectively must be zero. 
III. The coefficient in any term is the reciprocal of the product of the 
factorials of all exponents appearing in the term, each being taken as often as 
it occurs. 

That all the terms which occur in the transformed expression for 

(j-j (j-J • • • • must satisfy the first two conditions is from the beginning self- 
evident, but that all the products which satisfy these conditions do occur is not 
so evident, nor is it immediately apparent what the values of the numerical 
coefficients will be. 



The Deduction of Final Formulas for the Algebraic 

Solution of the Quartic Equation. 

By Mansfield Merriman. 



I. — The solution of a quartic equation depends upon that of a cubic 
resolvent. Let this cubic be of the form 

y*+3py* + 3qy + r = 0, (1) 

the three roots of which are expressed by 

Ui= — p + s + t, 
V% — —p + es + e?t, 
y s =—p + Js + et, 

in which e is an imaginary cube root of unity. To find 8 and t, let h and k first 
be determined from the given coefficients by 

b=±(-*P* + 3pq-r), h = (f-q)\ (2) 

and then 

s = (h+ */W=~kf, t = (h—\/N r =lc) k . (3) 

These formulas are well known ; if p = , that for y x becomes the formula of 
Cardan. 

When the coefficients in (1) have such values that h % — A: is a positive 
quantity the cubic has one real and two imaginary roots, the values of 8 and t 
are real, and the real root is given by y x . The imaginary roots will then be 
expressed in the simplest practical form by inserting the values of e and 6*. Thus, 
the roots are, 

yi=— p + {s + t), 



y % - -p- -!(„ + t ) + \[8 - tW— 3, 
y 9 -—p—-(8 + t)— |(* - *)*/^T3, ^ 



(4) 
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and these together with (2) and (3) are the final formulas for the algebraic 
solution of (1). 

When h % — A: is negative the above formulas also algebraically represent the 
roots, but the numerical solution is said to fail, or more strictly it should be said 
that the algebraic formulas fail to give numerical results in as simple forms as 
desired. In this " irreducible case " the values of 8 and t are imaginary, but s + t 
is real and so is (a — t)*J — 3, yet their final numerical values cannot be ascer- 
tained by algebraic operations. They can be found graphically by trisecting an 
angle, or trigonometrically by the use of a table of cosines, but the discussion 
here is concerned only with algebraic solutions. 

II. — The cubic resolvent deduced by Euler, in 1770, for the solution of the 
quartic equation, is one of the simplest and is hence most frequently quoted. 
Let the proposed quartic be 

z 4 + 6 B£ + 4 Cz + D = , (5) 

and let there be taken the cubic resolvent, 

y*+3Btf+±-{9B*-D)y-jC> = 0, (6) 

whose roots are y u y 2l and y 9 . Then the roots of the given quartic are, if G is 
negative, 

% = — *fy\ + ^y% — Vyii 
Z4= — */y\ — */y%+*Sy*i j 

and if G is positive the signs before all the radicals are to be reversed. 

The reasoning by which the above is deduced need not be given here ; it 
will be found in many of the mathematical reference books as well a£ in standard 
treatises. In applying these formulas, however, to numerical solutions, difficulties 
are found to arise even when the cubic (6) does not fall under the irreducible 
case. The numerical example generally given is that stated in the article Algebra 
in the last edition of the Encyclopaedia Britannica, namely z 4 — 252?+ 60z — 36 = 0, 

which leads to the cubic y 8 —y 2 + -zr^y — — r- = . The roots of this are 

g jg 25 3 

found "by the rules for cubics," to be — , — and — , so that *Jy l z=i — 1 



(7) 
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The formulas for the roots of this cubic resolvent are given by (4) and need not 
be written here again. Then the roots of the quartic are, when 2a 8 — Sab + c is 
negative, 

x x = — a + s/~y x + (V^ + </^), 

x 2 =— a + Vyi — (Vij2 + Vys), , 

*s =—a— Vi/j + W~y* — </y~ 8 ), 

Xi=—a— Vy 1 — (*/yi—\/y 3 ), _ 

and when 2a 3 — Sab + c is positive the signs before */y x and the parentheses are 
to be reversed. 

Now to bring these roots into manageable form for numerical solutions let 
y x be regarded as real, and y % and y s as imaginary, their expressions in terms of 
s and t being as given in (4). It is clear that both \/y 2 + \/y 9 and s/y % — \/y 8 
are real, and in order that their algebraic expressions may be free from imagi- 
naries it will be well to write 



*Sy% + *Sy* = ^y% + y 3 + ^y*y*, \ (12) 

^y% — ^y^=^y% + yz — ^y%yz^ 3 

Thus the imaginaries disappear, for as y 2 is of the form a + fii and y 3 of the 
form a — /?i, their sum y 2 + y 3 is 2a, and their product y x y % is a* + /?*, both real 
quantities. 

To complete the solution it is now only necessary to obtain the values of 
yn y* + ys> y%y$i * n terms of the coefficients of the given quartic. Let y x = u, 
y% + y$ = v, and 4y x y 2 = w. Then from (4) are obtained 

yi= — P + s + t = u, 

y* + y$ = — 2p — 8—t = v, > (13) 

*y*yz = (2p + 8 + t)* + s(8 — ty = w, J 

in which — p is a 8 — b. The quantities s and t are, by (3) , 

s = (h + V tf^-T)* , t=(h — */h 2 —k) 1 ' 

and h and h are found by substituting in (2) the values of p, q and r as given by 
(10), whence 



h = ±-(a*d + b* + <?— 2abc — bd), 

o 

k = -L(6» + 1-d - ioc) 3 . 
64 3 3 ' 



(14) 
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Thus Xi, x % , x 8 , x 4 are rationally expressed in terms of a, 6, c, d by (11), (12), 
(13), (2) and (14). A further slight simplification results by putting h = — m 

o 

and &= — w. 
64 

IV. — The following, therefore, are final formulas for the algebraic solution 
of the quartic equation 

x 4 + 400 s + 6&X 3 + Acx + d — 0. (15) 



First, let m and n be determined from 

m = a*d + b* + <? — 2abc — bd, 

n = (b % + —d — -^ac)*. 

Secondly, let 8 and t be obtained by 

1 * ^ 

8 = -<)(m + Vm* — n) ' 

* = ~o^(w — V«i J — n) ■ 



(16) 



> 



(17) 



Thirdly, let u,v and w be found from 

u = (a t -b) + (8 + t), 
v=2(a i — b) — (a + t), 
w = ©* •+- 3(* — <) 2 . 






(18) 



Then the four roots of the quartic equation are given by the expressions 

a* = — a + \/u + *Jv + \/w , 



x % = — a + Vm — Vt> + */ 
x 8 = — a — Vw + V v 
x A = — a — Vtj - 



w?, 



Vie, 



\/v— \/ 



w, 



(19) 



in which the signs before the square roots are to be used as written provided 
2a 8 — 3a6 + c is a negative quantity ; but if this is positive all radicals except 
\/u> are to be reversed in sign. 

V. — As a numerical example let the proposed quartic equation be 

x A + 3x* + x 8 — 7x — 30 = 0, 
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Here, by comparison with the general form in (15), 

a=+ * &=+-*, c = -4-. d = -SO. 

4 6 4 

First, by the use (16), are derived the values 

226 , 405224 

m = — -z=- an d n = — — mnn . 
27 729 

Secondly, from (17) are computed, 

5=4-1.2767 and *= — 1.6100. 

Thirdly, by (18) are found 

u= + 0.0625, v=+ 1.125, w= + 26.265. 

Then, as 2a 8 — Sab + c is a negative number, the formulas (19) furnish 



x x = —0.75 + 0.25 + \/l.l25 + 5.125= + 2, 
x 2 = —0.75 + 0.25 — V 1.1 25 + 5.125 = —3, 
x 3 = — 0.75 — 0.25 + Vl. 125 — 5.125 = — 1 + 2i, 
x 4 = — 0.75 — 0.25 + Vl.125— 5.125 = — 1 — 2i, 

and each of these exactly satisfies the proposed equation. 

As a second example let the given quartic be x 4 + 7x + 6 . Here a = , 

7 1 

6=0, c = + — , d = + 6 . First, m = + 3^- and n = + 8 . Secondly, 

4 16 

s= + 0.8091 and *= + 0.6180. Thirdly, u= +1.427, v = — 1.427, and 

to = + 2.146. Then, as c is positive, the formulas (19) furnish the roots 



x x = —1.194 — V — 1.427 +1.465 = — 1.388, 

x % = — 1.194 + V — 1.427 + 1.465 = —1.000, 

x 3 = + 1.194 — «/ — X427 — 1.465 = + 1.194 — 1.701f, 

x 4 = +1.194 + V — 1.427 — 1.465 = +1.194 + 1.701*, 

and these closely satisfy the proposed quartic. 

For the third example let the equation be one with equal roots, 

x 4 — 9x> + 4x + 12 = 0. Here a = 0, b=— — , c= + l, d= + 12, whence 
m= + — - and n= f-r~) » which gives m 1 — n = 0, as is always the case for 
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equal roots. Next s = t = + — , from which w = + 4, t?= + — , and w = + — . 

4 2 4 

Then, as c is positive, 

*,= _ 2 + Vt + ! = -i, 

*,= + 2+V / - 2 ---^= + 2, 

which are the roots of the given quartic. 

Lastly, let the equation be one such that m = , or x 4 — Z0x % — 20x + 20 = . 

Here, from the given coefficients, m is found to be 0, and n=(—j. Next, 

8 + t = and 3(* — t)* = — 95 , when w = 5 , v = 10 and t# = 5 . Then, as c is 
negative, the formulas give the roots 

Xl — + \/b + Vl0 + </5 = — 5.734, 
<r t = + \/5 — \/l0 + \/5= + 1.262, 
Xg = — \/5 + \/l0 — \/5 = — 0.550 , 
x 4 = — \/6 — VlO — \/5 = + 5.022 . 

VI. — The final formulas (16), (17), (18) and (19) furnish the means for the 
complete discussion of the circumstances under which the algebraic solution is 
possible numerically, and also of the conditions necessary for the occurrence of 
equal roots. The coefficients a, b, c and d are, of course, taken as real quantities 
in this discussion, although algebraically the formulas are valid for imaginary 
coefficients also. 

First, it is clear that the roots can be obtained numerically, whenever m* — n 
in (17) is a positive quantity, that is, when the coefficients are so related that 

( a *d + 6 8 + c % — 2abc—bd) % — (b* + \d — ^ac)* 

is positive. Then s and t are real, as are also u, v and w, and w is greater than 
a*. Hence v + \/w will be positive and v — */w will be negative. Accordingly 
28 
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the roots x x and x % are real and the roots x z and x i are imaginaries of the form 
a =fc (Hi. 

Secondly, the roots of the quartic are easily found whenever m* — n is zero, 
which is well known as the condition for equal roots. For this case 8 and t are 
equal, and hence t) = V«?, so that the roots x 3 and x A are equal. The formulas 
(19) then reduce to 

x x = — a + VH+ \/2i>, 
x 2 = — a + \/u — \/2(?, 
ar 8 = a: 4 = — a — Vie, 

in which w=c? — b + nl and t?=2(a* — b) — n*, while the signs before the 
radicals are to be used as before. For two pairs of equal roots the further con- 
dition v = is necessary, or the coefficients are related so that 

4(«» - bf - (V + ±d - ±ac) 



also vanishes. Then one pair of equal roots is x x = a* = — a + V3(a 2 — 6) and 
the other is x 3 = x 4 = — a — \/3(a* — b). 

Thirdly, the roots can be computed when m = 0, that is when the coeffi- 
cients are so related that a*d + b* + c* — 2abc — bd = . Then 8 + t = , 
(s — 1)* = — n*, and hence u = a % — 6, t>=2(a 3 — b) and w = tfi — 3b* + d, 
whence by (19) the roots are obtained. 

The roots of any numerical quartic can be determined when a known 
relation, other than that expressed by the coefficients, exists between them. For 
instance, as one of the most important cases, let x x x 2 + x&c A = 0. Then it will 
be found that the cubic radicals entirely disappear from the general formulas, 
and that (18) reduce to 

ie= a* — —6, v = u + a*, w = 4a(au + c) — d, 

while the coefficients are connected by the necessary relation <? + ud = . 
For instance, the quartic x A — llx 8 + 28x* + 36x — 144 = has its coefficients 
thus related, and the formulas give the roots x 1 =+3, a^=+4, ar 8 = — 6, 
and x 4 = +2. 

When m % — n is negative the final formulas lead, in general, to the irre- 
ducible case, where the quartic has either four real roots or four imaginary 
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roots. The formulas here correctly represent the roots, but their numerical 
expressions cannot be algebraically reduced to simple forms. 

VII. — In conclusion it may be observed that the algebraic solution of all 
critical and special cases of the quartic equation is effected by the final formulas 
(16), (17), (18), and (19), and that simple expressions for the roots maybe 
deduced for some of these cases. 

Perhaps the simplest instance is x 4 — 6 4 = 0, for which, using the formulas 
in succession, there is found x x = + e, a^ = — e, x s = + ei, and x A = — ei. 

The quartic x 4 + 66x* + d is a special case, the solution of which is easily 
made by quadratics. The general formulas do not, at first sight, appear to 

reduce to the same expressions, but by observing that 2a 8 — Sab + c vanishes it 

— 1 

is clear that Vw = 0. Hence 8 + t = 6, and v = — 36. Then, since st = -j-n*, 

there is found 3(* — 1) % = — d, so that w = 96 8 — d. Therefore (19) reduce to 

x 1 = x 2 =± *J — 36+ V9b* — d, 
x 8 — x 4 =±: \/ —36— \/96* — 

which are the same as given by the quadratic solution. 

If d= one of the roots of the quartic vanishes and the formulas for the 
other three will reduce to those for the solution of the cubic. As a special case 

let a; 4 — « 8 a = 0, where a=0, 6 = 0, e— —e , ,d= 0. Then (16) give 

m 2= + — e e , n = 0, whence by (17) there is found e = + — £ and t = 0. Next 
(17) give w=+— e*, «= -e* and w= + ~ e 4 . Finally formulas (18) 

furnish the roots 2*!= + e, x % =0 t x 8 =( — - +— y — 3)e f x 4 =(— — — -y — 3)<? f 

where the coefficients of e are the cube roots of unity. 

Thus the final formulas here deduced give the algebraic solution of the 
quartic equation for all possible instances, and they lead to ready and exact 
numerical solutions whenever the proposed quartic does not fall under the irre- 
ducible case. 

Lehigh University, May, 1802. 



A Class of New Theorems on the Number and Arrange* 
ment of the Beat Branches of Plane Algebraic 

Curves. 

By L. S. Hulburt. 



The maximum number of real branches possible to a plane algebraic curve, 
of order n, and deficiency p, is, as has been shown by Mr. A. Harnack,* p + 1. 
He has also proved the existence of such a curve for every deficiency number^?. 
In a recent article on the real branches of algebraic curves, f Mr. David Hilbert 
of Konigsberg has proved, among other important theorems, that the maximum 
number of nested branches possible to a non-singular curve, which has the 
maximum number of real branches, is \{n — 2) when n is even, and \{n — 3) 
when n is odd. And furthermore he has shown that, for every order number 
n, there exists a non-singular curve C n possessing the following remarkable 
properties : 

1). It has the maximum number of real branches, viz. p + 1 or 
i(n — l){n — 2) + 1. 

2). It has the maximum number of nested branches, \{n — 2) or £(n — 3), 
according as n is even or odd. 

3). An ellipse can be drawn which shall enclose one or more of the nested 
branches of C n and intersect one of the non-nested closed branches in 2n real 
points, whose order of succession shall be the same upon the branch as upon the 
ellipse. 

By nested branches is meant a set of closed branches, of which the first is 
enclosed by each of the others, the second encloses the first and is enclosed by 
each of the others, and so on. 

In proving the existence of such a curve, Hilbert adopts the method 
employed by Harnack, which consists in deriving from the equation of a known 



# Mathematische Annalen, Bd. 10. "Ueber die Vieltheiligkeit der ebenen algebraischer Curven." 
t Mathematische Annalen, Bd. 88. u Ueber die reellen Zuge algebraischer Curven." 
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degenerate curve of order n, an equation representing a curve of the same 
order, which can be shown to possess the required properties. 

It is the object of the present article to extend Hilbert's results to curves 
having certain singularities, and then to point out the limitations of the method. 

I. 

Following Hilbert's method, and making use of his results, we shall prove 
the following 

» 

Theorem. — For every order number n, there exists a curve having (a), n, or 
fewer, double points ; (b), the maximum number of real branches, p + 1 ; and (c), 
the maximum number of nested branches, \{n — 2) or \(n — 3) according as n is 
even or odd. 

We consider first the case where the number of double points is n. 

Let$ n = be the equation of a non-singular curve of order n, possessing 
the three properties which Hilbert's theorem asserts that such a curve may have. 
Let/ 2 = be the equation of the ellipse which meets anon-nested closed branch, 
b, of the curve $ n = 0, in 2n points, whose order of succession is the same upon 
b as upon the ellipse. Of these points we select any n + 2, as p l} p % , . . • . p n +%, 
and connect them by n + 2 right lines, in such a way that two lines shall pass 
through each point, and two points shall lie upon each line. Let the product of 
the equations of these lines be ? n+2 = 0. We form now the equation 

'4/ H+2 = ^ n / 2 ±rf n+2 =0 (A) 

where e is a variable parameter. 

For every sufficiently small value of e this equation represents a curve of 
order n + 2, each point of which lies very near a point of the degenerate curve 
^/gzrO. Now the curves ^> w / 2 = and 7 H+2 = have each a double point at 
each of the points Pi,P2, • • • •!>*+*• Therefore ^ n +t = has a double point at 
each of these points, that is, n -f 2 double points in all. 

The ellipse f 2 = and the closed branch b form, by their intersection, 2n 
regions, each bounded by a single segment of b and a single segment of the 
ellipse. One of these regions, which we designate by R, contains, in general, 
some of the nested branches of $ M = 0. Let s represent that segment of the 
ellipse which forms a part of the boundary of R. We next choose the sign of e 
so that that portion of the curve ^ n +2 = 0» which lies very near to the segment 
s, shall lie wholly within R. That this is always possible arises from the fact 
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that the right lines Z ft+S = 0, having already two points each in common with 
the ellipse, cannot meet s, except at its extremities. Now the form of equation 
(A) teaches that, if the curve i// n+8 = exists within a given region, G, of the 
plane, then it exists in any other region, H, only when it is possible to pass 
from G to H along a continuous path, which meets the lines of the figure in an 
even number of points. By virtue of this principle, it follows that, if the curve 
^,,+2 = exists within any one of the 2n regions defined above, and at the same 
time lies very near that segment of the ellipse which bounds this region, then it exists 
within each of these regions. But £ has already been so determined that 
^ n+1 =0 shall exist within R and in the vicinity of 8. Therefore it exists 
within each of the 2n regions. Furthermore, if the right lines had no points in 
common with either the ellipse or b, the curve would have, within each of these 
regions, a single closed branch, that is, 2n such in all. But in the case under 
consideration, two of these branches are united at each double point, and a little 
reflection will make clear that every occurrence of a double point reduces the 
number of these branches by one. Hence the curve ^ n+f = has 7 in the vicinity 
of the ellipse and b , 2n — (n + 2) real branches. 

Again, in the immediate neighborhood of each of the remaining 
^(n — l)(n — 2) branches of $ w = 0, there exists a branch of ^ w+ i = 0. There- 
fore, the total number of real branches belonging to ^ ft+8 = 0is J(n — l)(n — 2) + 
2n — (n + 2) = i(n + 2 — l)(n + 2 — 2) — (n + 2) + 1 , and this is the maximum 
number. 

The branches of i^ n+2 = lying in the vicinity of the nested branches of 
q> n = o are themselves nested branches. That the former curve has yet another 
nested branch becomes evident on reflecting that the portion of ^ w + , = Q, lying 
very near the segment s of the ellipse, is a portion of a branch, which encloses 
(or is enclosed by) all the nested branches within the region R, and is, there- 
fore, itself a nested branch. Hence, the curve a// w+ ,= has \{n — 2) + 1 or 
4(n — 3) + 1 , that is, \{n + 2 — 2) or \{n + 2 — 3) nested branches, and this is the 
maximum number. 



Writing n f for n + 2 in the preceding formulas, our argument thus far 
proves, for every order number n 1 , the existence of a curve 4v = having ri doable 
point*, \{n* — l)(n' — 2) + 1 = .p / + 1 Teal branches, the maximum number, and 
the maximum number qf nested branches, \(n* — 2) or ^(ftl — 3) according as rf is 
even, or odd. 
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We consider next the case where the number of double points is less than n. 

Fixing the attention upon the 2/i points of intersection of the ellipse with b, 
we select, not n + 2 of these points as in the preceding case, but n + 2 — r, and 
connect them by n + 2 — r right lines as before. The r remaining right lines 
are drawn to intersect neither the ellipse nor the branch b. The curve ^,, + 2 = 
has now only n + 2 — r double points. It has, then, in the vicinity of the ellipse 
and b, 2n — (n+ 2 — r) real branches. The remaining real branches are, in 
number and arrangement, the same as before. The curve has, therefore, 
i(n — 1 ) (n — 2) + 2n — (n + 2 — r) = i(n' — 1) (n' — 2) — (n! — r) + 1 = p' + 1 
real branches. And, finally, it is evident that it has the maximum number of 
nested branches. 

In order that our argument may still be valid when n+ 2 — r < 3 , it is 
only necessary to draw the two lines, each of which meets the ellipse in but one 
double point of 4^+3 = 0, in such a way that they shall have their second points 
of intersection with the ellipse upon the same segment of the latter. 

The preceding results may be summed up as follows : 

For every order number n , there exists a curve, ^ n = , having (a) n — r 
double points, (r = , 1 , 2, . . . . n) , (6) £(n — 1) (n — 2) — (n — r) + 1 =2> + 1 
reed branches, (c) i(n — 2) or ±(n — 3) nested branches, according as n is erven or odd. 

II. 

Both Harnack and Hilbert, in the articles to which the reference has been 
made, prove that, for every order number n, there exists a non-singular curve 
having the maximum number of real branches, p + 1 . 

Harnack sets out from a known non-singular curve, q> n = , having p + 1 
real branches, one of which is met by a right line, f = , in n real points, whose 
order of succession is the same upon the branch as upon the right line.* He 
draws, in a suitable manner, n + 1 other right lines, 2 n+1 = 0, and forms the 
equation 

^ n+l = ^> n fl±l 6l n + ! = 0. 

By suitable choice of the magnitude and sign of € , this new curve will have 
n — 1 more real branches than has q> n = , because the latter curve and the 
right line, f x = 0, form, by their intersection, n regions, in each of which 
exists a single closed branch of i^ n+1 =o. The latter has, therefore, 
i(n — l)(n — 2) + n = \(n+ 1 — l)(n + 1 — 2) + 1 real branches, which is the 

* A non-singular cubic possesses all these properties. 
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maximum number. The lines Z n+1 = are drawn in such a way that the curve 
*4/ n+1 = intersects the right line/i = in n + 1 points whose order of succession 
is the same upon each. Accordingly, the method may be employed to derive, 
from ^ n+1 = and f x = , a new curve, ^ n+2 = ° » possessing the same properties. 
In this manner Harnack proceeds, step by step, from a known curve with p + 1 
real branches to one of any order having the maximum number of real branches. 

As we have already seen, Hilbert's method differs from this merely in the 
use of a conic, / 2 = 0, as the auxiliary curve, in place of the right line /i = 0. 
The derived curve is of order n + 2 , has 2n — 1 more real branches than had the 
original curve $„= 0, and, hence, has the maximum number of real branches. 

The availability of these two methods of proof is due to the fact that the 
number of new branches formed is, in either case, exactly sufficient to maintain 
at the maximum the number of real branches of the derived curves. 

Now it is worthy of note, and this is the point to which particular attention 
is called, that, if any curve other than the right line or the conic, be chosen as 
the auxiliary curve, the derived curve will have less than the maximum number 
of real branches. 

For, let/ fc = represent a curve of order k intersecting a single branch of 
the non-singular curve $ n = in kn points, whose order of succession is the same 
upon the one curve as upon the other. Then the equation 

represents a curve of order n + k, and under proper choice of e, and suitable 
convention concerning the position of the right lines ?„+* = 0, this derived curve 
will have a single closed branch in each of the kn regions formed by the inter- 
section of 4> w = with f k = 0. If now we assume that q> n = has p + 1 real 
branches, the total number of real branches belonging to ^ n+fc =0 is 
\{n — l)(n — 2) + kn. Let us now assume that this is the maximum number of 
real branches possible to *4/ n+ k = . This assumption gives, for the determination 
of k, the equation 

i( n + Jc — i)( n + h — 2) + 1 = i(n — l)(n — 2) + kn. 

This is a quadratic in k, whose roots are 1 and 2. 

Hence the auxiliary curve, f k = must be either a right line or a conic, and 
this was to be proved. 

Clark University, Worcester, Mass., April 28, 1892. 



The Symbolic Notation of Aronhold and Clebsch. 

By William F. Osgood, Cambridge, Mass. 



In the 55th volume of Crelle, Aronhold communicated a symbolic notation 
for functional invariants of a general linear transformation, and applied this 
notation with marked success to the investigation of the ternary cubic. Clebsch 
then showed, in Crelle 58, p. 117 and ib. 59, and later in the Abh. d. k. Ges. d. 
Wiss. zu Gottingen, Bd. 17, that this notation suffices for the symbolic repre- 
sentation, in perspicuous form, of any functional invariant of simultaneous 
forms. The right to define functional invariants by means of certain symbolic 
expressions, well adapted to display their essential characteristics, was thus 
established. 

This notation has been adopted generally among German mathematicians. 
As yet it has not, however, met with the acceptance in English literature to 
which its merits entitle it. The writer believes that this is due, in part, to the 
lack of an easily accessible and systematic exposition of the notation and of 
those fundamental properties of the same that render it so well adapted to the 
expression of functional invariants. The object of the present paper is to supply 
such an exposition. 

§1. — The Symbolic Notation for Binary Forms. 
Let the binary form of degree n be written 

f n (x) = 5 a£ + nAarJ"" 1 ^ + w^x?"*^ + • • • • 

where n k = - — , , . , . 

(ft — lc)\ k\ 

This expression resembles the expansion of the binomial 

in its homogeneity in x, in the number of its terms and the degree of the latter 
in x x and x % , and in its pumerical coefficients. The n + 1 coefficients a of f n (x) 
29 



ft! 



252 Osgood : The Symbolic Notation of Aronhold and Clebsch. 

are, therefore, completely characterized by the n + 1 products of powers of a x 
and Oj , and we may write symbolically 

cLq — — a± , otj — — cij cig, a% ^^ ctj dj , • • . • ctfc — ctj (ij , • • • • | 

f n (x) = (a^ + a,*,)" = a n x , 

where a x is an abbreviation for a&i + a^. Thus in any expression in which the 
a's enter linearly, they may be replaced by their symbolic representatives in 
the a's, for these latter symbolic products are linearly independent of each other. 
The symbols a Xl a*, taken by themselves, have no meaning in terms of the coeffi- 
cients d; only when combined in expressions of degree n in a x , a, are they 
capable of interpretation in terms of the d ? s. 

A simple example of the application of this notation is the following. Let x 
be replaced by xf by means of the linear transformation 



%2 == §8#1 I" *72* C 8 



£3 Vi 



(i) 



and let the form into which f n (x) is transformed be written 

fi&) = a&* + n^z?- 1 ^ + n&x{ n -*x? + .... 

Then the coefficients a! are linear functions of the coefficients a and are homo- 
geneous functions of degree n in the coefficients of the transformation £, >7, for 
fn{xl) =/ n (s) . The relation between 5' and 5 can be expressed symbolically in 
simple form. Let 

A{^) = (a f i x[ + a^r = a^ f 

so that 5^ = a[ n , 5J = af -^ , a{ = a[ n ~*a{*. 

On the other hand, 

afa + a % Xt = afaxi + ^x,') + a,(&a:{ + yj^) = apl + ajci, 

and thus we have two symbolic expressions for fn(xf) , namely (a[xi + a^)* and 
(apl + a,^)". Hence we may put 

and thus the coefficients a! can be represented symbolically in the simple form : 
5^ = a£, a{ = a^a^ , Og = a£~*a* .... a^ = aj?-*a$ .... 

The conciseness and clearness of expression that this example so well illus- 
trates are characteristic features of this symbolic notation. 
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When it is desired to represent symbolically a function of the a J e of higher 

degree than the first, confusion would arise from the direct introduction of the 

a's, since, for example, a?a$ = aj"" l aj.a'cij?"' 1 would represent equally well any 

one of the products a 4 5 n _4 (t = 0, 1, 2, • . . .). In order to avoid this ambiguity, 

further symbols b, c,.... are introduced, subject to the same conditions as 

the a's : 

a k = a?~*a% = b^ k b\ = c?- k c$ = . . . . , 

f n (x)=a n x = b n x = c n x = .... 

and, in a product of a's, each a is replaced by a different symbol. Thus 
afa 4 = a?"" 1 ^ . b^% . cj*~ 4 c£ = a?" 1 ^ . c?"" 1 ^ . fej"~ 4 &| = . . . . If we agree, there- 
fore, to introduce symbols equal in number to the degree in the a's of the 
product we wish to represent, an ambiguity is no longer possible. 

Suppose, for example, it be required to represent symbolically the dis- 
criminant A of the binary quadratic form 

f 2 (x) — 5ozf + iuypc^ + OgoJ = a\ = b\ = c\ = 



We have 



«0 ? l 




a\ a^ 


a x ff 2 




b x b 2 b\ 



A= ?_' = 



= aj)i{ab) , 



where (ab) = | a A | . But A might equally well have been expressed symbolically 
in the form : 



A = 



*J 6A 



8 



a^ a% 



= b l a % {ba) = — hfl 2 {ab) 



Adding these two expressions for A together, we have 

2A = {ayb 2 — aA)(ab) = (ab)* f A = $(ab)*. 

Prom the symbolic expression thus obtained the invariant character of A 
with regard to linear transformation is at once evident. For, (1) and (2): 

«i£i + <*£% *tfi + <V72 

{a'bj = r*(ab) 2 
A' = 7-^. 



(afV) = 



= r(ab), 



and hence 



Here, again, the simplicity and perspicuity of this notation are striking 
features. One sees at once, when A is written in the symbolic form, 1) that 
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A is an invariant, 2) that the power of r that enters is the second, 3) that the 
degree of A in the coefficients of/ is the second (since A contains two symbols).* 

§2. — The Symbolic Expression of Invariants of Binary Forms. 
From the purely formal relations between the symbols 

a '*' = a * ) (3) 

(a!V) - r{ab) j V 

it is at once evident that invariants can be written down at pleasure. Thus 

(a&Fa:-*^-*, (ab)Xbc)Xacyal- 4 b:- 4 c:-\ (ab) n 

are certainly invariants (I include here under this expression covariants as well). 
The last one vanishes identically when n is odd, for then, by an interchange of the 
equivalent symbols a and b, 

(ab) n = (ba) n = — (ab) n , 2(ab) n = , 

and it is shown in like manner that any invariant that changes sign when 
equivalent symbols are interchanged vanishes identically, for example 

To obtain an invariant, therefore, it is only necessary to write down a 
product of factors of the above types (3) 

Tl[(ab), (be), ....a 9 ,b w ,*...} 

subject to the condition that each symbol a, b, .... shall appear just n times. 
The number, A, of the determinant factors in II will be the exponent of r in the 
invariant equation 

II' = n\ (a!b') } (6V), ai, b' w , ....} = r*Tl{ {ab) , (be) . . . .a„ b x \ 

Furthermore, if IIx , n t , n s , • • . • are such products, all having the same number 
of symbols of/, the same degree in x, and the same X, then 

p = xxiix + * 2 n, + * 8 n 8 + . . . . 

where x Xl x it * 8 , .... are arbitrary numerical constants, will also be an invariant, 

I» = 7*P. 

* For a further treatment of the subject of this paragraph see Gordan's Vorlesungen tiber Invariant 
entheorie, edited by Kerschensteiner, Leipzig, 1885, Vol. II, where this symbolic notation is used 
throughout ; Clebsch 's Theorie der algebraischen bin&ren Formen, Leipzig, 1872 ; Clebech's Vorlesungen 
fiber Geometrie, edited by Lindemann, Leipzig, 1876, Vol. I, p. 167. 
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Thus far we have considered only a single form f n (x). The extension to 
the case of simultaneous forms / n (x), $»(#), .... presents no difficulty. Let 
$ w (x) = a* = (3™ = .... Then in the symbolic product 

II { (ah) . • . . , (aa) . . . . , (a/?) . . . . , a x . . . . , a x . . . . } 

the symbols a, b, . ... must each appear n times, the symbols a, /?, ..., m 
times, etc. II will then be a simultaneous invariant of /, $>, . . . . , and 

P = xjli + x s II 8 + ^IIs + ...., 

formed subject to conditions similar to the previous, will also be a simultaneous 
invariant of/, $>, . . . . 

We have thus seen how to form at pleasure, with the aid of this symbolic 
notation, invariants of a form f n (x) or of simultaneous forms /„(*), Q m {x), . . . . , 
and the form of the expressions thus obtained was such that the essential 
properties of the functions of the coefficients of /, $>, . . . . that they represented 
were evident at the first glance. Now the fundamental property of this notation, — 
the property that renders it an adequate and well adapted means of investigation 
for the theory of invariants, — is the converse of the above, namely, that every 
invariant can be expressed in the form 

Stated as a theorem* : Every rational integral invariant (including covariants) 
of the binary forms /»(<&) = a£ = 6£ = . . . . , $ m (x) = a* = /?£=... . , etc., can be 
expressed as a rational integral function of factors (ab) . . . . , (aa) . . . . , (a(3) . . . . , 
a % • • • . , a^j • • . . 

§3. — The Symbolic Notation for Ternary Forms. 

The extension of the foregoing symbolic notation to ternary forms is at 
once evident. Let 

f n (x) = a n<0t0 a?f + fion-i, i,o*i~ ! 3i + n(n— l)a n _ i%l%l x l *- % z 1 fc s + .... 

iYTTkl ***** L • • • • » 

where i +y + A: = n, be a ternary form of the n th degree. Comparing it with 
the expansion of the trinomial 

•An elementary proof of this theorem is to be found in Cletoch-Lindemann's Cfeometrie^ p. 184. 
Other proofs are given in Clebsch' s and Gordairs books previously referred to. 
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c£= (a t Xi + a % x % + a& t ) n = a" aj + naf -1 a,xf "^ + n(n — l)tf* ~ 2 tt*0j3?~*av^ + • • • • 



+ V 



n! 



fllft^CZ^XlXgXg "f~ • • • • , 



i\ j\ k\ 

where i +j + k = n and a 9 is written as an abbreviation for a x Xi + a*** + ^Wi* 
we see that the coefficients a are completely characterized by the products of the 
a's, and we may, therefore, write symbolically 



a n,o,o — a i» 



a n-l, l,o — a l a 2» • • • • 



«i/*=«l«^t8 



It is shown, similarly as before, that if, when a linear transformation of the 
x J s is made : 

*i = fc*i + W* + &• • ( i=1 » 2 » 3 )> »" = I £i»h£i 1 1 
the form, into which / n (x) goes, is written 



then 
and 



«i = an «• = «*» <*• = ** 



«<0* = a l a ^* 



When the function of the a's that is to be expressed symbolically is of 
higher degree than the first, additional symbols must be introduced. Thus if A 
is the discriminant of the quadratic 

/,(») = OwA + a 020 a4 + &>mA + 2a ii«2*8 + ^oi^s^i + &hi!fi&% = a * — K — <>* 



we have A = 



Ojjqo duo CLiox 




duo #020 ^011 


— 


a ioi *%i a an 





a\ a x a^ a x a z 
bj>z b\ b % b 3 



= ajb % c z (abc) , 



where (abc) denotes the determinant la^Cal . By interchanging the symbols 
a, b } c, and adding together the 6 expressions for A thus arising, we have 

6 A = (abcfta&Ci + aj>& x + ajbfr — aj>& — ajbfr — ajb^ =^ {abc) % , 

A=i(abc)*. 

Let p, cr, r be symbols of any form or forms, 

/=a£= &£...., 4> = a ? = ^= , etc., 

p', a\ t 1 symbols of the corresponding transformed forms /',$', etc., so that p{ = p^ , 

p^ = p^ t p£ = p if etc. Then the law for the multiplication of determinants gives 

the relation 

(p'aV) = r (par). 
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From this it follows that 

(aW)* = 7*{abc)\ A' = r*A. 

Thus far the analogy between the binary and the ternary forms has been a 
perfect one. But whereas, in the case of the former, it was necessary to consider 
only functions of a single variable, x, it is now necessary to consider, in addition, 
functions of u, where the u 7 s may be interpreted geometrically as the coordinates 
of a line, the xs being taken as the coordinates of a point. The corresponding 
transformations of as and u are, since u' x , = u w , 

*i = £i*i + *7i*J + &*£ 1 «J = frh + & 11 ! +. fi 1 * = *i ] 

*• = &*i + Yls4 + &3 J "i = £>i + ?i«i + ^|ft = u c J 

Hence it appears that, when x is linearly transformed, the line coordinates u 
and the symbols a,b, c are subjected to the same transformation. From this it 
follows that, whatever symbols p, a may be, 

(p'oV) = r(pcra) . 

§4. — The Symbolic Expression of Invariants of Ternary Forms. 
From the purely formal relations that have been obtained, namely, 

pi' — f>. 
(pW) = r(pcrr) I (4) 

(p'aV) = r(pcra) J 

and with the help of the identical invariant u x , invariants of the form / can be 
formed at pleasure. Thus for the cubic (cf. Clebsch-Lindemann, Qeometrie, pp. 
543 and 563), 

/•(*) = «S = K = <2 = • 

S = (abc) (abd) {acd)(bcd) , 

is the invariant, whose vanishing is the condition that the Hessian of /, 

A = (abcfa m b m c x = , 

break up into three straight lines, while 

@ = (abu)*aj> x = 
is the equation in line coordinates of the first polar of x, when x is taken as 
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constant, or the locus of the points x, whose first polars touch a given line u, 
when u is taken as constant. The equation of /itself in line coordinates is 

(abu)\cdu)*(acu)(bdu) = . 
In general, if 

/= a n x — b n x = . . . . , <J> = c£ =0: = ^ = etc., 

be any simultaneous forms, an invariant of these forms can be obtained by mul- 
tiplying together factors of the type (4) and the identical invariant u x : 

II { (abc) .... (oa/3) .... (a[3y ) .... (abu) .... (aau) .... (a(3u) . . . . a x .... a x .... u x } , 

care being taken that the symbols a, 6, ... . appear just n times, the symbols 
a, (3, . . . .just m times, etc. The number, X, of determinant factors will be the 
exponent of r in the invariant equation 

II' = r A n . 

When there is only one form /, II reduces to 

II { (abc) .... (abu) . . . . a x .... v x \ . 

If n lf n 2 , n 3 are such products, all having the same number of symbols 

of /, of $, etc., the same degree in wand in x, and the same X, then 

P = Xjlx + X % Ut + X3II3 , 

where the x's are arbitrary numerical constants, is also a simultaneous invariant 

of the forms/, q> . . . . 

Thus for the ternary as well as for the binary forms we have a symbolic 

notation, with the aid of which we can obtain invariants at pleasure, and the 

expression of the same is one that renders their chief characteristics, namely, 

their degree in the coefficients of each of the ground forms (shown by the number 

of symbols of each form that appear), in the point coordinates x, in the line 

coordinates u, and the value of X (shown by the number of determinant factors), 

evident at the first glance. And just as in the case of the binary forms, so 

here, the converse is also true, namely, that every invariant of/ can be expressed 

in the form* 

P = kJIx + fcglla + * 8 n 8 + • • • • 

* See the memoirs by Clebsch cited at the beginning of this paper ; also Cl.-Lind ., Geom., p. 270. An 
elegant proof of this theorem is given in Gordan-Kerschensteiner, Invariantentheorie, II, {9, p. 110. The 
corresponding theorem for binary forms is first proved, and this proof is then extended to the case of 
n-ary forms. 
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Every rational integral invaHant (including covariants, etc.) of the ternary forms 
f=. a% = b x = ...., $ = a x = (3% .... , ^ = etc., can be expressed as a rational 
integral function of the identical invariant, ti x , and of factors of the type (per), 
(pcru), p x , where p, a, r are symbols off, $, . . . . 

§5. — The Symbolic Representation of Higher Forms, 

The application of this symbolic notation to the representation of higher 

forms presents no difficulty. Thus it is evident that the biternary form can be 

written 

{a x x x + a& % + a& s ) n (ti 1 a l + u^a* + u& 3 )* = a x u™ , 

and the invariants of this form will be rational integral functions of factors of 
the type* 

a x , (abu), (abc), a aJ u a , (a£x), (a/?y), 

and of the identical invariant u x . In the memoir in the Gottingen Abhandlungen 
above cited,f Clebsch proves that a ground form with several cogredient variables 
of each class (the number of the homogeneous point coordinates being n) can 
always be replaced by a system of ground forms (das reducirte aquivalente 
System), each containing at most but one variable from each class and such that 
the totality of the invariants of this system coincides with the totality of the 
invariants of the given ground form. Any simultaneous rational integral in- 
variant of the forms of this system, and hence of the ground form itself, is 
expressible symbolically, rationally and integrally in terms of determinant factors 
of a few fundamental types, and thus Aronhold's symbolic notation is shown to 
have the same fundamental properties in the case of the higher forms as for the 
binary and ternary forms.J 

§6. — On- Certain Identical Relations. 

If, in the identically vanishing determinant, 

a x a% 



b x 6,0 



= 0, 



•Cf. CI. Lind., Geom., p. 942. 

t Cf. also Cl.-Lind., Geom., pp. 269 and 924. 

X See also the reference to Gordan-KerBchensteiner given at the end of {4. 

30 
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<h <h 


a* 


h 


b t 


K 


Ci 


c 2 


c x 



the first column, multiplied by x u and the second column, multiplied by Xj, be 
added to the third, the determinant thus arising can be expanded in the following 
form : 



= (ab)c x + (bc)a x + (ca)b m = . 



If, in this identity, we put x x = d^ , x^ = — d^ , we have 

(ab)(cd) + (bc)(ad) + (ca)(bd) = . 
Again, if c x = y 2l c % = — y lf I assumes the form 

dj>y — a y b x = (ab)(xy) . 
Similar identities exist for the ternary forms. The development of 



II 



III 



= 



ct\ a% <h 

b x b % 6 S 

Cj c 2 c 8 

di d% d$ 



a x a, as a* 
&i *» *s K 

C x Cj C3 C$ 

di d} d^dx 



IV 



V 



gives (abc)d x — (bcd)a x -f- (cda)b x — (dab)c x = , 

and from this follows, by putting 

«i= M — esf % ) = (e/) lf a 2 = (es/i — *i/s) = (*/)»> ^ = (*i/» — **/i) 

(a&c) {def) - (bcd)(aef) + (cda)(bef) — {dab)(cef) = . 

The determinant 

a* a y a, 

b m b y b z 

C x C y G 9 

can be developed into two expressions, which, put equal to each other, give the 
identity 

aJbyC, + a y b z c x + a t b m c y — a x b M c y — o,jb v c m — Oybgfi, = (abc)(xyz) . VI 

Finally, the identities 

a x b v — dyb a — (dbu), VII 



where 



"i = (**#8 — *&*) = Mi . *H = (x<y x — xtf t ) = (xy) % , 
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and aj> y — a y b % = {xyz) , VIII 

where z x = {ab) u % = (ab) t} z s = (ab) 3 , 

can be verified by actually multiplying out. 

These identities are of prime importance in transforming symbolic expres- 
sions.* 

Cambridge, Mass., March, 1892. 



* The significance of these identities for binary forms is brought out in Gordan-Kerschensteiner, 
Inmriantentheorie, II, Nos. 12 and 117, where it is shown that every relation between symbolic products 
(and hence, for example, between the invariants of a form or forms) can be referred directly to these 
identities. And the significance of these identities for ternary forms is no less fundamental. 



The System of Two Simultaneous Ternary Quadratic 

Forms. 

By William F. Osgood, Cambridge, Mass. 



Prof. Gordan has shown that all invariants and covariants of a single binary 
form or of simultaneous binary forms can be expressed as rational, integral 
functions of a certain set of invariants and covariants, finite in number, of the 
ground form or forms.* This set he calls the "system " of the ground forms. An 
essential advantage of the method that he employs is* that it also furnishes, 
simultaneously with the proof of the theorem, the system itself; for he actually 
establishes a set of invariants (I include under " invariants " in this article 
covariants, contravariants, etc.), finite in number and having the property that 
every invariant can be expressed rationally and integrally in terms of these 
invariants. This set may contain superfluous members, namely, members that 
are themselves expressible rationally and integrally in terms of other members 
of the set. Such members are to be discarded, and the remaining members then 
constitute the system of the ground forms. 

The method employed for the binary forms Gordan then extended to the 
ternary forms.f He discovered the characteristic marks of a set of invariants 
that form the system and showed how actually to find such a set. It may be 
remarked that there is a certain degree of choice as to the particular invariants 
that shall be taken to form the system. That this system would always be 
finite he did not prove generally, but he examined a number of special cases. J in 
all of which he found that the system is finite. Thus he established the system 
of the ternary cubic and biquadratic, and showed further, both for ternary and 



* Ueber das Formensystem bin&rer Formen, Leipzig, 1875, in which the earlier demonstrations 
given in Crelle, 69, and Math. Ann., 3, are revised and simplified. See also Gordan-Kerschensteiner, 
Invariantentheorie, II, Leipzig, 1887, and Clebsch, Bindre Formen, Leipzig, 1872. 

t Ueber tern&re Formen dritten Grades, Math. Ann., Bd. 1. 

XUeber das Formensystem, etc., p. 60. See also Math. Ann., Bd. 17, p. 217. 



Osgood : The System of Two Simultaneous Ternary Quadratic Forms. 263 

for quaternary forms, that if any number of ground forms each have finite 
systems, the system of these forms, considered as simultaneous, is also finite. 

Recently, Dr. Hilbert* has proved the general theorem that the system of 
an n-ary form or of such simultaneous forms is finite. How to find this system 
is, however, a question that at present has not been answered. 

The object of the present paper is to show, in an elementary manner, how 
Gordan established the system of two simultaneous ternary quadratic forms. 
An account of this method is given in Olebsch-Linderaann, Geometrie, I, Leipzig, 
1876, p. 288, but for the reader that is unacquainted with Gordan's methods 
this account is too brief to be easily intelligible. The importance of these investi- 
gations, which at once form a natural introduction to the theory of the ternary 
forms and help to systematize the geometric theory of a system of two conies, 
renders it desirable that they should be easily accessible. The notation employed 
is the symbolic notation of Aronhold and Clebsch, the essential properties of 
which I have explained in the present number of this Journal (The Symbolic 
Notation of Aronhold and Clebsch) . 

§1. — The Symbolic Representation of Invariants of f and f . 
Let the two simultaneous ternary quadratic forms be 

and / = o* = &* = c£=.... j K) 

Then surely the discriminants! 

A m =(abc)\ ^ a = (a'&V) , 

of / and /', as also the forms in u which, put equal to 0, are the equations in 
line coordinates of the conies /= 0, y 7 = : 

F n = {abu)\ Fn=(a'Vu) % 
must belong to the system. J 

* Ueber die Theorie der algebraischen Formen, Math. Ann., Bd. 86. 

t Cf . Synib. Not. J8. 

JSee Clebsch-Lindeniann, Geometrie, I, p. 287, where it is shown that the system of a single 
ternary quadratic form /=a* = &*=. ... consists of the form itself, the discriminant {abc)* and the 
form (abu) 2 , the vanishing of which gives the equation of the conic /=0 in line coordinates. The 
identical invariant u x belongs to every system and, therefore, is not further explicitly mentioned. 
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Whenever two symbols of/, as a and b, occur in the combination 

(0263 — <*sh) = (« 6 )i » («3*i — «i&s) = (ab) % , (a x b t — a % b x ) = (a&) 8 , 
it is of practical advantage to replace them by a single symbol a : 

• 

or, abbreviated, a = (ai) . Thus 

(abu) = v^ai + u/Xq + w 3 a 3 = w a . 

The symbols a, 6 are cogredient with the line coordinates u when the linear 
transformation 

*< = & &i + >7i^i + &**» i = 1 , 2, 3 

is performed,* but the combinations (ab) of a and b, i. e. the symbols a, are 
cogredient with the point coordinates x, and hence the notation u a , which suggests 
an analogy between a and x, is justified. We now have 

A m = a\, A m = a2, F n =u\, F %2 = v*,, (2) 

where, in the first expression, a= (be). 

The simplification effected by the introduction of the symbols a, (3, . . . . 
appears from the following theorem: if tlve symbols a, b appear once in the 
symbolic product II in the combination (ab) : 

n = (abv)M= v a M, 

where v is any element cogredient ivith u, then their further appearance will also be 
in the combination (ab) , so that 

n = vjuojff, 

where M 1 no longer contains a, 6, and hence they can be completely replaced by the 

single symbol a. For either II is already of the form demanded by the theorem, 

or else : 

II = {abv)aJb t Mi , 

where a, b now enter only explicitly, (s, t are, for example, (cd), (cfd), (dd 1 ), 
(cu), (</u), etc., or x\ in general, they are any combinations of symbols and 
coordinates that are cogredient with x. In the same way, v, w are symbols 
c, d, a', V, or u, or any combinations of symbols and coordinates that are co- 
gredient with u.) When a, b are interchanged, the value of II is unaltered, the 
form of II becomes : 

II = (bav)b B a t M x = — (abv)a t b B M l . 

* Cf . Symb. Not. 
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Adding these two expressions for II together, 

211 = (abv)(a 8 b t — a t b 8 )M 1 . 

But, by identity VII,* 

a 8 b t — a t b s = (abw) , w = (st) , 

— the elements w are cogredient with u arid hence the notation is justified — and 
it appears that 

II = \{abv) (abw)M l = v a w a . \M X . Q. E. D. 

We will, therefore, in the following always, when possible, replace symbols 
a, b, .... by symbols a, /3, . . . . The above applies equally well to the replace- 
ment of symbols a', V, by symbols a', /?', . . . . 

A corresponding theorem holds for products in which the symbols a, (3 

appear in the combination (a/?)<, i= 1, 2, 3. For, if the symbolic product II 

contains the factor (a/3«) , then II either contains a second factor (apt) or else is 

of the form : 

n = (a(3s)M= (a^v^M', 

where M' is free from a, /3; and then 

211 = {a(i8){v a Wt — VpwJMi. 

By identity VIII , v a w p — v^w a = (afit) , t = (vw) , 

and II is also in this case of the form : 

II = (a(is)(a(it) .\M X . 

All rational integral invariants of / and /' are formed of terms that are 
products of symbolic factors of the typesf 

(abc), {aba 1 ), (aa l V), (p!Vd), (abu), (aa'u), (alb'u), a x1 a' x . 

Introducing the symbols a, a', we must annex to the foregoing further the 
symbolic factors (a/3a-), (a'/S'x), (aa'x), and hence we see that every rational 
integral invariant off and f is a sum of products of factors of the following types : 

(3) 



«*) 


a' m , 


»., 


«.', 


a., 


< 


a.M 


a'.>, 


(aa'u) , 


(a/fc) 


(a'P'x), 


(aa'z) , 



each product multiplied by a numerical constant. 



* The identities referred to in this paper are those given in Symb. Not., $6. 
jCLSymb. Not, {4. 
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§2. — The Method of Solution of the Problem of the Present Paper. 

Before attempting to describe the general method of solution of the problem 
of this paper, I will illustrate the method by a few simple examples. 

a). A symbolic product II of factors of the types (3) that contains the 
symbolic factor a a contains the actual factor a\ = -4 U1 . For II is either of the 
form 

II = (abc)a r b 8 c t . M or = (abc)(abv)c t . M y 

where M does not contain the symbols a, b, c, and r, «, t and v have such values 
as in the previous paragraph. By identity VI, 

a r b B c t + a t bfC 9 + a 9 bfi r — a r b t c 8 — ajb r c t — a t b t c r = (abc)(rst) . 

Multiplying each side of this identity by (abc) . M, we see that each of the six 
expressions on the left hand side represents II, and hence 

611 = {abcy(rst)M, II = A m . i(rst)M. 

In the second case, by identity IV, 

(abv)c t — (cbv)a t — (acv)b t = (abc)v t . 
Multiplying by (abc)M, we have 

311 = (abcfv t M, II = A m . \v t M. 

Similarly for products containing the symbolic factor a' a r. such products 
contain the actual factor -4 222 . 

b). Again, if a symbolic product II contains a factor of the type (a(3s) and 
hence (§1) also the symbolic factor (a/ft) : 

then II contains the factor A m . (If the constituents of II were all factors of the 
types (3), s could be only x\ but it is often convenient, as will appear later, to 
consider products in which s= (au), (a'u), (aa 1 ), etc.) For, 

(ab) x (ab) 2 (ab) 3 
(cd^ (cd) 2 (cd) 3 

Si S 2 #3 

(a(36) % = 2(abcf<% — 2(abc)(abd)c 9 d $ , 

since (a&d) 8 cj = (abc)*dl . But the second term can be reduced to simpler form, 
for, by interchanging equivalent symbols, we find that 



(O0») = 



= (abd)c 8 — (abc)d 8 , 
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{abc)d B . (abd)c 9 = *(abc)d 8 {(abd)c 8 — (cbd)a B — (acd)b 9 ) = h(abcfcP 8 

by identity IV, and hence 

(aPs)* = i(abcyd* = U m al 

The polar operator, \(t x g — h ^3 — I" *sa~y> applied to each side of this equa- 
tion, gives (a(3s)(a(3t) = i^m^a,. 
And similarly, (a'0's)(a'/3'O = i iWJaJ . 

Thus it appears that every symbolic product, II, that contains any one of 
the symbolic factors a ai a! a ,, (a(3s), (a'fi's), breaks up into two actual factors, one 
of which (A m , A m ) belongs to those invariants (2) that we have already admitted 
to the system, and the other of which (M) contains fewer symbols than II ; and 
hence a symbolic product will surely be reducible to simpler products if it 
contains other factors than those of the following types : 



a X} a x1 u a1 u a t, 



a a > , a 4 , 






(4) 
(aa'u) , (aa'a:) . 

The method of establishing the system of / and /' consists now in ascer- 
taining still further restrictions on the choice of symbols for a symbolic product 
that shall really be an irreducible invariant, and not a product of two invariants, 
one (or both) of which contains fewer symbols than II, or a sum of such products. 
It will appear that the number of such irreducible products is very limited, and 
these, taken with (1) and (2), form a set of invariants, in terms of which every 
symbolic product, and hence every simultaneous invariant of / and /', can be 
expressed rationally and integrally, i. e. they form the system of /and/'. 

§3. — Further Reduction of Symbolic Products. 

I will now show that a symbolic product containing two or more cogredient 
symbols of /: a , i, .... or a, ft ,...., i. e. a product II of the form 

II = a r a 9 b t b g M or = p^r^if, 

is expressible in terms of symbolic products each containing fewer symbols than 
II. The same proof applies to products containing two or more cogredient 
symbols of/': a 7 , 6', . . . . or a', /?',.... Hence it follows that all symbolic 
31 
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products can be expressed in terms of such as contain at most one of each of the 
symbols a, a, a', a'. 

Theorem A. — In the symbolic products, 

II =ra r a 9 b t b z M, (I) 

n = p a a a r^M, (II) 

either two of the elements r, s, t, z or p, ex, r, a> are identical or else II can be 
expressed in terms of products for which this is the case, and of products that contain 
fewer symbols than II . And similarly for products containing two or more symbols 

off- 

First consider the product (I). From the last § it is evident that we may 

restrict our attention to those cases in which r, s, t, z are four of the elements 

(see scheme (4) ) : 

r, s, t, z:< a', /?',/,.... (5) 

^ {a! u) , (b'u) , . . . . 

In no case can more than one of the elements r, s, t, z belong to the last row of 
(5) ; for otherwise II \^ould contain one of the two factors : 

a r a 8 b t b, = \ ( aa ' u )( aVu ) h t h * 
\(aa , u)(bUu)a t b Z} 

where t, z are any two of the elements of (4). In the first case II would be of 

the form : 

II = a^a^b^M, where r 1 = tf = (au) , 

and would, therefore, satisfy the conditions of the theorem, enunciated for the 
symbols of/'. In the second case, the application of identity IV : 

(bb'u)a t = (b'ua)b t — (uab)bi -f- (abV)u t 
gives 

(adu)(bVu)a t b B = {axxlu){ab'u)b t b 9 — (aa'u^abujbfy -|- (aa!u){abV)b z u t . 

The first of these symbolic products is of the form just considered ; in the second 
and third, a, b can be replaced by the single symbol a and the symbolic products 
arising from these terms will contain fewer symbols than II. Hence the theorem 
is proved for all products, II, in which two or more of the symbols r, s t t, z 
belong to the last row of (5). 
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After the exclusion of such products, there remain to be considered products 
of the following three types : 

{a^apbyb, 
a af a z b x b fi , 

where z is arbitrary. The first and second of these products already satisfy the 
conditions of the theorem, for II is then of the form : 

II = p^o^TprtpM, where p = r = a . 

The third is also of a form already considered, unless z = (a'u) . Then 

II = (adu)a a bfi b x . p^^M , 

where p, a are of the following types: u, c, d, [c', d',] (ax), ((3x) } [(/a), (#»)]. 
For the bracketed symbols II would be directly reducible (§§1 and 2). If 
p = (ax) , then II contains the factor (identity VI) : 

(6) 

and is, by the foregoing, reducible. Hence p, a can be only of the form u, c, d. 
One of them, p, let us say, must, therefore, =c, and II contains the factor 
a t a a fC a ,c t , where s = (a'u) and t may have any value. This product satisfies the 
conditions of the theorem, and thus the proof of the theorem for products of the 
form (I) is complete. 

It remains to consider products of the form (II) . This is the dualistic of 
the case just considered and the treatment is accordingly analogous. The reduc- 
tions differ, however, in certain details from the previous ones, and for this 
reason I give them at length. 

Only products in which p, <r, r, o are four of the elements : 

p , a , r , 6) : ^ a', V, d . . . . (7) 

(a'x), (/2'x), .... 

need be considered. Not more than one element, p, can belong to the last row, 
for otherwise we should have 





<*« 


< 


«« 


(aa'u)(aa f x) = 


da! 


a* 


««' 




a 9 


aL 


V>x 



pa<*aV«>0 



( (aa f x)(a^ f x)r^i fi 

~\(aa l x)(^x)r a ^ 
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In the first case, II has the factor p f a f f ^ and thus satisfies the conditions of the 
theorem ; in the second case (identity IV)* 

(aa'a)G>0 . i^^x)r a = (aa'a)^] (P'xafa — (aa£)r> + (a/?^')** }• 

The first term is of the form just considered ; the second and third have the 
factor (a(3x) or (a/?/? ; ), and these latter terms contain accordingly (§§1, 2) the 
actual factor A m ; they are, therefore, expressible in terms of products that 
contain fewer symbols than II. 

Lastly, when at least three of the elements p, o*, r, o belong to the first two 
rows of (7), 



Paffa*0<30 



f aiK cfap 






where o is arbitrary. The first and second of these products are already of the 
form demanded by the theorem, the third needs to be considered only when 
o = (aJx) . II then contains the factor 

(aa r x)a f J)pU p . a(b' § , 

where r, s are of the following types: x, y, 6, [/', #,] (au), (bu) y [(cfu), {dlu)] , 
and it is evident from similar considerations to those of the previous case that 
the theorem holds for this product. 

The proof of the theorem for products in the symbols of/ is thus complete. 
Interchanging primed and unprimed symbols, we obtain at once the proof for the 
corresponding products in the symbols of f. 

Theorem B. — Symbolic products 

II = a r a 8 b t bgM } (I) 

II = p a (T a r^if , (II) 

in which two of the symbols r, s, t, z or p, a, r, o are identical, are expressible in 
terms of symbolic products containing fewer symbols than II . The same also holds 
for similar products in the symbols off. 

* It is to be noticed that symbolic determinant factors have the invariant property only when all 
the symbols are cogredient. Hence when a , 6 , c of identity IV are cogredient with x , the identity must 
be written in the form 

(r8t)d M — (8tx)dr + (txr)d, — (xrs)dt s . 
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For products of the form (I) there are three cases to consider : 

1) r = t = x i a) 8 = af 

2) r = t = a! 

3) r = t = (a'u) 

1) a) a x a a ,b x b z = a x b z (a x b a , + (oca'*)) 

b) {aa!u)a x b x b z = a x b M { (a f ub)a x — (uba)a x + (baa')u x \ 

2) a a ,a t b b t = a a h t \a a l B + (asa f ) \ 

3) (aa'u)(ba'u)a 8 b s = (ba'u)a 8 { (a'ub)a g — (uba)a x + (baa!)u x \ 

by the help of identities IV and VII. The terms on the right hand side either 
contain as factors terms with a less number of symbols than II or admit the 
replacement of the symbols a, ft by the single symbol a, and hence meet in 
every case the demands of the theorem. 

It is not necessary to make these divisions into cases, for the reductions for 
all four cases are comprised in the single formula : 

a^brbg = a r b t \a r b 9 + (asr) \ . (8) 

Products of the form (II) correspond dualistically to those just considered and 
are treated in a similar manner. As before, three cases present themselves : 

2) p = r = a 1 

3) p = r = (a'x) . 

The desired reduction in each case is given by the formula : 

pa<7<^ = pa*? { <ty>a + (a/ft) } , where t = (<rp) , (9) 

and the theorem is proved. 

By the repeated application of these two theorems, it is evident that every 
symbolic product can be ultimately expressed in terms of symbolic products, 
no one of which contains two cogredient symbols of / or two cogredient symbols 
off. 

§4. — The System of f and f 1 . 

It is now an easy task to write down a set of invariants in terms of which 
every other rational integral simultaneous invariant of / and f is expressible 
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rationally and integrally. A set of symbolic products, each of which contains 
at most one symbol of each of the four types a, b . . . . , a, /? . . . . , a', V . . . . , 

a', /?' is such a set, and is obtained, with the exception of two of its members, 

^111 = <** and A m = a$, by combining the symbolic factors (4) with each other 
in all possible ways. But the set thus obtained may be restricted still further, 
for from identity VI (see (6)) it is clear that any such product having the factor 
(aafu^aa'x) can be replaced by products that do not contain these two deter- 
minant factors, and hence such products may be excluded from the set. The 
symbolic products that now remain are the following : 



/= 

-^ni == 

-4 112 = 

N = 

c 2 = 

D = 



a 

a 
a 



% 



X 

2 

a 

a 
12 



aLaLu> a 



(aa f u)a x a' x 
(aa'u)a!fl x u m 
(aa f u)a a >a x u a , 
(aa!u)a a .a f a u a u a , 



Fu = (aa'u)> 



A ^2 = 
2?2 = 



-a 1 } 



a f J 



<^a^x U a' 



N 

r 2 

A 



(aa!x)u a u a , 
(aa f x)a a M a a x 
(aa' x)a f a u aif a x 
{aa 1 x)a at a' a a , x a, 



The System of 
/ and /. 



4>i2 = (aa'x) 



No one of these twenty invariants is expressible rationally and integrally in terms 
of the others and of the identical invariant u x . These invariants form the system 
of /and/'. 

Between these invariants exist certain identical relations of higher order.* 
Thus it is easy to showf that 

^Z?=F u (72 + ^22^i-N^, 

and, dualistically, u x L=fV% +/ r f"i — -Afau- 

For, the first of these identities is, symbolically written, 



or 



(aa'tfajafriU^Ux = (aa'u)a a ,a x u\u A , + (aa'w)a«a,X'tt« — (aa f u) % (aa/x)u a u a ,, 
{aa'u) u a u a , { {aa'u) (da'x) + a a ,a' a u m — a a ,a f m u a — a! a a x u a , } = . 



•Gordan : fiber B&sehel von Kegelschnitten, Math. Ann., Bd. 19. 

t Forsyth : Systems of Temariants that are Algebraically Complete, Amer. Jour., Vol. Id, p. 58. 
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Now, by identity VI, 

(aa'u) (aa'x) — a a a f a ,u m — a x a' a u a , — a a ,a' x u a + a a a' x u at + a a ,a' a u x + a x a f a ,u a = 0, 

and it is sufficient to show that 

{aa'^uji^a^Us — a a a x u a , — a^u* } = . 

This appears as follows. The first term has the symbolic factors a a and a«#* and 
is, therefore, (§2) of the form A m A m u x . M. But if must vanish identically, for, 
as an invariant, it is a product of factors of the types (pcrr) , (pan) , u x given in 
Symb. Not. §4, and out of the three u's that remain no such factors can be 
formed that do not vanish identically. And similarly for the other two terms ; 
they contain respectively the factors A m and A m , and after these factors have 
been extracted, there are not enough elements left from which to form non- 
vanishing factors of the degree required. The above is, therefore, a true identity. 
An extended discussion of the geometric signification of the invariants of 
the system for the conies/ and f 1 is to be found in Clebsch-Lindemann, Geometric, 
I, pp. 291-304; further simultaneous invariants of/ and/ 7 are there treated 
and expressed in terms of the invariants of the system. 

Cambridge, Mass., March, 1892. 



On Generating Systems of Ternary and Quaternary 

Linear Transformations. 

By Henry S. White. 



The following special cases of a general algebraic theorem admit in 
geometric form a proof so simple that the process which it postulates can be 
entirely visualized. Though we tacitly assume the reality of all points spoken 
of, this restriction is of no moment ; for two points determine a line, three points 
a plane, whether the points be real or imaginary. The theorem now to be 
examined is fundamental in the Algebra of Linear Transformations. I shall 
exhibit proofs of the theorem only as particularized in the theories of ternary 
and quaternary forms, since beyond three dimensions our intuition of spacial 
figures ceases. A general proof will necessarily be of purely algebraic character. 

In order to write as simply as possible the differential equations satisfied by 
every invariant of linear transformation of n homogeneous variables, one seeks a 
system of linear transformations of simplest type, such that by repetition and 
successive application of these elementary transformations the most general can 
be compounded. Such a system is termed a complete system of Generators of 
the n-ary group. 

§1. — Generators of the Ternary Group. 

Theorem : A complete generating system of ternary linear transformations is 
contained in the following Jive ; three of which have the determinant equal to 1 , 
the other two a determinant different from 1. 

I- *i = yi + X .y 2 , II. x 1 = y l1 

x* = y%i *2 = 2fe + ^y3, 

x z = y* • ^ = y s • 

III. x l = y l9 

x 2 = y 2 > 

*8= 3/3 + *•#!• 
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IV.. x l =y l , V. z 1 = y i , 

x 2 = a.y 2 , »2 = yg, 

Interpreting x Y : ar 8 : x 3 and y x 'y%: y 3 as point coordinates in a plane, I shall 
first give a geometric characterization of each of these five elementary transforma- 
tions. The well-known method of determining completely by the use of two 
point-quadruples a general linear transformation will enable me, secondly, to 
restate in geometric terms the above theorem in the form of a problem. A 
simple process of solution suggests itself, whose verification finally proves the 
theorem. 

By the substitutions IV and V each side and each vertex of the triangle of 
reference in the a-plane becomes the corresponding side or vertex of the triangle 
of reference in the y-plane. Calling the vertices A x , A 2l A 3 , the opposite sides 
a u a 2 , a 8 , I may say more briefly : Bach of the six elements A u A 2i A 3 , a u a^, a 3 
of the triangle of reference is transformed into itself. So is also, by IV, every 
line ax x + cx 3 = passing through A % , 

and by V, every line ax x + bx 2 = passing through A 3 . 

But every point not on the stationary line (x % = in the one case, x 3 = in the 
other) is transferred directly toward or directly from the fixed point A % or A 3 . 
Hence I may call these transformations IV and V, loosely, translations of the 
sc-plane. 

Similarly the transformations I, II, III may be called for present purposes 
rotations of the plane. By the transformation I, for example, while the sides 

x 2 = and x 3 = become the sides 

y 2 = and y 3 = of the new triangle 

of reference, the side y x = coincides, not with x x = , 

but with the line x x — X . x* = . Every line through the 

vertex A x ax x + bx % = becomes a line through 

the new vertex A\ ay x + (aX + b)y % = . The transformation is 

described, with sufficient precision, as a rotation of the side a x about the vertex A 3 as 
a center. Fixing the attention upon the triangle of reference I see that — 

By I, the side a x revolves about A 3 as a center. 
" II, " " a % " " A x " " " 

" III, " " a 3 " " A 2 " " " 

32 
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The theorem gives as elementary operations, therefore, three rotations and 
two translations. By the aid of these special transformations there is to be 
produced the total effect of any given general collineation. What is the 
geometrical character of the latter ? 

Projective Geometry furnishes the theorem: U A collineation is completely 
determined when to any four points of the plane are assigned respectively the 
four points into which they are to be transformed ; provided that no three points 
of either quadruple lie in a straight line." Taking as given points A x , A^, A 3 , 
and P not lying on either Oj, a^, or a 3 , and assigning to them respectively four 
arbitrary points B l} B %1 B 3l Q,\ shall have proved the required theorem if I can 
always solve the following problem : 

By the use of the three rotations and two translations above described, to transfer 
the three vertices A x , A % , A 3 of the triangle of reference, and a fourth point P not 
lying upon any side of that triangle, to four arbitrary points B 1% B 2 , B 3 , Q respec- 
tively, where no three of the lattet four points are collinear. 

The solution is effected as follows. If the three vertices A x , A 2 , A 3 were 
already brought to occupy the positions B u B % , B 3 , they could remain fixed 
while the two translations should be applied to transfer the fourth point, P, to 
the position Q. Now the three rotations suffice for transferring the vertices 
A u A 2l A 3 to the desired points; for by their aid it is possible to transfer any 
one, e. g. A l9 to an arbitrary point B x and leave the other two, A % and A z , at 
their initial positions. To see the truth of this assertion, suppose that B x is taken 
upon the a 3 . A rotation III withdraws the side a 3 from the point B x , and 
transfers the vertex A x along the side a% for an arbitrary distance to some point 
A\. If B x were taken not lying upon Og, A x may be said to coincide with A\. 
Next 

By II, let 03 be brought to contain B x j incidentally the vertex A z moves 
upon a x to a position A' 3 ; 

By III, let a 3 be brought to contain B x \ this completes the transfer of 
A\ to B x ; finally — 

By II, let a, be revolved about B x till its intersection with Oj returns from 
A' 3 to its initial position A s . 

Thus by at most four rotations, III, II, III, II, A x has been transferred to B x , 
while A z and A 3 are unchanged. If P has been brought to P, then next in 
order — 
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By I, III, I, III, the points B lt A 2 , A 3t P may become B u B 2 , A 3 , P 1 ; 
" II, I, II, I, - " B lf B 2l A 3 , P» " " B l9 B %9 B 9 , F». 



If now the lines B % P' and B 3 Q intersect, or if the lines B % Q and B 3 P n are not 
parallel, two translations will complete the required transfer ; otherwise three 
will be necessary. Neglecting the latter possibility, since it adds no difficulty to 
the problem, suppose B 2 P" and B 3 Q to intersect in a point P ff . 

By IV, let P' be brought to the position P v ; 

a y t " P" " " " Q. 

These translations leave i^, B %1 B 3 fixed, and bring the point whose original 
position was P to the terminal position Q. The above problem is therefore 
solved, and the theorem stated at the outset is proved. 

Logically more symmetrical, but practically less brief would be the solution, 
if made to depend on the lemma : By using not more than seven operations chosen 
from the three rotations and two translations, it is possible to transfer any one of the 
four points A l9 A 2 , A 3 , P, to the corresponding point B 1} B 2 , B 3 or Q in such a way 
that the terminal positions of the other three shall coincide with their initial positions. 
The proof is sufficiently obvious from the foregoing. An interesting exceptional 
case would arise, for example, if the points B l9 B 2 , B 3 were situated upon the 
sides a x , a 2 , a 3 respectively, and the fourth point Q lay upon any one side a 1( a,, 
or a 8 of the triangle of reference. 

§2. — Generators of the Quaternary Group. 

For the group of linear transformations of four homogeneous coordinates 
x x : x 2 : x 3 : x 4 in three-dimensional space an obvious extension of the theorem of 
§1 is the following: 

Theorem : A complete generating system of quaternary linear transformations 
is contained in the following seven, each of which contains a single variable 
parameter. 

I- «i = #1 + ^2, XI - Zi = yi> 

*2 = y», a* = y» + a*ys> 

x 3 = y3, x 3 = y 3 , 

x 4 = y 4 . a* = y 4 . 



x,= 


: yi. 


x t = 


y*. 


Xj = 


Vs, 


x 4 = 


Vt + ^iHi- 


*1 = 


Vi> 


x,= 


Vti 


*S = 


y*. 


** = 


Y-Vf 
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III. Xi = y Xl IV. #! = 

^2 == y i » 

V. x 1 = y l1 VI. x x = y ly VII. x x = 

x% = a . y 2 y %2 = y*y 

x A = y A . x 4 = y i . 

The order and method of proof employed in the preceding case can be 
followed again here. Any particular value of the arbitrary parameter in each 
of these seven elementary transformations shall be regarded as the terminal value 
of a quantity which has varied continuously from an initial value zero. Each 
such finite variation of a parameter can be represented by a system of motions of 
finite magnitude in three-dimensional space. In the tetraedron of reference let 
each face : x< = be named the face a { ; let each vertex opposite a face a 4 be 
called A i% and each edge A t A K be called a u . The above seven transformations 
may then be termed respectively axial rotations (I, II, III, IV) or translations 
(V, VI, VII). The effects which are relevant to the present purpose may be 
noted briefly, as follows : Each axial rotation leaves in situ three faces, three 
vertices, and four edges, of the tetraedron of reference ; but causes to revolve 
about one edge as an axis every plane, save one, containing that edge, — among 
others the fourth face, containing the fourth vertex, of the tetraedron of reference. 
More particularly — 

Rotation I, about an axis a 84 , shifts the face a x and vertex A % , 

III, " " " a lff " " " a 3 " " A A , 

it, a 83 , a 4 ^i« 

Each translation leaves in situ every vertex of the tetraedron of reference, 
but transfers directly toward or from some one vertex every point not lying in 
the opposite face of the tetraedron. For the translations V, VI, VII, the central 
vertices are respectively A it A 3 , A A . 

Since a collineation is completely determined when it is required to 
transform five given points into arbitrary points respectively, no four points in 
either quintuple being co-planar, the proof of the above theorem will be con- 
tained in the solution of the problem: 



it 
n 

u 
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By means of operations chosen from the four sorts of rotation, and the three 
sorts of translation just described, to transfer the four vertices A it A % , A 3 , -4 4 of the 
tetraedron of reference and a fifth point P not lying in any face thereof to five 
arbitrary positions B lf B 2 , B 3 , B A and Q respectively, no four of which lie in the 
same plane. 

The solution will correspond, step for step, to that adopted in the ternary 
case. Each point A x , A % , A 3 , or A A in succession can be transferred by five, six, 
or seven rotations to the corresponding terminal position while the remaining 
three vertices remain undisturbed or else are restored to their original positions. 
If 2?i, for example, is not in either face a 3 or a 4 , then by the following series of 
rotations : 

II, III, IV, III, II, the points 

A Y , A 8 , A 3 , -4 4 , P can be brought to the 
positions B x , A 2 , A 3 , A A , P . Similarly three other sets of five or more rota- 
tions can be applied to transfer these five points to the positions : 

B X ,B 2 ,B 3 ,B 4 ,P^. 

It remains only to bring the point P (IV) to the position Q by means of transla- 
tions. If either 



the plane (A 2 , A 3 , P* 17 *) is not parallel to A^Q, 
or " " (A B , At, P (IV) ) " " " " A^Q, 



a n it 



(A A , A 2 , i*™) " " " " A 3 Q, 

then three translations suffice to effect the object; otherwise, four. Thus we 
have, for the general case, a complete solution of the problem, which is tanta- 
mount to a proof of the theorem. In the most highly specialized case, four 
arbitrary rotations of the four sorts and any one arbitrary translation would 
reduce the problem to one of general character. Hence for all cases the theorem 
is established. 

§3. — Algebraical Determination of the Generators of a given Ternary Linear 

Transforma tion. 

When the nine coefficients of a ternary transformation : 

Pi = aii^i + a^y % + a 18 y 8 
px 2 = atfy x — a^y 2 + a^yg 
px 3 = a 3l y l = a 3a y 2 + a 33 y 3 
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are given, and it is desired to find the numerical values of the parameters in its 

generators, the scheme of §1 gives a most convenient algorithm for the purpose. 

First we must determine the coordinates of the positions into which the four 

points — 

A x , whose coordinates are 1:0:0 



A 2 , 

1 A 



a 
it 
a 



11 


11 


0:1:0 


It 


il 


0:0:1 


<< 


It 





are to be transferred. These are readily seen, 
substitution D , — 



P\,P%*P 
Calling the determinant of the 



D = 



a u a 1% a 13 

#21 #22 #23 
#31 #32 #33 



, and its minors D iK1 



3D 



= 1,2, 3), the 



D u = -~ — , we have as coordinates (6 U : b® : 6 W ) of each point B iy (i 
danc 

following : 

(T.6 a = Ai"| (i=l, 2, 3), 

(T.& i2 = Aa \ a _D 

a . 613 = As J p 

P is transformed into Q with the coordinates : 

ff.?i=i>i.Ai + JP2-Ai + ivAi 

<* -?s =Pi • As +P2 -As + Ps • As 

The algebraic equivalent of transferring either one of the four points to the 
required terminal position is the determination of suitable values for two 
parameters. There are therefore in all eight parameters to be fixed — exactly 
the number of coefficients, barring the factor of proportionality, that occur in the 
given linear transformation. 

For effecting the transfer of A x to B x while A % and A d remain in situ, the 
generators have the form, — 



Xi=x[ 


x{ = x{' 


asf = x{" 




*» = *» + Pl*i 


x 2 = #2 


xJ! = x!T- 


- w# 


#8 = *^8 


4 = 4' + i'i»f 


X3 — X3 
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The 



composition of these gives the substitution, — 



x x = *[» 



m 



X2 = XJI' + fLMXi 

x 3 = x' 3 " + v^ 1 
Inserting the coordinates of A x and 2? lf we have to determine v Xf (i u the formulae : 

(T . 1 = Al 

a . = D u + (i i v 1 D li 
or . = As + *iAi 



As 
* = + *■ 

"18 



D 



Introducing these values of (i lt v if we find the coordinates of P, 



Pi = Pi 



P*=Pi+jrPi 



D, 



Pz=Ps + jt-Pi 



In like manner, corresponding to the removal of A+ and A 9 respectively, the two 
pairs of parameters v % , ^; Jls, [i s would be found, and thence successively the 
coordinates of P n and P". To transform the latter point into Q, there are to 
be determined finally the values of a, (3 from the formulae (see IV and V, §1), — 

o.p[" = o .q l =p.D u +1vAi+2vAi 
<* -P* f = <* .o.q 2 =a .(pi -As + p%*D& + i> 8 - As) 
[ c . Pa" = fi . a . q 3 = . ( p x . As + p % . As + p 3 . As) 



( 



Thus all eight parametric values are found from linear equations. The solution of 
these equations can become impossible only by the vanishing of one or more first 
minors of the determinant D. To the treatment of such exceptional cases the 
geometric considerations of §1 furnish still a perfect guide, requiring the insertion 
of additional generators, with arbitrary (restricted) parameters, in the system of 
eleven which suffices for the general case. 

The analogous algorithm for factoring any given quaternary linear trans- 
formation into generators of the types here prescribed is sufficiently obvious, 
arising out of the scheme of §2 just as that given above for ternary forms arose 
from the scheme of §1. We see readily that it will fix the values of 15 para- 
meters involved in 23 or more generators ; and that if for a particular trans- 
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formation more than 23 generators are requisite, all the parameters beyond 15 
will be arbitrary. Further, it is worthy of remark that this algorithm, once 
found, is readily extended to determining similarly defined generators of an 
n-ary linear transformation. Hence there would be no difficulty in inferring 
that n rotations and n — 1 translations must comprise a complete system of 
generators for the linear transformations of n homogeneous variables. 

Clark University, Worcester, Mass., March 22, 1892. 
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A Symbolic Demonstration of Hubert's Method for 
deriving Invariants and Covariants of 

given Ternary Forms. 

By Henry S. White. 



In the course of a recent paper, now fast becoming famous, Dr. Hilbert of 
Koenigsberg has developed a process of derivation by means of substitution 
which is likely to prove an important contribution to the theory of invariants 
and covariants.* Strictly speaking, the process itself is not new, but to Dr. 
Hilbert is due the credit of having adapted it to an entirely new end. Practically 
the same operation was employed by Clebsch,f Gordan,J and F. Mertens|| in 
studying the formal constitution of invariants of linear transformation. Hilbert, 
detecting the rationale of this use, applies the operation to any term or sum of 
terms that can form part of an invariant expression, and shows that the result is 
a complete invariant. While the summary proof that he gives is sufficient and 
elegant, yet it seems possible to simplify both the statement of the operation and 
the proof of its character. For this purpose I employ the symbolic notation of 
Aronhold and Clebsch for the coefficients of a ternary form ; thereby the invariant 
character of the result becomes evident upon mere inspection. Hilbert's method 
then admits of restatement as an aggregate of extremely simple groupings and 
substitutions ; a statement which can then be extended at once, as Hilbert's has 
been, to quaternary and n-ary quantics. 

The derivation of covariants is possible by the same method with slight 
modification, and the required covariant may contain as many cogredient sets of 
variables as one wishes. Further, it may be a function of several distinct sets of 
variables, each set subject to an independent linear transformation ; e. g. it may 

•Ueber die Theorie der algebraischen For men, Math. Ann. 86, pp. 524-6. 
tXJeber symbolische Darstellung algebraischer For men, Crelle's Journal, 59, pp. 7-15. 
t Gordan-Kerschen stein er, Vorlesungen uber In varian ten theorie, Bd. 2, pp. 114-119. 
HUeber invariants Gebilde tern&rer Formen, Sitzungsberichte der Math.-Naturwissensch. Classe der 
kais. Akad. der Wissenschaften, Wien, 1887, pp. 942-992. 
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be a combinant of several quantics of equal order. I shall give a general state- 
ment of the method as applied to ternary covariants, referring for proof to the 
discussion upon invariants. In conclusion I present, as a useful application, an 
easy proof of an important (and perhaps not sufficiently well-known) theorem on 
covariants. 

§1. — Hilbert's Auxiliary Substitution and Gayley's Operator £1 combined and 
expressed in Clebsch-Aronhold Symbolic define a substitutional 

Operation giving rise to Invariants. 

In order to define the weights of a function of the coefficients of a ternary 
form, I follow a common notation in writing each coefficient with three subscript 
indices : 

f{?u *%, *s) = 2^ t -, %j n . amx'iafrs . (1) 

These three indices may be termed the first, second, and third weights respec- 
tively of the coefficient a m . In any product of coefficients the first weight will 
mean the sum of the first weights of the several factors, etc., 

A IKL = a^a . a vvv . or*//*"!" • • • • (to g factors) . (2) 

First weight /= 2(i) = i + i' + i ff + .... (to g terms), 

Second weight iT=2(&), }> (3) 

Third weight L = 2(0 = n . g = (/ + K) . 

Every invariant of degree g in the coefficients of the ternary form f{x A , x t , a^) 
will be composed of terms all having the same first weight, the same second 
weight, and consequently the same third weight ; and these three weights must 
be equal; i. e. if the invariant with its weights be designated by J IKL} and its 
degree by g, we must have 

I=zK=L=hn.g. (4) 

The problem proposed is, from a given sum of terms satisfying these conditions as 
to degree and toeigfUs, to derive by some determinate process a complete invariant. 

As a solution of this problem, the derivation-process adopted by Hilbert is 
the following, consisting of three distinct steps. Suppose the ternary form 
fixing), (1), to have arisen from the form 
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/(yi , y% , ys) = 2^ i\\\ u *** • y^y* =/(*»• **> *•) 



(6) 



i + Hlan 



by the linear substitution 









£$«1 + >7s*» + £>S 



(6) 



Then the coefficients a m of the form / are linear homogeneous functions of the 
coefficients a ikl of /, and contain moreover the parameters £, >7, £ homogeneously 
to the order n. Let the given polynomial satisfying the conditions (4) be 
denoted by 

The first step is this : Substitute in the polynomial (A £KL ) for the coefficients a ikl 
their values expressed in terms of the coefficients && and the parameters, £'», vfs, f's. 
Call the resulting polynomial 

{Ajkl) • 
Its indices /, K, L now denote its orders in the ifs, the ^s, and the f's respec- 
tively. Remembering that each of these is equal to bn.g, (4), we come to the 
second step in the operation : Free the expression from the nine parameters by 
applying \n . g times in succession the operator £1 : 



£i = 



a 


a 


a 


% 


a*. 


a& 


a 


3 


a 


3)7! 


dvi s 


a>7s 


3 


d 


a 


as 


as 


% 



(7) 



The resulting expression, 

W . (Jiu) = /(a*) , (8) 

is a function of the coefficients <%&. The third step is the following: Replace in 
J(di kl ) every coefficient a int , v by the corresponding coefficient a ifVV of the form J "(a^, 33, ar 8 ) ; 
the function J(a ikl ) is then an invariant of the latter form. 

The proof of the invariant property in this product of three operations I 
shall exhibit by analysis of the effect of successive steps, writing each symboli- 
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(9) 



cally. First of all as a necessary preliminary I suppose each actual coefficient, 
a m or a ikU replaced by a symbolic product aja£a£(= b\b\b\ = etc.) or d[ald l 3 ' 7 i. e. I 
write each form in the Clebsch- Aronhold notation, thus : 

/(ar lf x % , x 3 ) = (a x x x + a^ + a 3 x 3 ) n = a n x = b n x — c n x , etc. 

/(yi> y*> ys)=(^yi + <ky* + «m) n = <% = K = 3J, etc 

By virtue of the linear relations (6) between the x's and the #'s, the symbols a 
are expressed linearly in the symbols a.* 

a 2 = a^x + a 2 >7 2 + 0,17, l . (9a) 

#3 = «j£l + «2& + «3$3 J 

Hence follows, e. g. the expression of /(ar x , Xg, ar 3 ) in terms of symbols a: 

/(*i , a- 2 , * 8 ) = (x^ + x 2 a n + x&) n . 

From this one sees that the substitution of their values in terms of a m and the 
parameters for the a m in the polynomial (A IKL ) is effected by the operator 8*^ : 

a 



(*!)'. £?„<=. 



( 
( 



a^ + d^ + a^J. 






da. 



h d 



+ i »§b+ li w)- 



(10) 



(to g factors of n tb order). 

The second operator, £1, is already symbolically expressed, (7). 
simply this : 

(„ d _i_ a -l. a V 



The third is 



(n !)»J8»(a , a) = J 



'3 "^r 



dbJ' 



'3 



(11) 



(to g factors of n 01 order). 

By the aid of these symbols we may write the final result thus : 

J(a iM ) = R»{a , a) . &«' . 8^ • H,kl) ■ 



(12) 



* Gordan, loc. cit.^ pp. 110 and 114. 
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The advantage of this distinguishing of operators from function or operand 
is, that we are at liberty to combine £l hU0 with /Sj^ before applying. The simplest 
grouping of symbolic terms in the combined operation is to be sought ; it appears 
to be the following. Let tlie three constituents in any horizontal row of the three- 
rowed determinant H act simultaneously upon a single linear factor of S^. The 
symbolic product £l in0 . S$^ is thereby expanded into a sum of terms, each of 
which is a product of i . n . g determinants. The number of such terms is the 
number of permutations of the n.g linear factors of aS|^. But every such term 
will vanish identically if the constituents of two rows in any one H have acted 
upon like factors of Sfa ; e. g. upon the two factors : 



c 



- d - d 






There will remain therefore only terms composed of symbolic factors of the 
following type : 



-8 - 3 - a 






<h 



Cx 



_a_ 

dc. 



_d_ 

dj> t 



a 



3 3^ 

■ d 

,8 8T, 

5 A c — 

dc 3 dc 3 



d<ii • dbi • 3cj 






* 1 



Indicating a term composed of \ng such factors by II (abc)^ — ^r — jj- > we 
may express the combined operation thus : 



n-» . «, . t^j = £ n^^JUJ^'"' • 



(13) 



where the summation extends over all possible arrangements of the symbols in 
each term of (A IKL ) in triplets such that each triplet consists of three different 
letters with three different indices (as a x b % c 3 ) . Disregarding here the not unin- 
teresting question as to the number of such possible arrangements, its maximum, 
minimum, etc., we have to notice only the formal constitution of the result. 
Every term in the result is a product of \ng factors of the type (abc) , and is therefore 
per se invariant. It remains finally to apply the operator R?(a, a) whose effect 
is evidently to replace each elementary determinant (abc) by (abc), so thai the 
aggregate of terms becomes an invariant of f(x x , x 2 , <r 3 ). While it would require 
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arbitrary conventions to enable us to write the combination of the three operators 
in analytical symbols, — e. g. 

a 3 



En [(afc)] n [-V—S\ , 
(1*9) ifrg)L-OOi • Ob % . OC 3 J 



yet it is easy to recapitulate in verbal form the entire process as analyzed above. 

Hilbert's method for deriving an invariant of the groundform f(x x , x % , x s ) or 
a" , from a homogeneous entire function having the degree g in the coefficients and 
having its three weights each equal to b .n.g is equivalent to the following. Write 
each coefficient of the groundform as a symbolic product of n factors according to the 
Clebsch-Aronhold notation, using g different sets of n similar letters. Separate in all 
possible ways in every term of the function the n.g factors into \ng triplets, each 
triplet containing three different literal symbols and three subscript indices 1, 2, 3. 
Replace in each such arrangement every triplet a x b % c 3 by a corresponding three-rowed 
determinant (abc) . The aggregate of resulting products is by virtue of its symbolic 
structure an invariant.* Q. e. d. 

This statement of the method is extended without difficulty to the deriva- 
tion of an invariant from a function of the coefficients of several groundforms. 
Such a function is required to be homogeneous in the coefficients of each ground- 
form separately ; while in computing its three weights, which must be equal, 
subscript indices from all coefficients indiscriminately are to be summed up. 
The only formal feature in which the resulting invariant can differ from a 
product of invariants of single forms will be the occurrence of such symbolic 
factors as (aba'), (aa'a ,f ), etc.; where symbols a', a n refer to additional ground- 
forms a' x nx , al fn * 9 different from the first, aj = 6*. The additional groundforms 
may include one or more linear forms, whose coefficients we are free to regard 
as variables contragredient to the x x , x 2l x 3 . Simultaneous invariants involving 
those coefficients are usually termed contravariants ; these demand no special 
treatment here. Covariants might be dismissed as equivalent to contravariants 
containing at least two sets of variables, but for convenience of application I 
shall state explicitly the process of deriving a covariant from a suitable function. 

* A single, non-symbolic operation for effecting such derivation is given by Prof. W. E. Story in the 
Proceedings of the London Math. Soc. for 1891-2. The operator consists namely of a product of two 
series, infinite in form, but having only a finite number of terms applicable to any given case ; each 
term denoting a particular succession of elementary substitutions. 
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§2. — Modified Method for Covariants, with Corollary. 

By the weight of a covariant we usually understand the exponent of that 
power of the modulus, by which the covariant is multiplied when its variables 
are transformed linearly. To be consistent, we must define the weights of a 
single term in the covariant in the following way. Let B* KL denote a term of 
degree g in the coefficients of a groundform a%, and of order in several sets of 
variables taken together : 

J^IKL ™" &iki * Q-VWV • ^i"fc"i" • • • • %i%%X$ • Xj Xg X3 • • • • J 

X(i) + X(k) + X(l) = ng, I (14) 

2(a)+Z(/?) + 2(y)=0. J 

Let /, K, L denote the three weights ; they must be equal to the expressions 

2(t) — 2(a), 2(&) — 2(/3), 2(0 — 2(y) respectively. 
Hence I+K+L = ng — 0. 

Moreover the three must be equal, and accordingly : 

/= K= L = \{ng — 0) must be an integer. (15) 

When a polynomial is given, every term of which fulfils these conditions with the 
same g and 0, — 

(B& L ) = XB& Li (16) 

then only the first step of Hilbert's process needs supplementing, in order to 
derive from (Bf KL ) a complete covariant. 

Solving the linear substitutipn (6), we find expressions for the x's in terms 
of the y's : 

< (££)** = «) } (17) 






The first step (p. 4) will now be to substitute in the polynomial (B& L ) for the coeffi- 
cients a m their equivalents in terms of the a m ,for the several variables (x Xf x,, x 8 ; 
x ii x %9 x $i • • • •) their equivalents in terms of transformed variables (y lf y i9 y t ; 
yi> yii !/s }••••) 5 ant ^ t° multiply the result by such a power of the modulus of 
substitution, (£>7?) , as mill make the product an entire function of the nine parameters 
£, >7, £. The multiplier is obviously not of higher degree than the th ; and as a 
superfluous factor here means merely a numerical factor in the final result, we 
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may always employ 

After this first step the result may be symbolized by 

The second step is the same as in §1, save that D. has an exponent slightly 
altered. Its effect is written symbolically : 

QV„+m .(&£)•. (5A t ) = J(5„ ; y). (18) 

Lastly there is to be included in the third step the replacement of variables (y) 
by variables (x) ; J(a ikJ ; x) is then a covariant, and the process by which it is 
derived from (Bj% L ) is perfectly determinate. 

This process enables me to verify neatly an important theorem, which may 
be given here as a corollary. Suppose that (Bj% L ) = F(a ild ) x, x') is a function of 
coefficients of a single groundform: a£, and of only two sets of variables: 
(ac lf x t , x 3 -j x[, x' % , Xg). Apply the operation described as the first step, and 
suppose further that an identity subsists as follows : 

{Zr£)\B* KL )=F(a ikl ; y , tj) = M. F(a m ; y, y>) + G x .d;+G,. a*. (19) 

(see formulae 9) ; G x and G 2 denoting entire functions of both coefficients and 
variables, if a function of parameters £, r[, £ only. By the second operation we 
obtain evidently : 

J(a ikl] y, y t ) = F(a ikl] y } y') . (n><»'+»°>Jf) + aj. (H^* 28 ^) + ^ . (n*<"'+ 2 *>(? 2 ). 

Hence the final result is a relation of the form : 

J(a m ; x, x?) = M f . F(a m ; x, x!) + G[ . a« x + Q' % . aj>, (20) 

in which M! is a constant, G[ and Gl entire functions of coefficients and variables. 
This is stated as a proposition thus, adding obvious extensions of the above proof: 

Corollary : If an entire homogeneous function of the coefficients of several 
groundforms and of several cogredient sets of variables, of suitable tceights, have the 
property tlvat every linear transformation of the variables reproduces the function, 
modulis the given groundform ; then it is possible to add to the function certain 
determinate multiples of the groundforms (written in tlie variables of each set 
separately), such that the sum is a covariant, i. e. reproduces itself with no additive 
terms upon every linear transformation of the variables. Applications of this 
theorem arise in the study of point-systems upon algebraic curves. 

Clark University, April, 1892. 



Note on the Use of Supplementary Curves in Isogonal 

Transformation. 

By IIollin A. Harris. 



1. The main object of this note is to show how the problem of repre- 
senting one plane conformably upon another, using any real function* of the 
variable, may be made to depend upon the problem of constructing supple- 
mentary curves from given tracings of the corresponding principal curves. 

2. It will be convenient to begin by determining the conditions for a 
monogenic function of the variable x + kw. 

X, W and x, w are real quantities; & = iy=\/l where t, /= \/ — 1. 
Suppose X, W to depend upon x, w, then the ratio of the change in X + JcW to 
the change in x + Jew will be 

dX+JcdW 

• (!) 

dx + Jcdw 

This ratio will be independent of the direction in which d(x + Jew) is taken, i. e. 
independent of the variable quantities dx, dw, if 

dX_dW dX = dW 

c5T dw ' dw dx ' * ' 

It may be noted here that unless equations (2) are satisfied the quotient (1) will, 

in general, become infinite when the variable x + Jew is taken along one of the 

two systems of lines 

w = ±l x + constant ; (3) 

but when equations (2) are satisfied this difficulty disappears, for the quotient is 

then equal to -~— + Jc-~— . 

ox ox 

♦The term u real function " wUl be applied to any monogenic function, X+ %Y,ot x+iy such that 
X remains unaltered when y is replaced by — y , and Y becomes — Yby the same substitution. 

34 
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3. Let $ denote any real function, and suppose q>(x + kw) to be developable 
by Taylor's theorem in powers of kw within certain regions of convergence ; 
then 

*(*) + |V'(*) + • • • = cosh ( u>|-) . +(x) = X, (4) 

™*>'(*) + fW) + • * ' = sinh ( 4) * * (aj) = Ff (5) 

which satisfy the conditions for a monogenic function. 

4. Isogonality in general. Let X, Y and a, y denote, in this paragraph, 
real or imaginary quantities. Suppose X, Yto so depend upon x, y that 

ax_ar M- — fU <*\ 

dx ~ dy ' dy~ Bx' W 

then at the intersections* of any two curves (real or imaginary), 



we have 



'--'(S).- te »-'(S) = '»-(!),- --(2D, w 



where the subscript indicates the curve taken and multiples of n are disregarded. 
If an angle be measured in the contrary sense, as compared with the others, its 
sign in (8) must be altered. If a measurement start in advance of the initial 
direction by a certain amount, this amount must be added to one or the other of 
the members of (8). 

Since X and Feach depend upon x, y, the relation y =/(*) leads to a relation 
between Xand Y. The curve, or portion of curve, (real or imaginary) repre- 
senting this relation and corresponding to y =/(»), is a complete image of 

y =/(*)• 

If, now, we define 

as the angle which a tangent to a curve makes with the X-axis, or the a-axis, it 
follows that the difference between two such angles belonging to the intersecting 



cX dY 

* It is assumed that at these points, — and — do not both vanish or both become infinite. 

oX cX 
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images equals the difference between the two corresponding angles of the inter- 
secting paths (7), regardless of the reality of the curves or angles. In this sense 
the angles are preserved. 

5. In like manner, if the variable point (x, w) be taken along any two inter- 
secting curves, and if X, W so depend upon x, w that 

dx dw ' dw dx ' 
we have, in general, 

-Kg),— "-(S).— 1 -o-*» >-£).• « 

where multiples of jit are disregarded. If one of the hyperbolic angles, 

tanh-r^V 

be reckoned from the IP-axis, instead of from the X-axis, and in the contrary 
sense, this relation becomes 

since 

tanh- 1 oo = & , tanh- 1 l=l£ — tanh- 1 a, 

2 a 2 

and multiples of jit are disregarded. 

This form is useful when a real hyperbolic tangent is numerically greater 
than unity. 

6. If y, =/(x), be such a function of x that its values are real or purely 
imaginary for all real values of x, the entire curve y=/(x) can always be 
drawn as a real curve in one or both of the two planes xy, xw where jw 
replaces y. 

If both planes are required for the curve, the part in the one will be said to 
be supplementary* to the part in the other. 

* Strictly speaking, the part in the one plane would have to be rotated into the plane of the other 
part before it could be called supplementary. For convenience this rotation may be left unperformed. 
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the plane xy , 
If y =/(.c) lie in the plane xw, 

the planes xy and xw, 

the plane XY. 
its complete image, by any real function $, lies in the plane XW. 

the planes XYtind XW. 

7. Measurement of hyperbolic angles. As a real angle whose tangent is known 
may be represented by twice the area of a circular sector, so a real hyperbolic angle 
whose hyperbolic tangent is known may be represented by twice the area of an 
hyperbolic sector. The radius of the circle is unity ; the hyperbola is rectangular, 
having its semi-axis equal to unity. The area (sj2) of the sector is connected 
with the true angle at the center of the hyperbola by the equation 

tan 6 = tanh s . 

This enables one to construct an hyperbolic protractor whose divisions represent 
equal areas. 

8. If the variable x + lew describe any two real intersecting paths in the 
arw-plane, and X -f- h W describe two real intersecting curves in the JfTF-plane, 
the angles of intersection will be preserved — all angles being measured with 
an hyperbolic protractor, and in accordance with §§4, 5. 

All straight lines cutting the a>axis at a true angle of dz 45° transform into 
straight lines cutting the Jf-axis at a true angle of ± 45°. If the cctr-plane be 
divided into rectangles by the pair of systems w = ± x + constant, the XTP-plane 
(or at least a certain portion of it) will also be divided into rectangles by the 
corresponding systems W= ± X + constant. 

9. Quasi images. The result of transforming any curve or point in the 
xw-plane to the JTFT-plane, by means of a monogenic function, may be called the 
quasi image of that curve or point. 

The last remark in §8 enables one to construct mechanically the quasi 
image of any given path in the xu?-plane, as soon as he has computed the real 
values of the transforming function corresponding to the real values of the 
variable x. For, the pairs of systems there mentioned determine all corre- 
sponding points in the two planes. 
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If X and W are each symmetric in a, w, then the quasi image of x=/(w) 
has the same equation as has that of w=f(x). If X is the same function of x, w 
as W is of w, x, then the equation of the quasi image of x=f(w) may be 
obtained from that of io=f(x) by interchanging Xand W. 

10. Application to the construction of curves supplementary to the true 
images of certain paths symmetric with respect to the x-axis. 

If y=f(x) denote any real curve symmetric about the cc-axis, its true 
image, whose equation is got by eliminating x and y from 

y=A x ) 

X + iY=q>(x + iy), 

is symmetric about the X-axis, q> being a real function. 

Now suppose / to be such a function that for certain real values of a:, y 
becomes a pure imaginary. Replacing y by jw (§6), we obtain a real locus, 
jw=f(x), supplementary to the real part of y=/(x). The quasi image of this 
is got by eliminating x and jw from the equations 

Jw=A x ) 
X+ijW= $(x + ijw) 

since &= ij. But this resultant is the same function of X,jW as the former 
resultant was of X, F; hence the following : 

The quasi image of the supplement of a given path is supplementary to the true 
image of the same path* 

(In representing a region of the ccy-plane conformably upon the JTF-plane, 
it is usually best to select very simple systems of curves for paths of the variable. 
Having thus determined corresponding points in the two planes, the image of 
any given path can be drawn at once.) 

11. Special case. The quasi image of x = a is supplementary to the true 
image of x = a . 

If the function q>(x) have a focusf upon the X-axis, this point is a real focus 
of the true image of the system x = constant J. For, the quasi image of the line 

* The X-axis is now supposed to coincide with the Xaxis. 

t i. e. a point in whose immediate vicinity the transformed elements are indefinitely small in 
comparison with their former magnitude. 

I The nature of <P , and the particular focus chosen, when there are several such foci, determine the 
limits between which this constant may be taken. 
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x = a (because it crosses the X-axis and passes through opposite angles of the 
elementary rectangles into which the XTP-plane is divided by the systems 
W = ± X + constant) must touch the two lines in the XIF-plane passing 
through the focus of the function making angles of dz 45° with the X-axis. 
Now these two lines, when referred to the XF-plane, still pass through 
the focus of the function ; they also pass through the circular points at infinity, 
and are imaginary lines tangent to the true image of x = a, which is supple- 
mentary to the quasi image of x = a . 

Example. If $ = sine, the quasi image of the system x = constant is a 
system of ellipses inscribed in a square having two of its opposite corners at the 
points X= dz 1, TP= which are the foci of $(x). Consequently the true 
image of the system x = constant is a system of confocal hyperbolas having the 
points X= zfc 1, F=0 for foci. To construct the system of ellipses mechani- 
cally (§9), lay off upon the X-axis the values of sin x as x varies uniformly from 
— 7i/2to +7i/ 2. Draw two systems of straight lines cutting the X-axis at 
angles of zfc 45°, and join the opposite corners of the elementary rectangles 
thus formed ; the curves are the required quasi image of the system x = constant 
by the function $. 

1 2. Suppose 

X+kW={x + hv)* f 

and let x + ho move over the straight lines 

x= a, 10 = mx\ 

X+^TTwill describe a parabola, and a straight line passing through the focus 
of the supplementary parabola. 

.\ Given any parabola of the second order whose axis of symmetry is 
made to coincide with the X-axis, and any secant line passing through the focus 
of the supplementary curve ; let tangents be drawn at the points of intersection : 
the one will be inclined as much to the X-axis as the other will be to the 
TT-axis, — the angles being measured in opposite directions (§§4, 5, 7). 

If 

X+JcW={x + Jcw) n , 

where n is any integer greater than unity, and x + Jew move as before, the above 
statement holds true if the words " any parabola of the second order " be replaced 
by " certain curves of the nth order." 



m Iaogcmal Transformation. 



If 



and x -\ lew move over the straight lines 

x~ a, w=. h, 
X + iTPwill describe a circle and a rectangular hyperbola. If they intersect, 
let tangents be drawn to the two curves at a point of intersection. The tangent 
to the circle cuts the one asymptote at the same angle as the tangent to the 
hyperbola does the other. 




13. The accompanying figures illustrate the simple case where 
X + iY={x + iy)\ 
and where the variable is taken over the systems x = constant and 
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a* — 1/ = (constant) 8 . Of course X + %Y will describe a system of confocal 
parabolas aDd a system of straight lines parallel to the F-axis. 

Figs. 1 and 2 may remain the same for various transforming functions ; 
Fig. 3 is obtained from Fig. 2 by mechanical construction (§9), ty{x) having been 
laid off upon the X-axis. 

The problem which this note leads up to, is that of passing in general from 
Fig. 3 to Fig. 4 ; i. e. from certain given curves to their supplementaries. 




hi Isogonal Transformation. 




Fio. 8. 
Scale 1 that of Figs. 1 and 9.) 
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Fig. 4. 

(Scale i that of Figs. 1 and 2.) 



On the Higher Singularities of Plane Curves. 

By Charlotte Angas Scott. 



1. The question of the analysis of Higher Singularities is one whose 
importance has been recognized from the time of Cramer. Two of the 
principal methods of dealing with it — by expansions, and by successive quadric 
transformations — are used in his " Analyse desLignesCourbes"; the explanation of 
the principles involved, and the development of the theory, belong to the present 
day. The memoirs to which reference is made in this paper are those by 
Cayley, "On the Higher Singularities of a Plane Curve," 1866 (Quarterly Journal, 
VII, 212), and H. J. Smith, "On the Higher Singularities of Plane Curves," 
1873-6 (Proc. of the London Math. Soc. VI, 153), and the series of papers by 
Brill and Nother in the Mathematische Annalen, IX (1876), XVI (1880), XXIII 
(1884), etc. 

2. The question consists of two principal parts. In the first place, in the 
case of any composite singularity the methods enable us to assign numbers 8, x, 
for the nodes and cusps that would produce the same deficiency and the same 
reduction in the class of the curve as the singularity in question. But these 
being determined, there is then the geometrical side to be considered. Is there 
any geometrical reality corresponding to this algebraic symbol ? Do the numbers 
8 , x, express actual facts, or are they a conventional representation of the point 
to satisfy Plucker's equations ? i. e. having determined that a certain compound 
singularity is equivalent to 5 nodes, x cusps, etc., is there a penultimate form in 
which these singularities exist indefinitely near together ? This question is to a 
certain extent resolved by Cramer, in special examples, by means of the trans- 
formation yz=Lvxf he shows, for instance, that certain singularities with coin- 

* It is noticeable that Newton uses this transformation, y = xy , in his Enumeratio Lin. Ter. Ord., 
calling the curve so obtained a hyperbolism of the original curve. 
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cident tangents occur as the final form of singularities with distinct tangents, 
involving a number of evanescent loops ; the ordinary cusp thus presents itself as 
a node with an evanescent loop. Taking, e. g. (p. 636) the curves 

x 5 = ax 4 + bx?y + C7?y l + dxy* + exf, (1) 

Cramer applies the transformation (y = ux) 

x=x^ y = x 1 y l . 
This gives us a new curve, 

x l = a + by l + cy\ + dy{ + ey\; (2) 

both curves being referred to the same axes we have a simple construction for 
determining corresponding points. The intersections of (2) with the axis of y 
determine the passages of (1) through the origin; an arc of (2) cut off by the 
axis of y corresponds to a loop of (1) closed at the origin. If, e. g., all four 
roots of the equation a + bz + cz* + ds? + ez 4 = coincide, (2) has a 'serpente- 
ment' presenting the appearance of ordinary contact; (1) has at the origin a 
point that presents the appearance of a simple cusp; but the cusp contains three 
vanishing loops, and is really a quadruple point. Again, on p. 638, Cramer uses 
a higher transformation 

by means of which he reduces 

x 6 + ax*y + cxV + dxtf + e\f = (3) 

to depend on the conic 

A + a*2 + c + dy % + eyi = 0. (4) 

This transformation is of course equivalent to the two 

x = xx f y = xiy x ; x Y — x# % , y Y — y % \ 

but Cramer uses it in the form first given. Intersections of (4) with either axis 
indicate passages of (3) through the origin, the interpretation differing some- 
what for the two axes ; and by considering the different possible varieties and 
positions of the conic (4), Cramer obtains all the varieties of the quadruple 
point on (3). 

3. These same two transformations (i. y = vx, ii. x = t?y) are used by 
Nother in his paper " Ueber die singularen Werthsysteme einer algebraischen 
Function," etc. (Math. Ann. IX, 166), which is devoted to the development of 
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the analytical theory ; his conclusion is that any compound point-singularity, a 
multiple point of order Jc, is made up of a simple A>point, with, in directions 
indicated by coincident tangents, other multiple points of orders ]J> k ; with a 
number V of branch points, which with the same number of double points form 
V cusps ; so that for the resolution of the singularity we have 



5 = ^M^Zi)_7; X = V. 



4. This theory is presented by Nother as a purely analytical one, involving 
no dependence on geometrical ideas even when geometrical terms are used. 
But by this exclusion of geometry the investigation does not gain in rigor, as 
regards the analysis of higher singularities of algebraic curves; and it fails to 
show very clearly the existence of the various elements of the compound singu- 
larity. The actual significance of the transformation and resolution appears at 
once when we make use of the geometrical method of Quadric Inversion, 
described by T. A. Hirst in the Proceedings of the Royal Society, March, 1865. 
For convenience and completeness I shall reproduce, with obvious extensions, 
such of Dr. Hirst's results as are necessary for the main object of this paper, the 
Graphical Analysis of Higher Singularities. There is of course no occasion for 
this purpose to recognize any non-projective distinctions. 

5. We have a fixed origin 0, and a fixed base conic. Points collinear with 
regard to 0, conjugate with regard to the conic, are said to be inverse. If 01, 
OJ&re the tangents from to the conic, the inverse of a straight line is a conic 
through OH; the correspondence is therefore a 1 . 1 quadric correspondence, 
with 0, /, «/*, as fundamental points, and we have different cases, depending on 
the relative position of 0, /, J; (1) if the conic be a proper conic, and not on 
it, the three fundamental points are distinct; (2) the conic may be a line pair, 
and not on it, which implies the coincidence of /, J; (3) the conic being a 
proper conic, may be on it, in which case /, 0, «/*, are consecutive points on 
a curve of finite curvature ; or finally (4) the conic may degenerate, and may 
be on it, this happens when OIJ are collinear ; this case need not be considered, 
as it is simply 'harmonic projection.' It is convenient to call the polar of 
with regard to the conic the base line. 

If the curve to be inverted passes through any of the fundamental points 
0, /, J, then the fundamental lines IJ, 01, OJ, will present themselves in the 
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inverse ; they are, however, to be rejected, and the residuum is to be counted 
as the proper inverse. Thus, e. g., the inverse of a line OP through appears 
as OP . IJ. Rejecting IJ, we have : the inverse of a line through is the line 
itself; and similarly, if IJ are distinct, and A a point on the base conic, the 
inverse of I A is J A. This gives a convenient construction for the inverse P t of 
a point P\ let IP cut the base conic in A, then J A meets OP in P. 

6. From the definition it appears at once that the inverse of any point on 
the base line is the origin, and that consequently h intersections of a curve with 
the base line give, on the inverse, a &-point at the origin. Similarly, in case (1) 
for the relation of / to 01, and of J to OJ. Thus a curve of order w, with 
points of multiplicity t,/, h at /, «7, 0, gives a curve of order n', with points of 
multiplicity i' t f, Id ; where n' = 2n — i — j — k, 

i' = n — i — k, 
f = n—j—k, 
k' = n — % — j. 

If however we take //coincident (case (2)), then an intersection with 01 gives 
a branch touching the base line ; thus corresponding to points on 01 we get a 
number of branches with contact at /. And if we take 10 J as in case (3), we 
get branches having three consecutive points common. 

Thus the inverse of a conic not passing through the fundamental points is 

(i) a quartic with dps at 0, /, J; 
(ii) a quartic with a dp at 0, and a tacnode at /; 
(iii) a quartic with an oscnode at 0. 

7. The formulae of transformation are obtained at once ; for the three cases 
we get 

(1) x:y : z = xV : yV : od}/ ; 

(2) x : y : z = rfz! : y f zf : od l ; 

(3) x : y : z = a/ 2 : dy* : — (scV + 2mi/ 2 ) ; 

to a projection of one or other of which, as is well known, the most general 1 . 1 
quadric transformation can be reduced. 

8. Applying the method to the analysis of higher singularities, we notice in 
the first place that a multiple point of any order, with a number of coincident 
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or distinct tangents, gives in the inverse, if not on a fundamental line, a multiple 
point of the same nature. Again, since a straight line not passing through a 
fundamental point becomes a conic, we see that inflexions may be gained or lost; 
and similarly for double tangents. The method, then, is directly applicable to 
the consideration of singularities only as point-singularities. 

9. Attending only to cases (1), (2), the base line does not pass through the 
origin. Let a branch cut the base line in Z\ to study the inverse it is convenient 
to mark off and number corresponding divisions (Fig. (1)). 







Base J*ine 



Parallel to baseline 



Fig. 1. 
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Let the branch cutting the base line at Z pass from 1 to 3 ; its inverse has 
therefore to pass from V to 3' through 0, and so describes a branch through 0, 
having OZ as the tangent there. If, however, the branch through Z has OZ as 
the tangent, it passes from 1 to 2, and its inverse, passing from 1' to 2f, and 
touching OZ at 0, has an inflexion there ; and in general a branch having with 
OZ at Z contact of order n gives a branch having with OZ at O contact of order 
n + 1. 




Fia. 2. 

10. Next let the curve cut the base line in two points Z X Z 2 (1) on the same 
branch. Theinverseof the arc ^T 7 ^ (Fig. (2))is the loop 0T0, T being inverse 
to T. If then the points Z X Z % close up, the arc included vanishing, so that we 
have ordinary contact with the base line, the loop 0T0 closes up, and is finally 
evanescent, with coincident tangents ; we have then, corresponding to a branch 
in 1 , 4 with contact at Z, a branch in 1', 4', having contact with OZ at ; we 
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have, that is, a cusp (Fig. (3)). The simplest cusp, then, presents itself as an 
evanescent loop with a node. 




Fia. 8. 



(2) But the points Z X Z % need not be on the same branch ; they may coincide 
owing to the presence of a double point at Z. In this case we have a tacnode 
at 0. To see how this arises, consider the penultimate form, with the double 
point Nnot on the base line, but indefinitely near to it (Fig. (4)). We have 




36 



Fia. 4. 
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then in the inverse a node 0, due to Z X Z % , and a node 
get a tacnode, Fig. (5), with OZ as tangent. The doul 
inversion, sheds one double point, and preserves the othi 




(3) Again, the points Z X Z«, being on the same bi 
account of a cusp. Now we already know that a cusp a: 
loop with a node ; if then the cuspidal tangent does not ] 
the resolution as in Figs. (6), (7), the cusp giving rise to 




Scott : On the Higher Singularities of Plane Curves. 



309 



resolution into two nodes and an evanescent loop is here shown. It may be 
noticed, too, that the presence of the inflexion in the ramphoid cusp is shown by 
the one tangent from to the evanescent loop NZ X Z 2 . If, however, the cuspidal 
tangent passes through 0, it inverts, not into the conic of curvature as in Fig. (7), 
but into a straight line, and the inverse of the ceratoid cusp is a ceratoid cusp in 
appearance, but it is equivalent to a simple cusp with an extra node, i. e. to 
y* = x 5 (Figs. (8), (9)), and involves two inflexions, indicated by there being two 
tangents from to the loop NZ X Z % . 




Fta. 8. 




11. If now we have three coincident points on the base line, we get at a 
triple point, differing according to the cause of the threefold coincidence. This 
may be (1) an inflexion. Resolving this in the recognized way, we see that the 
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invisible singularity resulting is really (Figs. (10), (11)) a triple point with two 
evanescent loops, i. e. it is equivalent to one node and two cusps (Cramer, p. 610). 




Fig. 10. 




Fio. n. 
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(2) There may be on the base line a node, the base line being a tangent; 
displacing this slightly, we see that the inverse has a cusp with an ordinary 
branch passing through it ; the singularity is a triple point 0, with a neighboring 
double point N f , and it contains one cusp (Figs. (12), (13)). 
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(3) There may be a cusp with the base line as tangent. Resolving this 
(Figs. (14), (15)) we have two evanescent loops, combined with a triple point 
and a double point N'. The singularity, then, while presenting the appearance 
of an inflexion, gives 5 + x = 4, x= 2. 

Displacing the components of the triple point 0, we have Fig. (16). 




Fio. u. 



(4) If the threefold coincidence on the base line is due to a triple point, this 
presents itself as a triple point in the immediate neighborhood of ; we have 
then two consecutive triple points. 
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A 





Fig. 15. 



Fig. 16. 



12. Reversing the process, we see that a singularity at 0, when inverted, 
sheds the multiple point of highest order k, this being represented by k points 
on the base line ; some or all of these will coincide if the singularity has coinci- 
dent tangents, and for each such coincidence we have on the base line a multiple 
point of order Td (kf^>k). The original singularity of order k is therefore 
equivalent to a simple Appoint, together with singularities of orders #, A/', etc. 
(#<&). Similarly in dealing with the intersections of two curves, at a point 
which is an t"-point on one, a Appoint on the other : the obvious number of inter- 
sections is ik ; but if any of the tangents are the same for the two curves, there 
will be neighboring intersections. To detect these, we clear away the ik already 
found, by means of a single inversion (Nother, Math. Ann., XXIII, 323), and the 
next group of intersections is thus exposed. 

13. Returning to the singularity on the one curve, let the order > k, and let 
there be k coincident tangents ; we have then on the base line k coincident points. 
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We have, that is, a singularity of order #, # }> &. If Td < Jc, the base line is a 
tangent to one or more branches, and therefore a certain number of evanescent 
loops present themselves, indicating in the resolved singularity the presence of a 
certain number of cusps. 

These cusps necessarily present themselves when a Appoint has to be made 
by I branches, 7<&. Thus, e. g., if one branch has to make a triple point, it 
must turn back twice, and there are two cusps. In general, for a single branch 
to make an a-point, the inverse — also a single branch — must meet the base line 
in a points, giving contact of order a — 1 , and we have therefore x = a — 1 
(H. J. Smith, L. M. Soc, VI, 161, 170). 

14. The geometry for the analysis of a singularity is the same whether U 
are distinct or coincident. For special lines of reasoning it may be convenient 
to take //separate, e. g. in H. J. Smith's paper the curves are generated by two 
pencils whose vertices may be conveniently taken for /, J. But in transforma- 
tion it is essential that the branch to be inverted shall not touch 01 (or OJ)\ and 
yet the transformations are more conveniently followed if the tangent is a side 
of the coordinate triangle. Thus the second form of the transformation, that 
with IJ coincident, is the most convenient for the analysis of singularities. 

15. The formula are 

the singularity being at xy with y=0 as the tangent, and the inverse at tfrf. 
If then we use Cartesian coordinates x, y , 1 , and write xf : if : 2! = 1 : y x : ar lf the 
singularity is at xy and its inverse at a^; the formulae are x — x l9 y = xa/i, 
which is the Cramer-Nother transformation. Here y=0 (the same line as 
y x = 0) is a tangent ; x = is any line through the singular point, inclined at a 
finite angle to the tangent considered — call this the axis ; x x = is the third side 
of the fundamental triangle, the base. Thus the singularity is inverted along a 
tangent, from its intersection with the axis to its intersection with the base. 

The process simply splits up the compound singularity into a number of 
simple singularities; i. e. it shows how the singularity with coincident tangents 
is made up of singularities with distinct tangents. No application of the method 
of quadric inversion will replace a &-point by the equivalent \k{k — 1) nodes; 
the most that it can do is to separate the multiple points (Nother), and replace 
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the cusps by evanescent loops. The simple A-point may then, however, be further 
resolved by displacement (e. g. Brill, Math. Ann., XVI). 

16. As an example, take the curve 

xY = z\ 

which has compound singularities at xz, yz. 

x i = z l 

gives as first inverse x\ = zj . 

Here the base is the tangent at a triple point. Inverting along this tangent, we 

get for the second inverse 

asg= 25; 

so the point x{ = zj is that illustrated in Figs. (10), (11), a triple point with two 
evanescent loops. Inverting this, we get the original point, a quadruple point 
with a neighboring triple point,* these implying 9 nodes and cusps. The 
presence of the three loops shows that there are three cusps ; we have therefore 

5 = 6, x= 3 
(Figs. (17), (18)). 

The other singularity, ^zziz 7 , gives as the first in verse y[ = zj , the same 
point, but with the base line not a tangent. Figs. (19), (20) show that the original 
singularity is made up of two triple points, involving two cusps: i. e. 5= 4, 
x= 2. 

The curve a?V = z\ which presents the appearance of Fig. (21), is therefore, 
in its resolved form, represented by Fig. (22).f 

* In Fig. 17, the elements of the triple point are drawn separated by the base line ; in the original 
the triple point therefore presents itself as three nodes. 

t That the numbers obtained by this process agree with those obtained by means of the expansions 
appears at follows. Let the branch be made up of k partial branches, giving expansions 

y = x a » + <c*+ 

the transformation y=-xy reduces these to 

y = « a »"- 1 + a^»~ 1 4- etc. 

Every exponent, and consequently the exponent at which any two expansions separate, is reduced by 
unity ; i. e. since there are k expansions, twice the number of intersections is reduced by k(k — 1), and 
therefore the singularity sheds a point of order A;, etc. 

37 




Fid- * 7 * 







FiQ. 18. 



Fig. 28. 




Fig. 19. 
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17. As a further example, take 



y 6 — 2&Y + s 8 — 9aV = 



(1) 



a curve having at the origin a singularity affording the expansions of Professor 

Cayley's paper in Vol. VII of the Quarterly Journal, and giving h = 16, x = 5. 

The inverses are 

V\ — 2x#J + x\ - 9x\y\ = (2) 

Vt — 2actfJ + aS— 9a^| = (3) 

yf — 2jc^ s + xf — 9jc?24 = (4) 

In this, write x s — y 3 = tij, and it becomes 

«l — %l ("a + y 8 ) 3 = 0. 

It is convenient to start afresh at this point and analyse independently the 

singularity 

y 2 — dx'ix + yf = (5) 

We get yf-9*I(l + 3/i) 8 =0 (6) 

y\- 9x1(1 + x t y t ) s = (7) 

y\— 9xi(l + x& 8 ) 8 =0 (8) 

y!-9x 4 (l + x& 4 ) 3 = (9) 

giving Fig. (23), which shows the nature of the singularity on (5). 





Fig. 28. 



w 




yS 




y3=o 



FlO. 84. 



320 



Scott : On the Higher Singularities of Plane Curves. 



The transition from (5) (i. e. (4)) to (3) is shown in Fig. (24), the straight 
line on which lie the four nodes being now curved into a conic* 




Fig. 25. 



* In Figs. (28) to (26), for the sake of distinctness, the tangents are more widely separated than is 
justified by the construction ; and the two branches that cross and recross at 1 . 2 . 8 . etc. are drawn with 
inflexions, as the scale is too small to keep them distinct in any other way. 
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The line ar 2 = (i. e. x* = 0) meets (3) in four points ; the base line meets 
it in two. The transition from (3) to (2) introduces therefore one more node, so 
the first inverse of the given curve has six dps, consecutive points on some curve ; 
one of the dps being a cusp (Fig. (25)). 

In passing from (2) to (1) the base line is x x = 0, meeting the curve in six 
points ; this finally introduces the sextic point, as in Fig. (26). 



\ 



\ w 




/A 



.■■B 



- C 



^». 



'~-Jf 



\ 




\ 



Fig. 26. 



The sextic point giving 15 nodes, with 5 loops, we have 

S + * = 15 + 6 = 21, x= 5, 



the numbers given in the paper referred to. Displacing slightly the components 
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of the sextic point, Fig. (27), the course of the curve is made more distinct. The 
appearance presented is that of a ramphoid cusp. 




Fia. 27. 

18. Applying the process to y m = x p (p prime to m and >wi) (Halphen, 
44 M6moire sur les points singuliers des courbes algebriques planes," Article II) 
the first inverse is 

the second is yj 1 = x\ "~ ,m , 

and so on, till the exponent of x is less than the exponent of y . 

Let 

p = mk 1 + q, 

m = qk 2 + r 1 

q = r Ag + s, etc 



j 



(i) 
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Reducing to the form y m = x q , q<^m, we see that the base is now the tangent, 
and meets the curve (the kf h inverse) in m points. There are therefore in 
the original m — 1 cusps, i. e. x = m — 1. Further, we have resolved the point 
into k x consecutive m-points, together with the dps that are given by 

y m = x«(q< m). 

We have then, if denotes the number of nodes in the singularity 

y m = x*{p>m), 



This gives us 



h = h x m(m-l) 3. 



m,p x 2 2 2 

= i {(P- <?)(™ - 1) + (m — r)(q-l) + (q-s)(r- l) + . . . . } 
from formulae (1), in which the last of the quantities^, m y q y . . . . is= 1. 

^ =*{ (P~ 2) m + ( m — r)q + (q—s)r+ . . . .1 
' ' m.j) *(_ — p + q — m + r — q + s....+l J 

— \\pm—p — m + 1} 

_ (p-l)(m-l) 
2 ' 

We get therefore, for the point-components of the singularity y m = x p , 

x = m-l,h + x = (p-l){m — D ( Halphen> ) 

As was explained in §8, the process does not ordinarily enable us to count 
the inflexions, though in certain cases they can be detected by means of the 
tangents from 0. In each inversion used in the present example, the tangent is 
either the original tangent or the base line; and consequently, there being only 
one complete branch, the inflexions can be counted. The number given by 
BrilPs formulae (Math. Ann. XVI, 400)^ — m — 1 , presents itself as follows : 

The first inverse is y™ = xf ~ TO . 

(i) If now p — m<im, so that x x = is the tangent, this singularity con- 
tains p — m — 1 cusps ; each of these indicates an evanescent loop ; not being 
on the coincident tangents, there is from 0, to each of these loops, one tangent; 
these tangents from give inflexions on the original, in number p — m — 1 ; 
and this being the only way in which inflexions can occur in the singularity 
considered, we have for the total number p — m — 1 . 
38 
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(ii) If p — my>m, y 1 = is the tangent, and meets the inverse in p — m 
points; there being only one branch, this gives p — m — 1 contacts, and there- 
fore in the original p — m — 1 inflexions. 

Finally, knowing that the equation of the reciprocal of the curve y m = xP is 
of the same form, and that the reciprocal singularity contains p — m — 1 cusps, 
m — 1 inflexions, we see that the reciprocal singularity has an equation u v "~ m =.v p \ 
and therefore we have 

T+ t = ( ^~ 1)(y 2 ~"'~ 1) , t = i>-m-l. 

Thus e. g. x*y* — 7?. 

The 3 . 8 point gives 5 + * = 7, x = 2, 

t=4, r + t = 14, 
i. e. 5 = 5, x = 2, r = 10, i = 4. 

The 5 . 8 point gives 5 + x=14, x=4, 

i = 2, r + i = 7, 
i. e. 5 = 10, x = 4, r = 5, i = 2. 

19. In the case of a singularity with coincident tangents, the danger in 
separating the tangents is that the neighboring multiple points may be 
destroyed. But these are indicated by multiple points on the base line ; we can 
therefore separate the tangents, provided that, on the inverse, no multiple points 
are thereby lost in the immediate neighborhood of the base line ; and we can 
substitute nodes and loops for the cusps, by displacing the base line so that there 
may no longer be contact. 

Take for example the curve (Cramer) 

(2/-**) 8 -xY=0, (1) 

this has two consecutive triple points, involving two cusps. The first inverse is 

(yi-*i) 8 -s?^ = 0, (2) 

which by the substitution y x = x x + t^, becomes 

vl — x\(x l +u i y=0. (3) 

The inverse of this, obtained by x x = x 2 , u x = x 2 y 2 , is 

y* — x t (l+y t y = 0. (4) 
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■ 

The curve (4) has an inflexion at x^y 2 ; no multiple points are lost if we resolve 
the inflexion in the ordinary way, separating the three consecutive points by 
writing y % {y % — ^(2/2 + %) instead of y\. We get then, instead of (4), 

(yi — X)y* — *.( 1 + y 3 ) 8 = ; (4') 

instead of (3) we have 

(uf — tfzrK — *?(*! + u,y = ; (30 

instead of (2), {(y l — Xi y-^x\}(?j l — x 1 ) — ^ ! A=0. (20 

In passing to (1), x x = is the base line, and it passes through the triple 
point at Xiy x \ take instead as base line x 1 = (i; i. e. change the x x into x l ~\- (i; 
and we get 

which gives us, instead of (1), 

{(!/ — ** — {**Y — Vx\x + [*y\\y — x* — fix} — xif{x + ii)* = 0. {V) 

This has the two triple points separated, they being now at . and at — (i . 0. 
The tangents at each are separated, and the cusps represented by loops. 

If however we take y 3 = x*, which gives as the first inverse yl = xl, we 
cannot separate the three points on the base line ; for by so doing we should 
destroy a dp. But we may substitute for y\, y\(yi + 51) , which reduces the cusp 
to a node and loop; and then take a new base line which does not pass through 
the node, as in the last example. 

Bryn Mawr College, Bryn Mawr, Pa., June, 1892. 
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Introduction. 

• 

In his memoir on Matrices (Phil. Trans. 1858) Prof. Cayley enunciated the 
theorem : " The determinant, having for its matrix a given matrix less the same 
matrix considered as a single quantity involving the matrix unity, is equal to 
zero. 77 The equation implied in this theorem is known as Cayley's " identical 
equation. 77 Subsequently (in the Mess. Math. Vol. XIII, p. 139), Mr. A. R. 
Forsyth gave a proof of this identical equation for matrices of the third order, 
based upon the solution of a system of linear difference equations.* Forsytes 
method is applicable to matrices of any order. Considerable simplicity is gained, 
however, by the employment of non-scalar equations instead of the scalar equa- 
tions employed by Forsyth. 

I have employed this modification of Forsytes method to prove Sylvesters 
law of latency and Sylvester 7 s theorem. In addition I have by this method 
investigated the existence of roots of matrices for different indices and in 
particular the roots of nilpotent matrices. 

For valuable suggestions in the working of this paper I am indebted to 
Dr. Henry Taber. 

* Sylvester stated (in the Johns Hopkins Univ. Circ. No. 28, 1884) that a proof of the identical 
equation could be obtained by the method of linear difference equations. 
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§1. — Representation of a Matrix. 

In obtaining the representation of matrices by the method of difference 
equations, I shall make two general divisions : I, in which all latent roots are 
different from zero, and II. in which some latent roots are zero. 

I. Latent roots ^z 0. — When the latent roots are different from zero, it will 
be found convenient to distinguish between two cases (a), in which all the latent 
roots are distinct, and (b), in which there are groups or sets of equal latent roots. 

(a). All latent roots distinct. 

1. The method readily presents itself on considering a few examples, as 
follows : 

1). — Matrix of order 2. 

Suppose q> = '$ n ty xl , where $ n , $ K , etc., represent the constituents in the 

$*i $w 
positions indicated by their suffices. 

Define integer powers of $ by <£ n+1 = $ . q> n ; and let 
We have then 

<(*" +, )n (4> n+ v = ( <fci *i,y(r) n (*%?. 

Expanding the right-hand member we get the equations 

(p+% = <p ll (<p n )n + <P»(r)tu 

etc., etc. 

The left-hand member of the first equation is E(q> n ) n , and of the second 
equation is E(q> n ) n , where E is the enlargement symbol of finite differences. 

If we multiply the first equation by q> a and subtract from the product the 
second equation multiplied by <p l2 , we get 

{ E 2 - (fc, + $ n )E + <p n <p 2S - $ 12 <fc, \ ($ n ) u = , 
or (E— g l )(E — g ? )(q> n ) n = 0, where g x and g % are the roots of the equation 



$n — « $12 

$21 $22 — « 



= 
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The function $ n — x $ 12 is called the latent function of $ ;* g x and 

i 

I <fc»l 4>22 — ^ 

g% are called the latent roots of $. 
Similarly we obtain 

(E- gi )(E- gi )(p) lt =0, 

and generally 

(E- gi )(E-g % )(p) n = 0, 

The solution of this difference equation is 

(<p n ) r , = A r ,g?+B rl gZ, 

where A n and B ri are constants determined by giving n successively the values 
and 1. 



r 
a 



}=1, 2. 



•'. -"« 



r§ 



(l)r 1 
<?>r8 02 



i #r« 



1 (l)r. 

<7l <?>i* 



and A = 



1 1 
9i 9% 



We may write instead of the above equation, 

$ = A$ x + B g 2l where 4 = 



and B n = 



1 


1 


<?> 


& 


A 


1 


1 


9i 


$ 



(i. e., we may substitute for the scalar difference equations non-scalar ones), 

Since ^n _ ( g n( g% _ ^ g n(Q n _^ £*(_ <£„) + gfo > 

A T " A A 



9ii—Jhn) +jS$n 

A 



_ 9i {9% — *) + 9j($ — 9i) 



^9* — <b*) + flfftoij — 2l) 

A 



A ' A 

= -4 grJ + jB^*, which is the solution of (E — g Y ){E — g % )q> n = 0. 
Similarly it may be shown for matrices of any order. 



In general of = ( fri^u. 

0810M 



0]» ) , then 



0«i 
m _j0forr:fc« 



.* 



9n — a; 0ia <P\» 

0ii 9m — Z'.9i* 



? wl 



Pww — a; 



is the latent function of ? 
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2). — Matrix of order 3. 

Suppose <p = ( , <p n <p n $ 13 > and <p n = \ {<p n ) n (<p n ) n ($ n ) 13 1 . 



$21 $22 $28 
$31 $32 $33 



($^21 ($ n )22 ($ n )23 
($ n )31 ($ n ) 3 * ($ n )83 ! 

Proceeding as in the previous case and forming the difference equation, we get 
(E — 9\)(E — g*)(E — <7 3 )$ n = 0, where g x , g 2l g$ are the latent roots of <£. 
The solution of this is 



and A n = 



1 1 1 




1 1 1 


4> 9* 93 

$* g\ 9% 


i 

!, B = 


9i$ 9s 
9\ <*>* 9\ 


A 


A 


1 1 1 




1 1 1 


9i9t1> 
9\9\V 


, A = 


9\ 9t 9s 
9i9l9s 



C n = 



3). — Matrix of order co . 

Suppose <p has as latent roots g lt g 2 , g 3 , • . . . g„. 

Forming the difference equation we get 

(E- g x ){E -g t )....{E- g„)<p n = , 
the solution of which is 

p = Atf? + B g2 + .... +}¥<#:. 

Giving n successively the o> different values 0, 1, . • • . , c* — 1, we get o 
equations linear in A , B , etc., which are sufficient to determine A , B Q , etc., as 
follows : 



A n = 



1 


l . .. 


. 1 


$ 


g 2 . . . 


• g* 


• 


• • • 


• . 


• 


• • • 
• 


• 

• 
• 


q>— 


"'tfT 1 .. 


• ,7w 



, and similarly, for B , C , etc., 



A = 



1 


1 . . . 


. 1 


9i 


9% • • • 


• 9~ 


m 


. • • * 


• 


• 


• • • 
• 


• 

• 

• 


9V 


-fl-.. 


■ gr l 
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2. Powers of <£. — The matrix all of whose constituents are zero except 
those along the principal diagonal, which are units, is called the matrix unity 
and is generally denoted by 1 . 

If from the array of constituents representing a matrix <£> we form another 
matrix O by replacing each constituent of the first array by the logarithmic 
differential derivative with respect to that constituent of the determinant of the 
array, then the product of <p and the transverse of O in either order is the matrix 
unity. 

The transverse of O, written 4>, is denoted by 4> _1 and is termed the 
reciprocal of $ . 

From this definition of the reciprocal, which is as given by Sylvester (Am. 
Jour., Vol. VI), we see that a matrix has no reciprocal when any of its latent 
roots are zero. 

We may observe that the expressions for A 0l Z? , etc., as given in the pre- 
ceding examples, are functions of $ containing the (g> — l) th and lower powers; 
and consequently we have a formula for expressing all other powers of <p in 
terras of these. 

3. A 0l B , etc., are idem potent and mutually nilfactorial. — The formula for 
$ n gives 

or dr = (» — ft)(9 — ft) • • • -(ft — ftb . + ( ft— ftXft — ft) - - -(ft — ft) «, . 
(ft— ftXft— ft) (ft— ft) (ft— ft Kft— ft) (ft— 9*) 

+ (ft — ftXft — ft) * • • « (ft — ft-i) g » 
(ft.— ftXft— ft) (ft— ft-0 

since J = (ft ~ ftXft ~ ft) !.• - (ft ~ ft) 
° (ft — ftXft— ft) (ft — ft) ' 

B _ (ft — ftXft — ft) - - - • (ft — ft) etc 
(ft— ftXft — ft) — (ft— ft) ' 

Writing a scalar symbol x for $ in the above formula we have 

x- = ( g ~ 9%)( x ~ ft) • • • * (z— ftL *. + (g— ft)te — ft) — te— &.L . , etc 
(ft-ft)(ft— ft) — (ft— ft) (ft— ftXft— ft) • • • • (ft— ft) 

an equation in x of the degree cj, whose roots are gr lf gr 2 . . . . gr,,, as is evident 
39 
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on substituting g x for x. g t for x, etc.. in the equation. The equation may then 
be written as follows : 

(x — g x )(x — g t ) (x — g m ) = 0, or replacing x by $ we have 

(♦ — 9i)(<P— 9t) (♦ — 9m) = 0. 

Again the formula for q>* gives 

1=A + B,+ +W ; 

A — A 2 

. . XI q — .tig, 

B =Bl, etc., 

since A B 01 A C 0l etc., contain all the factors of the above equation and there- 
fore vanish. 

This proves that the letters A , B Ql etc.. are idempotent and mutually nil- 
factorial. 

4. Rational function of <£. — Having obtained expressions for powers of <p, 
we come naturally to the consideration of a rational integral function of <£> of an 
order not less than cj, which may be written as follows : 

n n 

2«a<*> a = ^,a k [A& + Brf + . . . . + IF#] f 
o o 

or F<p = A F 9l + B Fg t +....+ W Fg m . 

We saw that a matrix q> had a reciprocal provided none of its latent roots 
were zero, and, since a rational integral function of a matrix is a matrix, the 
rational integral function F$ will have a reciprocal (Fp)~ l provided none of its 
latent roots arc zero. 

The reciprocal of Fp would be written 

W» = MF*)- 1 + B {Fg t )-i + ....+ W (Fg m )-> ■ 

because Ftp . (i^) -1 = A + B + + TP 

= 1. 

We may write then a rational function of <p as follows : 

fa = M = A ° F & + B ° F M + ' ' • • + W * F *- 
JH> F t <p AtF^ + B F t g t + ....+ W % F^ m ' 

where F x $ and F$> are rational integral functions of <J> and where none of the 
latent roots of Ftf> are zero. This function may be written 
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A<7l ^202 ^20- 

or /<J> = AJg x + BJg % + + WJg m . 

5. Identical equation. — The formula for <£ n gives 

<p» = A g? + B,gt + . . . . + W^gZ, 

and, as we have already observed, A 01 B 01 etc., are functions of the first (w — 1) 
powers of <p and unity, and consequently the above is an equation between the 
first 6) powers of $ and unity. No other equation of this or lower order will be 
satisfied by $, since A 0l B 0l etc., are linearly independent and therefore this is 
Cayley's " identical equation." 

The A 0l B , etc., may readily be shown to be linearly independent; for ii 
they are not, suppose the relation 

a A + b B + .... + WqW = 0, where a , b . . . . w 

are scalar constants. Multiplying this by A we get 

a A = , 

since A is idempotent and nilfactorial with respect to all the other letters B , 
C 0l etc., as shown in Art. 3 ; therefore a = 0. 

Similarly we may show that b = c = .... = w = and there is therefore 
no linear relation between these letters. 

Again we have 

<J> = Atft + Bg % + + W g», 

^> — g\ — B (g % — 9\) + O (gs — 9i)+ + W (g„ — g x ) , 

<p — g 2 = A (g x — g % ) + G (g 3 — g 2 ) + + W Q (g„ — gr 2 ), 



<?> — sl = M9i — gJ) + B o(g% — g~) + — +^o(0.-i — sO- 

Then since A Ql B , etc., are mutually nilfactorial we have 

(* — 9i)(<P — 92) (<?> — 50 = 0, 

which is the identical equation in product form. Here again it is obvious that 
<p satisfies no other equation of this or lower order, since the letters A 0l B 0t etc., 
are linearly independent. 

Hereafter when I use the term "the letters" without further specification, I 
shall mean the J/s, -B's, etc. 
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6. Sylvester's Formula. — The rational function of Art. 4, when written in the 

form ,/* = Vifi + Vft+ •••• +WJg mt 

is obviously Sylvester's formula for the particular case of a rational function, 

since the expression for A is y 9i)yP —_ 9z) • » • • i<P 9 J an( j similarly for 

(<7i - 9t)(9i — 0s) • • • • (0i — 9.) 
the other letters. . 

We have then, thus far, a means of reducing a rational function of $ to a 

rational integral function containing only the first g> powers of <£, beginning with 

<J>° = 1. 

(b). Sets of equal roots. 

7. Let us for convenience take the three examples that we considered in (a), 
where now we suppose some of the roots to become equal. 

1). Matrix of order 2. — Suppose in this case g x = g 2l then proceeding as in 
Art. 1, we find for the difference equation 

the solution of which is 

p = (A + nA x ) g\. 
If n = , then 1 = A , 

"n=l, " <p=(A + A 1 )g li 

""• A ^—^-^^ and A = 0i- 

2). Matrix of order 3. — In example 2) of Art. 1, put g d = g 1} then the differ- 
ence equation becomes 

(E-g 1 f(E-g i )r = 0. 
The solution of this is 

<p n = (A. + nA x ) g? + B^. 

The expressions for the A's and B may be found as before. 

3). Matrix of order g>. — Suppose we have a matrix of order cj having as latent 
roots J7i, 02 • • • • 9r, 9s °f multiplicities p x , p % . . . . p ri p 81 respectively. The 
difference equation then becomes 

(E - 9l )*(E - 9i )P>....{E- g,)» $» = ; 

.-. 4»" = (A + nA 1 + n i A i + f n'»-M f>i _ 1 ) <tf + (B + nB x + 

+ » p '- 1 £ J , j _ 1 )#? + ....+ (So + nS, + .... + n'-'S^) g? 

Pi— 1 Pa— 1 p»— 1 



= gl ^?n*A k + # ^n*5 A + . . . . + <tf 2 n ^- 
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The expressions for the A% i? 7 s, etc., are obtained as before by giving n, g> 
different values, when we get g> linear equations for their determination. We 
shall find that 



A = 



1 





9i 


9\ 


9\ 


2gt 


9\ 


3<7? 




9i 

9.9? 



2^- — 1 



jtf- 1 (o-l)sT- 1 (o-l)Yi 



9z 
9t 



92~ l 







9. 


9. 


A 


*<f, 


9*. 


3<tf 



^r 1 (o-i)gr- 1 







(ca-l)*- 1 ^- 1 



The factors of A may be found without serious difficulty, 
follows : 



They are as 



•=» 



where @<y, 



a = p . "n" gp'a . "n n' (& - 9y y^ , 

a = l = 1 Y = l 



P = (ft- 1)! (ft- 2)!.... 2! ( Pi -l)\....(p,-l)\ 



2!, 



and 



P'« = (p«— 1 ) + (ft - 2) + . . . . + 2 + 1 
— P«(pa — 1) 



Let us for convenience use A (^ j to denote the determinant formed from 



A by substituting for its p th column the column 






2 



** 



— 1 



; also let 2p A denote 



pi + 2h + • • • • + jPa» where Jl has any of the values 1 , 2 .... r. Then 



— -^o» 



= JB , etc. 
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We get B= , 

A ( ? ) = P • n g."« . £=1 

X F Pi _, (* -</,) . n'fo - <,,)"■-»« >>"". 'ff 'ff (g,—g t )P>P., 

y=2 « = 2 c=2 



V (*-&)'» 



A Cte*+.) = '-5>* : -«F^ 



X<;' 1 (t-j 1+1 ).n(j, +1 -y,)"* t r'V 1 ' . 'ff "ff (g s -g,)P t >., 

+ 1 y = l « = 1 f = l 

where (Jt + 1)<5<*<(^ + 1) < y, and where X has any of the series of values 
mentioned before. 

The factor F p t-i($ — fl\ + i)is a function of ($ — <7 A + i) of the order (p A +i — *)* 

which does not contain as a factor <p less either of its latent roots, and is in 
general different for each of the letters. This formula gives the expression for 
the numerators of all letters with the subscript zero, and for the numerators of 
the letters with subscripts other than zero we have 

x Y ff {gi+i — gj^+t-v'y.'n (g t -g.) p > p -, 

y = l e=l 



where v has any of the series of values 1, 2, ... . i> A + i — 1, and where 

The numerical factor remains the same for all the letters with subscript zero, but 
varies for the others. 

Introducing now the denominator A on both sides we get 

A = n'(* - g p )H . F Pi _, (* - 9l ) -s-'fffo - fc)<» + V 1 ' , 

3=2 3=2 

• ••••• 

^ = P<« . "ff(* - g,)H . ($ - ft)' . 2^-i-i (* - ft) -*• ft"'" 1 ^'(ft-ft,)** . P ; 

3=2 3=1 

and similarly for the other letters. 
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8. Powers of <p. — The difference equation gives an expression for <£> n , and 
(since the latent roots of ty are different from zero) n may have any integral 
value positive, negative, or zero ; and here again the A'a, JB's, etc., are functions 
of <p containing the (o — l) th and lower powers, so that we have a formula for 
expressing in terms of these all other powers of $. 

9. Rational function of $. — Here as in Art. 4 we may obtain any rational 

integral function of $, and hence any rational function of $, viz. fty = -^ , 

J*t<p 

provided none of the latent roots of F % ty are zero. 
It may be written as follows : 

n n Pi — I Pa — 1 p * 







10. Vacuity and Nullity. — The determinant of the array of constituents 
forming the matrix is called the content of the matrix, and is denoted by |$| . 
Tf the latent function of <p be written in the form 

x" — wi„_ 1 a; w ~' 1 + m„_ % x"~ 2 . . . . ± m Y x^f m = 0, 

then it is obvious that m is the content of q> ; m 1 is the sum of all the principal 
first minors of |$|, and generally m K is the. sum of all the principal x ih minors of 
|$|. If m = 0, the matrix $ evidently has one latent root zero and is termed 
vacuous. If m = 0, and m x :£ 0, then <p has but one latent root zero, and is then 
said to be simply vacuous or to have the vacuity one. More generally, if all the 
m 7 s from m to m K ^ 1 are zero, and m K :}: 0, then q> has x latent roots zero, and is 
said to have the vacuity x. If |$| :£ 0, $ has no latent root zero, and is then 
non-vacuous. 

If all the (x — l) th minors of the content of a matrix vanish, but not all the 
x th minors, the matrix is said to have a nullity x. The nullity may be equal to 
or less than the vacuity, but never can exceed it. 

11. Identical equation. — If g l% g % , . . . . g t of multiplicities Pi,p%, • . • . p, re- 
spectively are the latent roots of $, then the latent function of $ may be written 

F{x) =(x- gi )"(x - gj" ....(x- g 9 )** 

= a„x" + a m _ i« w ~ 1 +....+ <t\X + «o = , 

where g> is the order of the matrix. 
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Then F($) = a„<J>" + a B _i$>— * + + a& + a 

= M a »9l + a—iflT -1 + + <*i9i + «o) 

+ M"^4fi + a — 1 .a w _j^ _1 + + ai9i) 

> 

+ J.j(o 8 o„^ + 0—1 .a^-ifi- 1 + ....+ <hg y ) + etc. 

+ -SoKfiE '+ a—ifl? -1 + + ai</j + « ) 

+ £i(«*»«0» + w— l.a„_i^ _1 + + atfi) 

+ etc., etc. 

= A F 9l + A^g^Fg, + .... + A^g^Fg, + .... 

+ B F 9i + + B;(g*yFg t + .... 

-+- etc., etc. 
But F 9l = F'^ = i?"Vx =.... = -F** ""y, = , 

Fg 2 = F'g t = = F«>-»g t = 0, 

.-. Fft) = (* - &)"(* - &) P ' ...» (<?> — ^) p * = 0. 

In general $ does not satisfy an equation of lower order than the one above, 
in which case it is the identical equation. 

When $ does satisfy an equation of lower order the identical equation is 
said to degrade. It is evident that $ satisfies but one equation of lowest order. 

We have yet to prove, however, that$ less either of its latent roots must be 
contained among the factors of this equation of lowest order. We proceed in 
the first place to prove certain properties of the A's, J5's, etc., which we require. 

Having the above equation and knowing the factors of the A's, i? 7 s, etc., we 
see that the letters of one set are nilfactorial with respect to the letters of any 
other set, and that all the letters except those with subscript zero are nilpotent. 

We have 

1 = ^0 + 50+ +S ] 

.'. A = A* 0l B = Bl, etc. (multiplying by A , J5 , etc.) ; 

B x — BqB^ = B^, etc., 
etc., etc. 

Therefore the letters with the subscript zero are idempotent and also idemfac- 
torial with respect to all the letters of the same set. 
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Some of the letters with subscripts other than zero may vanish. If A K = 0, 
then all the A J s with higher subscript vanish, for A K contains the factors 

($ — 9*) Pt ( ( P — 9z) p * ••••($ — fl r t) p- ($ — 9\Y besides a homogeneous rational 
integral function of p and its latent roots, which is non-vacuous as mentioned 
in Art. 7, and therefore does not affect the vanishing of A K ; consequently 

($ — 9%Y" • • • • (4> — 9 8 ) p '($ — 9iY = 0. But this is a factor of all the A's with 
higher subscripts, they then also vanish. 

The A'b, i?'s, etc., are linearly independent. To prove this it is sufficient to 
show that the ^s are linearly independent, for assuming a linear relation 
between all the letters we have but to multiply it by A to get rid of all the 
other letters, leaving a linear relation between the A's. 

Suppose A Pi ^ ai _ l1 B P9 ^ a% ^ l . . . . Sp^^^i are the letters with the highest 
suffices which do not vanish, and suppose the relation 

a A + a l A l + a 2 A 2 + .... + a Pi _ ai _ l A Pi ^ ai _ l = . 
Multiply by (* — ft) p > — ~ ' ? 

.'. aAfo — fl r 1 ) Pl " ai " 1 = 0, but 4,(* — ft)"— '-'^O; 
.-. a = 0. 

Similarly all the other coefficients may be shown to be zero and therefore 

no linear relation exists between the A's or any of the letters. 

Now suppose 

Fg = atf + btf- 1 + Ig + m 

to be a rational integral function of g, of order x equal to the order of the lowest 
equation which p satisfies. Then 

Fp = ap K + bp K - 1 + ....+ lp + m 

= A Q (ag K l + bg'r 1 + + lg x + m) 

+ A^xag] + x — lbgl~ l + ....+ lg x ) 

+ A 2 (x*agi + x — i*bgr 1 + + fci) + etc. 

+ B^agl + bgl~ l + + ly> + ™) 

+ B x (xagl + x — lbg*«~ l + ....+ lg 9 ) + etc., etc. 
= A Q Fg x -f g^F'g, + gX{F' gi + gi F" gi ) + g x A^F 9l + Z 9l F" gi + ffiF"' gi ) 
+ gMF f 9i + l9iF" gi + BtiF»' gi + glF»'' 9l ) 
+ giM*"9i + ^9iF ff gi + 2f>g\F'» gi + 10fiF'» gi + g\F^ 9l ) 
-+- etc. 
+ K«Fg % + g % B l F^g 2 + g 2 B 2 (F'g 2 + g % F%) + etc. 

40 
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= A F 9l + 9l + g.A.Fg, + .... + A^-j F 9l + . . . . 

+ B,Fg % + g § B 1 Fg % + ....+ B j (g^Fg % + . . . . 

+ etc., etc. 

Since the A'ts, Z? 7 s, etc., are linearly independent, the necessary and suffi- 
cient condition that Ftp = iR 

ifyi=0, Fg x =0, ....J** — -"ft = 0; 
Fg%=0, Fg t = 0, . . . . F*»—- l >g % =0; 



Fg 9 — 0, F'g 9 = .... F ( *—- l) g, = 0. 

These results show that the roots of Fg = are g lt g % . . . . g 9 , of multiplicities 
p l — a lf p % — a^, . . . . p 8 — a, respectively, and consequently 

F$ = (q> — gi) Pi ~" l ($ — g-z)* 9 '** • • • • ($ — g,)*'"* 4 , (to a scalar factor), 
where <p less each of its latent roots occurs as a factor. 

11. Some latent roots zero. — We now come to the case where some of the 
latent roots of $ are zero. 

12. As before, let us consider a few examples and observe the form of the 
difference equation and its solution. 

1). Matrix of order 2. 

Latent roots g l} 0. 

We obtain the difference equation 

E{E — <7i)$ n = , which gives as solution 
$ n =A (i g'i, forrc^l; 

This is the same value of <£ n as would have been obtained by putting g 2 = in 
the expression for $ n , in example 1), of Art 1. 

2). Matrix of order 3. 
Latent roots g Xl 0, 0. 
The difference equation is 

E\E—g 1 )p=0 i 
.-. $ n = Atf?, for n 5 2; 

.-. $ n = $ % g?'- 2 . 
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This again is the same expression for q> n as we should have obtained by putting 
g % = g 9 = o , in example 2) of Art. 1. 

3). Matrix of order o. 



Let the latent roots be g lt and of multiplicity o> — 1 . 
The difference equation is 



This also is the same expression as we should have obtained by putting 

g % =g z = . . . . =(^ = 0, in example 3), of Art. 1. 

* 

4). Matrix of order a . 

Take the most general case, where the latent roots are g lt g % . . . . g r , 0, of 
multiplicities p Xl p 2 , . . . . p 91 respectively, and where p x + p 2 + • • • • +P# = <•>• 
The difference equation is found to be 

(E— gtfiE— g% y* .... (E — g r y>E*<l>» = . 
For ft >J9 # the solution of this is 

* n = fit 2» A A + 9% ^n'B, + ....+ fi ^n K R k . 

o 

It is obvious that it makes no difference what values we give to n, in the 
solution of the difference equation, to obtain expressions for the A'b, B'b, etc., as 
long as we take any a different values which n may have ; so that in this case we 
get for A the following : 



A = 



gf p.g\' 



gr 1 (<■>— Otf" 1 



.gf +x 



9?~ l 



p. 



9 
g p.+i 



9? 



— i 



9?' 
(p, + 1)"" 1 ^ +1 



(» — l)"'- 1 ^- 1 
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If we examine the equations from which the A's. jB's, etc., are determined, 
we shall easily see that the A's, Z?'s, etc., of this case are what the -4's, iB's, etc., 
of example 3), Art. 7, become, when g 9 is put equal to zero; and consequently 
the expression for <p n found here is what that found in example 3), Art. 7, 
reduces to when g 9 = . 

For n<ip 9 , the solution of the difference equation is 

Pl-l Pr — l 

P = 9i^n k A x + + gt^n'R, + N n , 



where N n is some expression resulting from the solution of E^ty" = 0, and may 

be determined in the same way as the expressions for the A's, B J s, etc. When 

n>p 8 , N n = 0. 

If the expression for N n be determined, as just mentioned, it will be found 

P'-i 

to be what the term g? \ a* n k S A reduces to when </, = 0. This term does not 







vanish when g § becomes zero, as might appear. 

We have g?S = 0, when n = 1 and g § = ; 

and fiS x =0, li n^p, " g 9 = Q', 

as may easily be seen from their factors given in Art. 7. 

That N n is what this term reduces to when g 9 = 0, is also apparent from the 
fact that the solution of 

(E — gtfiE — g t )* . . . . (E — g r )»E»ir=0 

is the same as what would result from putting g 8 = in the solution of 

(E— gi yiE—g 2 y>. . . . (E-g r YiE—g t y^=0. 

We arrive at the conclusion, therefore, that the formula for <p n when none of its 
latent roots are zero, still applies when some of them become zero. 

13. Expression for unity. — In the cases where none of the latent roots were 
zero we could put n = in the solution of the difference equation and obtain an 
expression for unity, but when q> is vacuous we cannot do so. In the general 
case when none of the latent roots are zero we have 

1 == A + B + C + . . . . + S 0l 
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which is an identity ; that is, if developed according to powers of $, the coeffi- 
cient of each power of $ (which is a function of the latent roots) would be iden- 
tically zero. This property of the coefficients still subsists however small any of 
the latent roots become, and consequently is still true when one of them becomes 
zero. Suppose g 9 = 0, and denote by A'^ B' . . . . S f what A Q , B Q . . '. . S become. 

We have then 

l = A' + B l z+. ... + Si 

which is an expression for unity when some of the latent roots are zero. 

14. Powersoft — The difference equation gives us an expression for $ n ; 
but <£, being vacuous, has no reciprocal and therefore n can have only positive 
values. This formula for $ n gives a means of expressing the o th and higher 
powers of q> as rational integral functions of the (g> — l) 8t and lower powers. 

15. Rational integral function of <£>. — Having an expression for any positive 
integral power .of $, we can write any rational integral function of an order not 
less than o as follows : 



16. Identical Equation. — We have 

<p» = (A + oA, + etc.)tf + (Bo + <•>#! + etc.)tf + + (R +oR l + etc.)# ; 

and it has been observed that the -4's, -B's, etc., here are what those of Art. 11 
reduce to when g 9 = 0. This expression for $ w is therefore what the expression 
of that article reduces to when g 9 = 0, and therefore it may be written 

(♦ - 9i) Pl (* — 9>Y' .••.(♦ — grY'V = , 

which is the identical equation unless $ satisfies an equation of lower order. 

Having this equation, the factors of the various letters show that (1) the 
letters with subscripts other than zero are nilpotent and (2) the letters of any 
one set are nilfactorial with respect to the letters of any other set. From the 
expression for unity, as given in Art. 13, it may be shown in the same manner 
as in Art. 11, that the letters with subscript zero are idempotent and also idem- 
factorial with respect to all the other letters of the same set. 

Each one of the sum of /S"s of which N^ is composed contains all the factors 
of the identical equation, and consequently N^ is nilpotent. 
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It may easily be shown that all the letters, including iV^, are linearly inde- 
pendent ; and we have therefore sufficient data for showing in precisely the same 
manner as it was shown in Art. 11, that $ less each of its latent roots must 
appear as a factor in the identical equation ; and also that $ satisfies no other 
equation of the same order. The identical equation may then be written 

(<*>— 9i) Pi ~ a i1>— 9%) Pt ^ (♦ - gir—v— = o • 

§2. — Properties of the A's, B's, etc. 

17. We have already proven that : 

(1). The letters with the subscript zero are idempotent and idemfactorial 
with respect to all the other letters of the same set ; 

(2). The letters of any one set are nilfactorial with respect to the letters of 
any other set ; and 

(3). The letters with subscripts other than zero are nilpotent ; 
and we shall now establish a relation between the letters of any set. 

18. Relation between the A's. — All the letters of any set, with subscripts 
greater than unity, can be expressed as powers of the letter with subscript unity 
according to the following law : 

This relation may be established in two different ways as follows : 
First Method. 
We may write 

A<P= 4>[($ — 9i) + 9i] 

= A^^Zll) + !] 

where N is put for ^ ~ ^ . 

<7i 

Let us denote by log (N + 1) the series 

"-? + « + -... + (-.)-£ + etc, 

which is finite, since the p? and all higher powers of AT vanish. 



Metzler : On the Roots of Matrices. 345 

If we develop ef° e{K+1) = e^-T + v ~ etc - according to ascending powers of N, 
we shall find that the coefficient of iVis unity, that the coefficients of the 2 nd and 
of all higher powers as far as we choose to go vanish, and we know that all terms 
containing the p\ l and higher powers vanish, because N Pl contains the identical 
equation as a factor. 

We may therefore write 

1 + N=e logil + N) ; 

= A g x e A , 
where A is put for log (1 + N). 

A <p n = Atf?e nA ; 
.: A o r = A,gl{\ + nA + ^f- + ^+ etc.) 

= gl{A + nA + ^ + ^ + etc.), 

A being idemfactorial with respect to the A A9 &. 
The expression already found for q> n is 

$ n = (A + nA l + n 2 A 2 + etc.)^ + (Bq + nB \ + etc.)^? + etc. ; 
.-. A$ n = (A + nA x + rrA % + etc.)^. 

These two expressions must be identical ; 

.-. A + nA x + etc. + n p *- l A p X = A + nA + ^— - + . . . . + ) n ' ' , 

2 \P\— l )- 

It is obvious that A Pi = 0, since N Pl = ; 
.-. (A - A,) + n (£ - A,) + n< (* - A,) + »■ (£ - A,~) + etc. 

+ *-*(GJ=TJl-^-) ao - 

In any case this is true for all positive integral values of n, and therefore the 
coefficients of the various powers of n must be identically zero. We have then 

A = A 1 and generally A K = A, ! A k . 

Having all the .A's expressed in terms of A x we can find the relations 
between them; and in an exactly similar manner the same relation may be 
found to exist between U's, C% etc. 
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This proof of the relation is due to Dr. Henry Taber. I have found a proof 
of it based on the fact that 

(A + A, + etc.y = A + XA X + X % A % + etc., 

which is somewhat long and complicated but not without some interest. It is 
as follows : 

Second method. 

For convenience suppose we have a matrix $ of order a whose latent roots 
are g\, g% . . . ■ g, occurring p^ + 1 » p% -+- 1 , . • • • p» + 1 times respectively. Write 

ctafor 2 2 — 2, 

a 3 " 3 s — 3 — 3(2 S — 2), 

a t " 4 4 — 4 — ^{3 4 — 3-3(2 4 -2)} — 4{2' — 2}, 



<*p, Pi -Pi ( Pl — 3)!3! a * -etc ~( Pl — k)lk\ a ' •'•~(p l -l)l a »>- 1 ' 

A 

where a 2 = 2 A — 2 , 

A 

a 3 = 3 A — 3 — 3(2* — 2), etc., etc.; 

also write 

T for A 1 + A % + . . . . + Ap x . 
It is readily seen that 

a 2 =2» — 2, 

4=(3 8 — 3)-3(2 3 -2), 

a 4 = (4'-4)-4(3<-3) + ^(2*-2), 
a 5 =(5 5 -5)-5(4«-4) + ^(3 5 -3)-^(2^-2), 



a P = (p P — p)—p(p—i p —p— i) + ....+(— l Y( pJ?x)\ % \ {p—*--p-*)"-- 

.... + (_!)/> /Zfc^)( 2 />— 2), 

where the subscript of p has been dropped for convenience, since no confusion 
can thereby arise. 
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p 
Separating the value of a p into two parts we get 

-p +p(p - 1) + • • • • - (-1)' {p _ x p l 1)lkl -■•■■ -i-iypip-i) 

=p- + pi 1 — i)* 
= P \. 

We know that 
a n = for x < w , 



-l 



n 



a„ = n ! , 

a„ = 4w(n+ 1)!, 



»+» (n(n— 1) . n ) . ... 
«. = { 2 3 +3lK n + 2 ) ! . 

"t A _r n _,_ n(n — 1) ( 1 _, 2 , 1 

a * ~L(A, + 1) ! "•" 2 j (*. + 2) ! "^ 2lX! + J 

n(n-l)(n-2) f 1 3 1 

+ 3! l(A + 3)! + (^,-l)! (2!y* +etC 7 

n ! f 1 x + 1 ) 

+ ' ; " + («+l)I (n — * — l)l(a + ft+l)! + (2!)« (a — x + i)! + etC, J 

+ etc.] (w + >l) ! 

= coefficient of a n+A in the expansion of (c* — l) n =(- + —s + —* + ) , 

multiplied by (n + X) ! . 

Having obtained the foregoing auxiliary theorems we may proceed to the 
mpre direct consideration of the relation between the letters. 

Taking the various powers of T up to the p th we get 

i 

1). T = A 1 + A i + .... + A p 

.'. T* + 2T= 2A t + 2>A a + + 2M P , 

2). 7*= 2! 4, + M, + .... + a % A v =2A\+2£A 1 A t , 

41 
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3). T 3 =3\A S + a s A t + .... + a t A p = 2A\ + Z2A\A % + 62 4 X -M„ 



n). 7* = n ! A n +"a n A n+ ,+ ....+ a„A p = 2A? + n24?-U 8 + etc., 



p). 2*=i>! A p =A\. 

From these equations we easily get, on multiplying by proper powers of 
the various A j b, 

AS = (p-x)A{A p _, =x\(p — x)\A p _ t A t , 

A\ ~ *Al = {p — (iX)\A p _ XlL At , 

etc. 
A{ = ( Xl !)"(*, !)".... (* m !)«-( 2 ,_ x j._ x? _ .... _*;-) ! A? t . . . . V.."* .... «-** 

In this way we get all relations between expressions of weighty. 
From equation p — 1) we get 

Ar' + ip— i)4r*^=G>-i)!4>-, + i(i>— i)/> ! 4>- 

BvLtAi-*A t = {plA p ; 

■•■ A{- l = (p — 1)!4,-,. 

Similarly, as in case of weighty, all relations between expressions of weight 
(p — 1) can be found. 

etc. etc. 

^r 1 = (*i '•)" {*% !)**• • • • (*. !)"-(/» — «T -«?..-. *:•-!) ! A; • • • • 4>-., a ' .... ..--i- 

From equation p — 2) we get 

AT* + ( P -2)A>-\A 2 + A 3 ) + (P-*)(P — *) A l-<Al 

= (^ — 2)!^^, + ^(^ — 2)( / > — l)!^.,^!^^ + L^JZZ2K^^3) ^ t ^. 

... A\-* = {p-2)\ A p _ z . 

Again, we could proceed as before and obtain all relations between expressions 
of weight (p — 2) . 

Suppose we have performed all the operations and found all the relations 
between expressions of the same weight to A" + l = (n -f l) ! A n+1 . 
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* 

Then let us consider equation n). — 
A\ + nA?- 1 (A a + A S + etc.) + n ( n ~ 1 ) ^-» {A 2 + A 3 + etc.) 2 + etc. 

n+A p 

= n ! A n + £n(n + 1) ! A n+l + + a n A n + K + + a n A p . 

I wish now to show that the terms of weight (n + X) on the one side of the 
equation cancel those of the same weight on the other side, where a, may have 
any integral value from 1 to p — n . 

Collecting the terms of weight n+a, on the left hand side of the equation we get 

rUr^x+i + ^^A^iAU, + 2A z A k + 2A 9 A k _ l + etc.) 

& — |- 

+ »(" — l)("—g) Ar 3 (Al +J + SSAIA^ + etc.) 

• • • • + ( , + 1)l( ;!_, +1)! V— 1 (4^1+ (*+ U^'-.+i + etc) + etc. 
Replacing each of the terms in this by the proper function of JJ + A we. get 

f n , n(n -l) f _1 _2_ , 2 1 

L(a, + l)!^ 2 l(a, + 2)!^ 2! X!^3! (3,-1)! ^ J 

n(n— l)(n — 2) f 1 , 3 6 • | 

+ 3T - l(T+8)! + (2!)»(X — 1)! + •••' ^ 2!*! (A, — *)! ^ J 

. + J?J {__!__ i * + * -u etcl 

^-'^ ( x + l)\(n — x + l)\U + x + l)i. (2 !)•(*— *+l)! J 

+ etc ]4l + \ 



»+A 



This is at once seen to be 7 — ," . ili + A . 

(n + Aj! 

But^?+ A = (n + X)!^ n + A . 

Therefore the term of weight n + % on the left is equal to the term of 

n + A 

weight n + ^on the right which is a n A n+k ; 

where n may have any value from 2 to ^?, and therefore our theorem is 
established. 

In a similar manner the same relation may be shown to exist between the 
letters B, O, etc. 

* These terms will not appear unless — ^ — is an integer. 
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19. Relation between the iV^. — We have already observed that N^ was nilpo- 
tent and nilfactorial with respect to all the other letters, and, knowing the fore- 
going properties of the A 9 b, jB's, etc., we may now find the relation between the 
N^ of Art. 1 2. 

$ = (4)+ A x + etc.)#i + (B + B X + etc.)#8 + + (B + ^i + etc.)gr r + N x , 

$> a = (A + 2A X + etc.)flfj + {B + 2B X + etc.)gl + . . . . + (R + 2R X + etc.)/ 4- N % 

= \(A + A x +etc.)g x +.... + (R + R x +....)g r + N l \ 2 

= (A + 2A X + etc.)g\ + (B +2B X + etc.)/, + .... + (R.+ 2R 1 + etc.)g> r + N* ; 
.*. N 2 = N\, and generally it will be found that iV^ = iVf . 

I shall hereafter omit the subscript of JV^ . 

§3. — Law of Latency. 

20. I shall consider the two cases, first where none of the latent roots are 
zero, and second where some latent roots are zero. 

First case. — Suppose -4^-^* B Pt _ a% #,,.-«. are the letters with greatest 

subscripts which do not vanish. The rational function of Art. 9 may be written 
as follows : 

n n pj — « , p t — «• 




n 



then, writing Vfl/^, we have 

o 

WP —f9i) = £ «,[tf £ ^ + (<tf - flf )B, + tf ££ (i'B, + etc. 



P« — «• 



+ (tf -#)£<>+ tf ]£^&] , 



n 



p, — a, p, — a« 



1 

• n Pi — oj 

(fp-fgj = 2 a 4> r_ ^ + ••■• + #£i^]- 

1 

In the first equation A 0l in the second B , in the third C , etc. and in the 
last S do not appear. 
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Again 

(fp — fg\f x ~* x obviously contains none of the 4's, 



{fa—fg.Y-- " " " " &'*, 

(/p— /#)* -•*(#— /gr,)*-' . « « neither A's nor B'b, 

but contains all the other letters, 

(jty — /gr 1 ) p »— » (/$ — fgtf*"** (/$ — fgr) Vr ~ ar contains none of the letters but 

8% and 

ifp -/^i) Pl " ai (#—/*•)*— .... (#—/&)*—= o. 

The above expressions of the type (/$ — /gr) and their products and powers 
are evidently the expressions of lowest orders in fp that have the characters 
specified viz. as to the absence of the A J &, U's, etc. . 

The latent roots of fq> are fg l9 fg 2 . . - .fg 8 of multiplicities at least p x — a lf 
P% — <*z 1 • • • • Ps — a 8 respectively. 

If a x = Oj = . . • • = a g = , then the latent roots of fp are fgi % fg%% • • • -/^ 

of multiplicities p ly p z . . . .p 9 respectively, since / X M P\ = <■>, and /$ has o latent 

roots. * 

Second Case. — Suppose, as in the previous case, that A Pi _ ai , B Pi _ a% . . . . Up,—, 
are the letters with greatest subscripts which do not vanish and that JV**""""* is the 
greatest power of N that does not vanish. The rational integral function of 
Art. 15 may be written as follows : 

H n j>! — a x p r — ar 

F<f> = J? a& = J?a M [^4 + gt^fi'A, + .... + # ^(i"R, + N'] . 

1 1 

Making use of the expression for unity and proceeding as before we have 

n Pi— « i 

(F$ — F 9l ) = J? a.[^r 2 ^ 4 * + (# - # ) 5 « + etc — ^ + N *] . 

1 

* Pi^ *i Pi—«» 

11 

n Pr — a r 

(F^ - Fg r ) = ^7 a„[(<tf - ^)^ + ....+ $ ^ ^ Xii;A— ^ + ^"] ' 

1 

W Pi— *i Pr—*r 

(FQ — Fo) = ^aJVMo + St ^^A +...-+ tr 2^» + #*] 
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A disappears from the first equation, 
B " " second " 



S " " last 

(Fp — -fs ^ l) p,-, ' obviously contains none of the .i's, 
(Fp— Fg t Y'~' » " " " " B'b, 



(Fp — F ) p —~ " does not contain N\ 

and as before, 

(Fp-FgJ*-** (Fp — Fgjr*— .... (Fp—Fg r ) *— {Fp -F o y-« = 0. 

The above expressions of the type (Fp — Fy) and their powers and products 
are evidently the expressions of lowest orders in Fp that have the characters 
specified viz., as to the absence of the A J 8, 5's, etc. 

The latent roots of Fp are Fg x , Fg 2 Fg ri F 0i of multiplicities at least 

Pi — a l9 p% — a 2 , . . . .p, — a, respectively. 

If a! = aj = . . . . =a 8 = then the latent roots of Fp are Fg lt Fg % , ... .Fg rt F , 

9 

of multiplicities p lf p % , p 3l p t respectively, since /* j? a = q, and Fp has a 

latent roots. l 

§4. — Nullity of the factors of the identical equation. 
21. Let the identical equation be 

(♦— 9i) Pl ' ai (♦—fc)*~- • • • • (♦— 9r) -*- <P p -" =0. 
Denote all the factors of this equation except the first by ^ . 

Then 

(p — 9i) Pl ' ai ^i = 0, 

&*[&— fl r i) Pl '~ a, ^i] =©• where N y [p] denotes "the nullity of p". 
But ^[^i] < <■> — Pit since vacuity of ^ is o — p x , 

and NMp—giY'—^ZPii 

and N y [(p—g l )>»->]=p l . 
Similarly, N y [(p—g K yK"\) =p k . 
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Let 

^1 = (4» — gzY''-**- 

We know that 

■^»WJ = o— Pl> 
or N v l(<l>—g i ) , "-"*+ t ) = o— ft . 
But #„[($— gtf'-"*] = i> 2 and 

^[■4*,] < u—pi—Pi, since the vacuity of ^ is o—pi—pt i 

Again 

#„[(«?> -ft)*""* (♦— ft)"*—] < 2>i + ft, 

N v [(<l>—9i) r, -Hl>—9*) r, -'"4>i] =»; 

and generally 

#,[(*— ft)"*"" (♦— 9>Y , ~ C% ■■•■ (*— flO*-**] =Pi + P* +..-•+ ft- 

♦ 

§5. — Roots of a Matrix. 

Under this head I shall distinguish two cases, 
I. When the latent roots are all different from zero and 
II. When some latent roots are zero. 

I. — Latent roots :£ . 

22. Knowing the expression for the A'b, B% etc., and the relations between 
them, we may write the expression for $ n as follows : 

<J>* = AtfW* + BtfW** +.... StfW* . 

Writing in this formula n=- we get 

m 

$" = A<gle m + B$le m +.... + S$~e m . 
Taking the wi th power of both sides we get 

<J> = A^e** + Bogie** + + Stf/P 1 ; 

4> has an m** root. 

23. In the formula for q> m we have s different m- valued functions, viz. 

9\ i 9%y • • • • 9? > aQ d consequently taking all possible combinations of these values 
we get m 9 different m th roots of $. 
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24. It may be interesting to consider a few examples to show something of 

the character of the various functions F entering as factors in the A'b, B% etc. 

1). Matrix of order 5. 

Latent roots g x of multiplicity five. 

= Atftr* = (J + nA x + n*A t + n'A s + n 4 A t )fi, 

A=4! 3! 2! 0, 10 , 

A = l, 

A -_ ( $ — 9iY . (0 - ,9i) 3 _ (±^z9if + (»— 9x) 
4tf + 3g{ Itf + ?, ' 

A.= U (izii?l) 4 _ (» - 9i)' + (0 — ft)' 
"• 24 gf 2g* T 2tf ' 

j _ ( 0-<7.) 4 , (0 — ft ) 3 
. _ (0 — ft) 4 

2). Matrix of order 6. 
Latent roots all equal. 

A =5! 4! 3! 2! gf, 
A=l, 
, _ (0 — ft) 8 _ (» — ft) 4 , (0 — ft) 3 _ (0-ft)' , (0 — ft) 

a -_ 5(0-ft) 6 . H(» — ^i) 4 _ (<?> — ,9i)' . (0 — ft)' 
12fc» ^ 24<fc* 2<tf ^ V" ' 

A _ 7(0 -ft) 8 _ (0 - ft) 4 , (0 - ft)' 
3 24^ 5 4J7, 4 T 6ft 8 * 

j _ _ (0-ft) 8 , (0 - ft) 4 
12ft 8 + 24ft< ' 

j _ (0 - ft) 8 • 

3) . Matrix of order a . 
Latent roots all equal. 
= JoftV"\ 

A = (a — 1) ! (o — 2) ! 2 ! gr^ , 
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a _/ lV . (» — ft)— 1 . / iw-i C^-gi)"" 8 . ■ (<■>- ft) 

A : - fr-fr)- 1 

■ 

4). Matrix of order 4. 
Latent roots g t = $r, = g it g t . 

4>» = ( A + nA, + n % A t )fi + B,gt , 

A=2!rf(0 1 -ft)» > 

a — (4> — ft) \ (» — ft)' + (0 — ft) (ft - ft) + (ft — ft) a t 
°~ (ft=ft? ' 

5). Matrix of order o. 

Latent roots g l = g s = g i = = ^ p+1 , ^ = ^ +2 = = ^ +<p 

where p + q = a . 

A=n(p-a)!. n(g-P)\.grr-g t * (ft-ft) M , 

a=l = 1 

i _ (fr-ftJWft-ft^+Vifo-ft^ft-ft) • • • .+fc l (g i -9iY- 1 \ 

(-i)^-ft)- 1 

o - ($-9iY\K(<p-9t) q -*+ K-i(*-gtY-*(gi-g,) +• - • •+h l (g 1 -g t )"- 1 \ 

(-^'"'(ft-ft)- 1 



where 



; _ p{p+i) .... (j>+^— 2), 

A (A-l)! ' 



* _ g(g + !)...- (g + 3,- 2) 
* A ~ (^ — 1) ! — ' 



42 
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6). Matrix of order 6. 

Latent roots g l = g 4 = gr 5 , g % = gr 6 , g 3 . 

A = 2 ! g\g 2 {g 2 — gtf{g% - 9*) 2 (9i — 9*)*> 
A = (*— fcW*-fc)[(*— 0i)M Z(93-9iY+2(93-9i)(9i— 9i)+(9% 
+($—9i) \ Hg*-gi)+{g%—9i) \ (9z—9i)(9*—9i)+(ds—9i) l (92- 
+ (9% — 9iY(9* — 9i) 3 - 

25. Negative fractional indices. — We have seen that we may write 

<J>" = Atffe* + 5^6-+ .... +S Q g;e*. 
Substitute in this — m for n and we have 

<J> m = A g x m e " + + S$i m e ", 

but 4>" = A^g'e" + ....+ JSfafe"- 



■9iY\ 
■9if] 



By definition qTty m = 1 ; and multiplying the corresponding sides of these 
two equations together we have 

4>"4> m = A + B + . . . . + S 
= 1. 

In the formula therefore for <p n when no latent root is zero, n may have any 
integral or fractional positive or negative value. 

II. Some latent roots zero. — Before proceeding to the case where some but not 
all the latent roots are zero, I shall consider the case where all the latent roots 
are zero. 

26. — All latent roots zero — roots of zero. 
In what follows denote the matrix 



<*> = 









1 




















1 




















1 




















1 







































by 13 + 24 + 35 + 46.* 



* The linear form representation of a matrix is due to Charles S. Peirce ; and the notation employed 
here is virtually his. 
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The first number of each term of the sum indicating the row and the second 
the column in which the constituent appears, that is, $ is a matrix in which 
unity is the constituent in the first row and third column, unity is the con- 
stituent in the second row and fourth column, unity is the constituent in the 
third row and fifth column, and unity is the constituent in the fourth row and 
sixth column, all the other constituents being zero. Similarly in general. 

This canonical representation of a matrix was virtually given by Buchheim 
(in Proc. Lond. Math. Soc. Vol. XVI), but was first explicitly given by Weyr 
(Comptes Rendus, Vol. C). 

If g a is an a uple latent root of q> and if a x , a x + a* , ol\+ a 2 + a 3 + +a p = a, 

are the nullities of the matrices (<£ — g a ), ($> — g a )* .... ($ — ^ tt ) p , Weyr terms 
the numbers (a, a x , a* . . . . a p ) the characteristics of the latent root g a . 

I shall term two matrices of the same order equivalent, if they have the same 
latent roots with the same characteristics respectively.* 

In what follows, since all the latent roots are zero, I shall speak of the 
characteristics of the matrix instead of the characteristics of the latent root zero. 

Consider a matrix <£ of order o> and suppose 

where p > a x > a 2 > . . . . > tf*_i . 
If 4* = $, then 

W] =P> N y [.V 9 ]=P + <h, • • ..N w lW}=o. 
Let 

N v [$] = a, then 

Q a >P> widif a=l, <7=.p 



(i it „ _ O sv ^ P 



We may now establish the following results, the most of which are restrictive 

on a, - being the index of the root. 
9 
1). It is quite obvious that if a,_ f is the second last increment of nullity of 

successive powers of <£>, then 9 <«*_*. 



* Weyr defines two matrices of the same order as being " matrices de m&me espece " if they have the 
same latent roots with the same characteristics ; and adds that, if M and iVare two equivalent matrices, 
one can always find a matrix Q of nullity zero such that N= QMQ- 1 , which is a formula giving all 
equivalent matrices in terms of one of them. 
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2). (a). - < a < p — 9+1 when ■£ = an integer. 
Let N y \$\ = a, 



NyW'] = a + CL\ + . . . . + a Q _! =J9. 

Then a will have its least value when a x + a % +....+ a g-1 is greatest, but this 
sum will be greatest when a x = a 2 = • . • . = a 9 _i = a ; 
.'. a will be least when 

a + (q— l)a=p, 

P = P 

Again, if a is to have its greatest value, a x + a 2 + . . . . +a q -i must have its least 
value, but this sum is least when a x = 0%= . . . . = a q -i = 1 ; 
/. a will be greatest when 

a + q — 1 =p'j 

.\ <x = p—q+1; /. a^/? — J + 1 ; 

•'• ^<*<P — 2+ 1 - 

(b). T^ J + 1 < a <i> — ? + 1 when ^ ^ an integer. 

Where \ — \ denotes the greatest integer in *- as in previous case, a 

will be least when a x + a 2 + . . . . + a ? _i is greatest, that is when a x = a 2 = . . . . 
= a ? _ 2 = a and a g ^ x is as great as possible ; 

.\ a is least when 

Now a must be greater than M-J ; for if a = RH then a,_! = p — <?[-] + [— J 

which is obviously greater than [-1, that is, a q _ x >a, which is impossible ; and 
therefore a > \J£ J . 



qJ Lq 
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■•• «t-i=*-«[f]-«+KI+ 1 - 

Butp + l- ? {[|] + l|<0; 

•'• a g-i < [-1 which is possible ; 
.-. a = f- 1 + 1 is the lower limit. 

If a is to have its greatest value, ox+ a t + • - • • +a Q -i must have its least 

value ; 

.-. a + q — \=p\ 

Therefore PH + 1 ^ a <^> — j + 1 . 

3). If N 9 [V] =p and ? >|, then N y [^ 1 ] = p + 1 . 

In this case a> 2 and hence it is obvious that the increments of nullity must 
reduce to unity at or before the 5 th power of i//. 
As an immediate consequence of this we have 

W«] =!> + ?, W 3 *] =p + 2q.... W] =p + (*- ijq; 
and /. a x = Og =.... = a^_j = j. 

Therefore there is no 5 th root of $, q being greater than ■£ , unless the nullity of 
successive powers of $ increase by equal increments of q . 

4). If a. is the first increment of nullity that is less than 2q y then t//""~ 1) * + °« +1 
has a nullity p + 2(x — 2) + 2a, + 1 , that is, the increment of nullity for all 
powers of ^ greater than the \(x — 1)5 +a K \ th is unity. 

N y m=P + 2(*-i)?; 

/. N y W q ]=p+2(x-l)q. 
Let 2x + y = a K and x + y = q ; 

.-. x — a K — q, or y = 2q — a,. 

^W" g+ *] =P + 2 (* — 1)? + 2x, 

or #„[>"«+ °« -«] = p + 2{x — l)q + 2a K — 2q; 
.-. iV y [^- 1)?+a «] = - p + 2(x — 2)j + 2a.. 
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But JV y [^ +lw ] = #,[•*"+•+*] =p + 2(x — l)q+a m , 

^ y [^~ 1)<7+a " +y ] = P + 2(x— 2) +2a K + y ; 
•'• iV y [^ (,t "" 1)<z+a « + *] =i> + 2(* — 2) + 2a K + 1 ; 

and therefore the increment for all powers of ^greater than the \(x — 1)2+ 0.1 th 
is unity. 

5). If a K is the first of the a's that is less than 2q, then there is no 2 th root 

of $ unless a. + 1 = a Jt+2 = . . . . ctt-2 = q- 

This follows as an immediate consequence of 4). 

6). If a K is the first of the a's that is less than 2q and if a JC+1 = a K + t = . . . . 
= a<_2 = ?> then there always exists a 5 th root of <p. 

Let i^O/,] = a, iW] =a + 2 . . . . N&V] =a + 2fo — 1) =i>. 

Then 



^=12+ 23+. ...(*— l.g+a.— l)(x— 1. ?+<)+*+(*— l.q+a K +l)(x— l.q + a K + 2) 

+ .... + ....+ (g> — a + 1)(g> — a + 2), 

where * denotes where a term, which in the natural sequence would appear, 
has been omitted. 

7). If the nullity of successive powers of q> increase by equal increments of 

fiq, (f*q<p), then there is always a q th root of <$>. 

For take 

a=p — (i(q — 1), 

and give to successive powers of ^ equal increments of u ; 

••• W]=2>- . • 

And we have 



^ A =X.X+>+X+l.M-f£+l+. .. .+X+G)— p+n(q— 1)— l.Z,+Q—p+(i(q—l)+n—l' 
where X may take any of the values 



1, 2, 3, p — ^ q — i) + i. 

8). If q = £—r and a>2?' + 3, then N^ 9 " 1 ! = p — 1 ; and therefore 

there is no 5 th root of $ unless there are equal increments of q . 
Of course q > 2 ; and .-. p > 2(v + 2) . 
i^M = a, ^W] = a + a n etc. ; 

.'. a + a x +a 2 + . . . . +a 7 _ x = jt>. 
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Suppose a x = a % = . . . . = a g _2 = 2 and a q _ l = 1 ; 
•'• <* + (?— 2)2+l=l>; 

.Y a =,p — 2q + 3 = 2i> + 3 ; 
and therefore when a> 2v + 3 obviously N y [$ q ~ l ] =i> — 1 . 

27. I propose now to show that there is always a q th root of <J> unless the 
law of nullity prohibits. 

I shall suppose the law of nullity does not prohibit and then show that there 
is a q th root by finding it. 

Suppose a = i +/ + ....+ x + 1 
and 

W°] = *V*, -W' + *'] = boa + hia-l) .... W'+»>+ •" + *'] =i>, 
where 5 = b + 61 + b % +....+ &i and 

j? = b a + b x (a — l) + . . . . + 6,(a — t) ; 
J^[+« + *+i]=2> + & < + 1 (a — *--l) ^[#«+*+i+ — + W|= - p + a lf 

where 

&i + i+&i+s + • • • • +*i+/ :=: 9' an( i 
&< + i(a — i— l) + +&i+^(a — t— /) =0^; 

^[V^+^+'+O =^ + at + 6 <+i+1 (a-*-y-l) l etc., 
etc., 

j^^-"^*— « + »—«+i + •••• + •—•] =p + a l + a % + + a«_ 2 + &._,- 2, etc., 

^[^<'- 1 )«+».-« + *.-.+» + -- + ».-i] = i^[^] = i> + a x + a, + . . . . + & a -i = <», 

where 6 a-1 obviously equals a t ^ x . 

We have then for + the following : 

+ =[12+23 + .... + 6^1 . 6 ] i> + * + P7+1 • V+2 + . . . . 

+ 260 + ^-1. 2fe + ftj^ + * + 



• . . 



. • . • 



+ [b i + b 1 {i — l)+ .... +& < _i + l.V + &i(» — 1)+ +&J-X + 2 + 

+ 6 (i + l)H + 6,-1 • b (i + 1) + + &i]», 

+ 

+ |> (a — l) + 6,(a — 2)+ i„_, + 1 . 6 (a — 1) + . . . . + 6,_, + 2 + .... 

+ b a+ .... + 6 a _! — 1 . b<ft, + .... + i.-i]»,_ 1( 

where 2i» denotes 6 + &i + b% + • • • • + b„ and where 6 a + M a — 1) + . . . . 
+ &._! = 6> the last term being therefore (u — l)o. 
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It will be observed that $ is divided into a sets, each of which I have 
enclosed in brackets with a subscript indicating the power which causes that set 
to vanish. 

28. I shall now give all possible types of roots of nilpotent matrices of 
orders 3-10 inclusive. 

(a). — Matrix of order 3. 

$=13 = (12+23) 8 . 

(b). — Matrix of order 4. 

1). A;M=2 f W] = 4; 

$ = 13+ 24 = (12+ 23 + 34)*. 

2). N,&] = S, #„[>*] = 4; 

$ = 14 = (12+ 23 + 34)*; 
or = 24 = (23 + 34)*. 

(c). — Matrix of order 5. 

1). N v l<p] = 2, W] = 4, W] = 5; 

$ = 13 + 24 + 35 = (12 + 23 + 34 + 45)*. 

2). tf,M = 3, W3 = 5; 

$=14+25= (12+ 23 + 34 + 45)', 
or = 24 + 35 = (23 + 34 + 45) 2 . 

3)- #M = *> W] = 5 ; 

$=15 = (12+ 23 + 34 + 45)*= (13+ 24 + 35)*, 
or = 25 = (23 + 34 + 45)*, 
" = 35 = (34 + 45)* = (1 2 + 34 + 45)*. 

Here, for the first time thus far, we have more than one type of root of the 
same index ; and hereafter when this occurs I shall give the characteristics. 
In this case we have, using ch. to denote "characteristics," 

ch ^(5; 3, 1,1,0) 
* 1(5; 2, 2, 1,0). 

(d). — Matrix of order 6. 

Instead of indicating the nullity of successive powers of $ as heretofore, I 
shall for convenience simply write the characteristics of $. 
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In this case we have 

ch. $ (6 ; 2, 2, 2, 0) ; 

4> = 13 + 24 + 35 + 46 = (12 + 23 + 34 + 45 + 56)*. 

2). ch. $ (6 ; 3, 3, 0) ; 

$ = 14 + 25 + 36 = (12 -t- 23 + 34 + 45 + 56) 8 , 
no. sq. root vide Art. 26. 3). 

3). ch. $ (6 ; 3, 2, 1, 0) ; 

$ = 24 + 35 + 46 = (23 + 34 + 45 + 56)'. 

4). ch. $ (6 ; 4, 2, 0) ; 

$ = 15+ 26 = (12 -|- 23 + 34 + 45 + 56)*= (13 + 24 + 35 + 46)*, 
or = 25 + 36 = (23 + 34 + 45 + 56) s , 
" =35 + 46 = (34 + 45 + 56) 2 =(12+ 34 + 45 + 56) 8 , 

f (6 ; 3, 1, 1, 1, 0) 
ch. $* -j (6 ; 2, 2, 2, 0,) 

I (6; 2, 2, 1, 1,0). 

5). ch. $ (6; 5, 1, 0); 

<p = 16 = (12 + 23 + 34 + 45 + 56) 5 , 
or = 26 = (23 + 34 + 45 + 56) 4 = (24 + 35 + 46) 8 , 
" = 36 = (34 + 45 + 56) 8 = (12 + 34 + 45 + 56) 8 , 
« =46 = (45 + 56) 8 . 

ch ,i f(6;4, 1,1,0) ch .if (6; 3, 1,1, 1,0) 

1(6; 3, 2, 1,0), r 1(6; 2,2, 1, 1,0). 

(e). — Matrix of order 7. 

1). ch. $ (7; 2, 2, 2, 1, 0); 

<f> = 13 + 24 + 35 + 46 + 57 = (12+ 23 + 34 + etc.) 8 . 

2). ch. $ (7 ; 3, 3, 1, 0) ; 

$=14+25 + 36 + 47 = (12+ 23 + 34 + etc.) 8 , . 

no. sq. root. 

3). ch. $ (7; 3, 2, 2, 0); 

$ = 24 + 35 + 46 + 57 = (23 + 34 + 45 + 56 + 67) 8 . 

4). ch. <p (7; 4, 3, 0); 

$ = 15 + 26 + 37 = (12+ 23 + 34 + etc.) 4 = (13 + 24 + etc.) 8 , 
or = 25 + 36 + 47 = (23 + 34 + etc.) 8 . 
43 
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ch.tf 



ch. <J>* j 



5). ch. $ (7 ; 4, 2, 1, 0) ; 

$ = 35 + 46 + 57 = (34 + 45 + 56 + 67)*, 

= (12 + 34 + 45 + 56 + 67)*, 

i f(7; 3, 1, l r 1, 1,0) 
(7; 2, 2, 1, 1, 1,0). 
6). ch. 4> (7 ; 5, 2, 0) ; 

$ = 16 + 27 = (12+ 23 + etc.) 8 , 
or = 26 + 37 = (23 + 34 + etc.) 4 = (24 + 35 + etc.)', 
" =36 + 47 = (34 + 45 + etc.) 8 = (12 + 34 + 45 + etc.) 8 , 
" = 46 + 57 = (45 + 56 + 67)* = (12 + 45 + 56 + 67)*. 

(7; 4, 1, 1, 1,0) 

, ' ' ' ' ' ' . t f(7; 3, 1, 1, 1, 1,0) 

(7 ; 3, 2, 2, 0) ch. $* j v ' ' ' ' ' ' 

y (7; 3, 2, 1, 1,0), 
7). ch. $ (7 ; 6, 1, 0) ; 



ch. $* 



(7 ; 2, 2, 1, 1, 1, 0). 



4>= 17 = 

or = 27 = 

" =37 = 



U 



U 



= 47 = 



= 57 = 



(7; 5, 1, 1,0 
-1 (7 ; 4, 2, 1, 
1(7; 3, 3, 1, 







12 + 23 + etc.) 8 = (13 +• 24 + etc.) 8 = (14 + 25 + etc.) 8 , 
23 + 34 + etc.) 5 , 

34 + 45 + 56 + 67)* = (12 + 34 + 45 + etc.) 4 

35 + 46 + etc.)* = (12 + 35 + 46 + 57)*, 
45 + 56 + 67) 8 =(l2 + 45 + 56 + 67) 8 
12 + 23 + 45 + 56 + 67) s , 

56 + 67)*. 

f (7 ; 4, 1, 1, 1, 0) 
ch.$* -j (7; 3, 2, 1, 1, 0) ch. <J>* | 
(7; 2, 2, 2, 1,0), 



>t f(7; 3, 1,1, 1, 1,0) 
(7; 2, 2, 1, 1, 1,0). 



(f). Matrix of order 8 . 

1). ch. <f> (8 ; 2, 2, 2, 2, 0) ; 
$ = 13 + 24 + etc. = (12 + 23 + etc.)*. 

2). ch. $ (8 ; 3, 3, 2, 0) ; 
<p = 14 + 25 + etc. = (12 + 23 + etc.) 8 . 

3). ch. $ (8 ; 3, 2, 2, 1, 0); 

<J> = 24 + 35 + 46 + 57 + 68 = (23 + 34 + etc.)*. 

4). ch. $ (8 ; 4, 4, 0) ; 

$= 15+ 26 + 37 + 48 = (12+ 23 + etc.) 4 = (13 + 24 + etc.)*, 

no. cu. root. 
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5). ch. $ (8 ; 4, 3, 1, 0) ; 

<p — 25 + 36 + 47 + 58 = (23 + 34 + 45 + etc.) 8 , 
or = 13 + 46 + 57 + 68 = (12 + 23 + 45 + 56 + 67 + 78)*. 
6). ch. $ (8 ; 4, 2, 2, 0) ; 

4>=35+46+57+68=(34 + 45+56+ etc.)*=(12+34+45+56+ etc.)*. 



ch A* f( 8; 8>1 ' 1( *' 1( 1)0) 
1.(8; 2, 2, 1, 1, 1, 1,0). 



7). ch. <J> (8 ; 5, 3, 0) ; 

$ = 16 + 27 + 38 =(12+ 23 + etc.) 5 , 

or = 26 + 37 + 48 = (23 + 34 + etc.) 4 = (24 + 35 + etc.)*, 
" =36 + 47 + 58 = (34 + 45 + etc.) 8 = (12 + 34 + 45 + etc.) 8 . 



ch ** J( 8; 3 ' *' X » i' 1 ' 1,0) 
1(8; 2, 2, 1, 1, 1, 1,0). 



8). ch. <p (8 ; 5, 2, 1,0); 

$ = 46 + 57 + 68 = (45 + 56 + 67 + 78)* = (12+45 + 56 + 67 + 78)*. 

ch. ** I< 8 ' 4 ' *• *» *> *• °> 
1(8; 3, 2, 1, 1, 1,0)L. 

9). ch. $ (8 ; 6, 2, 0) ; 

$ = 17 + 28 = (12 + 23 + 34 + etc.) 6 = (13 + 24 + 35 + etc.)* 

= (14 + 25 + etc.)*, 
or = 27 + 38 = (23 + 34 + etc.) 8 , 
" = 37 + 48 = (34 + 45 + 56 + etc.) 4 = (12 + 34 + 45 + etc.) 4 

= (35 + 46 + etc.) 8 , 
" = 47 + 58 = (45 + 56 + etc.) 8 = (12 + 45 + 56 + etc.)' 

= (12 + 23 + 45 + 56 + etc.) 8 , 
" = 57 + 68 = (56 + 67 + 78)* = (12 + 56 + etc.) 8 

= (12+34 + 56+610.)' 

(8 ; 5, 1, 1, 1, 0) 

(8 ; 4, 2, 2, 0) 

ch. $* -| (8 ; 4, 2, 1, 1, 0) ch. <J>* 

(8 ; 3, 3, 2, 0) 

(8; 3,3, 1, 1,0), 

i f(8; 3, 1, 1, 1, 1, 1,0) 



k2 



(8 ; 


; 4, l, l, l, l, o) 


(8: 


; 3, 2, 1, 1, 1, 0) 


(8i 


1 2, 2, 2, 2, 0) 


(8i 


; 2, 2, 2, 1, 1, 0), 



ch. 



i f(8; 3, 1, 1, 1, 1, 1,0) 
1(8; 2, 2, 1, 1, 1, 1,0). 
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10). ch. $ (8 ; 

<J> = 18 = 

or = 28 = 

" =38 = 

" =48 = 



ii 



= 58 = 



" = 68 = 



7, 1,0); 
(12 + 23 + etc.) 7 , 

(23 + 34 + etc.)' = (24 + 35 + etc.)' = (25 + 36 + etc.)*, 
(34 + 45 + etc.) 5 = (12 + 34 + 45 + etc.) 5 , 
(45 + 56 + 67 + 78) 4 = (12 + 45 + etc.) 4 
(12 + 23 + 45 + etc.) 4 = (46 + 57 + 68)* 
(12 + 46 + 57 + 68)*, 
(56 + 67 + 78)* = (12 + 56 + 67 + 78)' 
(12 + 34 + 56 + 67 + 78) s , 
(67 + 78) 2 = (12 + 67 + 78)*= (12 + 34 + 67 + 78)*. 



ch. $r 



ch. $f 



(8 

(8 

1(8 

f (8 
(8 

(8 



6, 1, 1, 0) 

5, 2, 1, 0) 

4, 3, 1, 0), 

4, 1, 1, 1, 1, 0) 

3, 2, 1, 1, 1, 0) 

2, 2, 2, 1, 1, 0), 



ch. <£> 



i 



(8; 


; 5, l, l, l, o) 


(8 : 


; 4, 2, 1, 1, 0) 


(8; 


; 3, 3, 1, 1, 0) 


(8; 


; 3, 2, 2, 1, 0), 



ch Ai f (8 ; 3, 1, 1, 1, 1, 1, 0) 



i f (8 ; 3, 1, 1, 1, 1, 1, 
I (8 ; 2, 2, 1, 1, 1, 1, 



0). 



(g). — Matrix of order 9. 

1). ch. $ (9; 2, 2, 2, 2, 1, 0); 
<J> = 13 + 24 + etc. = (12 + 23 + etc.)*. 

2). ch. $ (9 ; 3, 3, 3, 0) ; 

4» = 14 + 25 + 36 + etc. = (12 + 23 + etc.)*. 

3). ch. $ (9 ; 3, 2, 2, 2, 0) ; 

<J> = 24 + 35 + 46 + etc. = (23 + 34 + etc.) 8 . 

4). ch. <p (9 ; 4, 4, 1,0); 

$ = 15 + 26 + 37 + 48 + 59 = (12 + 23 + etc.) 4 = (13 + 24 + etc.)*- 

5). ch. $ (9 ; 4, 3, 2, 0) ; 
$ = 25 + 36 + etc. = (23 + 34 + etc.) 3 , 
or = 13 + 46 + 57 + 68 + 79 = (12 + 23 + 45 + 56 + etc)*. 

6). ch. $ (9 ; 4, 2, 2, 1, 0) ; 
4> = 35 + 46 + etc. = (34 + 45 + etc.) 8 = (12 + 34 + 45 + etc.)*. 

ch **f( 9; 3 ' Ll.1.1.1.1.0) 
1(9; 2, 2, 1, 1, 1, 1, 1,0). 
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7). ch. 4» (9 ; 5, 4, 0) ; 

$ = 16 + 27 + 38 + 49 = (12 + 23 + etc.) 5 , 
or = 26+37+48+59 = (23+34+45+etc.) 4 = (24+35+46 + etc.) 2 ; 

8). ch. <J> (9 ; 5, 3, 1, 0) ; 

<p = 36 + 47 + 58 + 69 = (34 + 45 + etc.) 3 = (12 + 34 + etc.) 8 , 
or = 13 + 57 + 68 + 79 = (12 + 23 + 57 + etc.) 2 . 



ch. 



i j(9; 3, 1, 1, 1, 1, 1, 1,0) 
1(9; 2, 2, 1, 1, 1, 1, 1,0). 



9). ch. $ (9 ; 5, 2, 2, 0) ; 

$= 46 + 57 + 68 + 79 = (45 + 56 + etc.) 8 = (12 + 45 + 56 + etc.)'. 



ch. 



i |(9; 4, 1, 1, 1, 1, 1,0) 
1(9; 3, 2, 1, 1, 1, 1,0). 



10). ch. $ (9 ; 6, 3, 0) ; 
$ = 17 + 28 + 39 = 



U 



(12 + 23 + 34 + etc.)' = (13 + 24 + etc.)" 
(14 + 25 + 36 + etc.)*, 
(23 + 34 +etc.) 5 , 

(34 + 45 + etc.) 4 = (12 + 34 + 45 + etc.) 4 
(35 + 46 + etc.) 2 = (12 + 35 + 46 + etc.) 2 , 
= 47 + 58 + 69 = (45 + 56 + etc.) 3 = (1 2 + 45 + 56 + etc.) 8 

= (12 + 23 + 45 + 56 + etc.) 8 . 



or = 27 + 38 + 49 
" = 37 + 48 + 59 



ch. $' 



(9 ; 4, 2, 2, 1, 0) 
(9 ; 3, 3, 3, 0) 
[ (9 ; 3, 3, 2, 1, 0), 



f (9 
ch. $* < (9 

.(9 



4, 1, 1, 1, 1, 1, 0) 
3, 2, 1, 1, 1, 1, 0) 
2, 2, 2, 1, 1, 1, 0), 



ch. 



j f(9; 3, 1, 1, 1, 1, 1, 1,0) 
1(9; 2, 2, 1, 1, 1,1,1,0). 



11). ch. $ (9; 6, 2, 1, 0); 

$ = 57 + 68 + 79 = (56 + 67 + etc.) 2 = (12 + 56 + 67 + etc.) 2 

= (12 + 34 + 56 + 67 + etc.) 2 . 

(9; 5, 1, 1, 1, 1,0) 
ch. $* -{ (9 ; 4, 2, 1, 1, 1, 0) 
(9; 3, 3, 1, 1, 1, 0). 
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12). ch. $ (9; 7, 

$ = 18 + 29 

or = 28 + 39 

" = 38 + 49 
" =48 + 59 



" =58 + 69 = 



11 



11 



= 67 + 79 = 



= 13 + 79 = 



ch. 4> 



ch. 4> 



(9 

(9 

(9 
(9 

(9 

(9 
(9 
(9 



6, 1, 
5, 2, 
5, 2, 
4, 3, 
4,3, 

4, 1, 
3, 2, 
2, 2, 



2,0); 

= (12+ 23 + 
= (23 + 34 + 
= (25 + 36 + 
= (34 + 45 + 
= (45 + 56 + 
= (12 + 23 + 
(56 + 67 + 
(12 + 34 + 
(67 + 78 + 
(12 + 34 + 
(12 + 23 + 

1, 1, 0) 
2,0) 
1, 1, 0) 
2,0) 
1, 1, 0), 

1, 1, 1, 1, 0) 

1, 1, 1, 1, 0) 

2, 1, 1, 1, 0), 



etc.) 7 
etc.) 8 
etc.) 8 
etc.) 5 
etc.1* 
45 + 
etc.) 3 
56 + 
89)* = 
67 + 
78 + 



= (24 + 35 + etc.) 3 

= (12 + 34 + 45 + etc.) s , 
= (12+45 + 56 + etc.) 4 
56 + etc.) 4 , 

= (12 + 56 + 67 + etc.) 8 
etc.) 8 = (1 2 + 23 + 56 + etc.) 8 , 
= (12 + 67 + 78 + 89)* 
etc.) 2 , 
89)*. 



f(9 

(9 
ch. $* -j (9 

(9 
1(9 

ch. ** { ( 9 
1(9 



5, 1, 1, 1, 1, 0) 
4, 2, 1, 1, 1, 0) 
3, 3, 1, 1, 1, 0) 
3, 2, 2, 2, 0) 
3, 2, 2, 1, 1, 0), 

3, 1, 1, 1, 1, 1, 1, 0) 
2, 2, 1, 1, 1, 1, 1, 0). 



13). ch. $ (9; 8, 1, 0); 

4>= 19 = (12 + 23 + 
or = 29 = (23 + 34 + 

" =39 = (34 +45 + 
= (35 + 46 + 
= (36 + 47 + 

" = 49 = (45 + 56 + 
= (12 + 23 + 

" = 59 = (56 + 67 + 
= (12 + 23 + 
= (12+ 23 + 
= (12 + 57 + 

" = 69 = (67 + 78 + 
= (12 + 34 + 
= (12 + 23 + 

" =79 = (78 + 89)*: 



etc.) 8 = (13 + 24 + etc.) 4 = (15 + 26 + etc.)*, 
etcV . 



etc.) 7 , 



etc.) 3 = (12 + 35 + 46 + etc.) 8 
etc.)* = (12 + 36 + 47 + etc)* , 
etc.) 8 = (12 + 45 + 56 + etc.) 5 
45 + etc.) 5 , 

etc.) 4 = (1 2 + 56 + 67 + etc.) 4 
56 + 67 + etc.) 4 = (12 + 34 + 56 + 67 + etc.) 4 
34 + 56 + 67 + etc.) 4 = (57 + 68 + etc.)* 
68 + 79)* = (12 + 34 + 57 + etc.)*, 
89) s = (12 + 67 + 78 + 89) 3 
67+ etc.) 8 = (12 + 23 + 67 + 78 + 89) 8 
45 + etc.) 8 , 
= (12 + 78 + 89)*. 
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ch. 4>* 



ch. 4>* < 



(9 
(9 
(9 
(9 

(9 
(9 
(9 

1(9 



7, 1, 1, 0) 

6, 2, 1, 0) 

5, 3, 1, 0) 

4, 4, 1, 0), 



ch. $* 



ch. $ 



i 



5, 1, 1, 1, 1, 0) 
4, 2, 1, 1, 1, 0) 
3, 3, 1, 1, 1, 0) 
2, 2, 2, 2, 1, 0), 

ch **{ (9; 3,1,1,1,1,1,1,0) 
1(9; 2, 2, 1, 1, 1, 1, 1,0). 



f(9 


; 6, l, l, l, o) 


(9 


; 5, 2, 1, 1, 0) 


(9 


; 4, 3, 1, 1, 0) 


(9: 


I 4, 2, 2, 1, 0) 


1(9 


; 3, 3, 2, 1, 0), 


f(9; 


4, 1, 1, 1, 1, 1, 0) 


(9; 


3, 2, 1, 1, 1, 1, 0) 


1(9; 


2, 2, 2, 1, 1, 1, 0), 



(h). — Matrix of order 10. 

1). ch. 4> (10 ; 2, 2, 2, 2, 2, 0) ; 
4> = 13 + 24 + 35 + etc. = (12 + 23 + etc.) 8 . 

2). ch. $ (10; 3, 3, 3, 1, 0); 
<J> = 14 + 25 + etc. = (1 2 + 23 + etc.)'. 

3). ch. $ (10 ; 3, 2, 2, 2, 1, 0) ; 

$ = 24 + 35 + etc. = (23 + 34 + etc.) 2 . 

4). ch. $(10; 4, 4, 2, 0); 
4> = 15 + 26 + etc. = (12 + 23 + etc.) 4 = (13 + 24 + etc.)*. 

5). ch. $ (10 ; 4, 3, 3, 0) ; 

$ = 25 + 36 + etc. = (23 + 34 + etc.)* . 

6). ch. $ (10 ; 4, 3, 2, 1, 0) ; 

$ = 13 + 46 + 57 + etc. = (12 + 23 + etc.)'. 

7). ch. 4> (10 ; 4, 2, 2, 2, 0) ; 

4> = 35 + 46 + 57 + etc.) = (34 + 45 + etc.) 4 

= (12 + 34 + 45 + etc.)*. 

i f(10; 3, 1, 1, 1, 1, 1, 1, 1,0) 



ch. $* | 



(10; 2, 2, 1, 1, 1, 1, 1, 1, 0). 



8). ch. $ (10; 5, 5, 0); 

<J> = 16 + 27 + etc. = (12 + 23 + etc.) 5 . 

9). ch. $ (10; 5, 4, 1, 0); 

$ = 26 + 37 + etc. = (23 + 34 + etc.) 4 = (24 + 35 + etc.)*. 
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10). ch. $ (10; 5, 3, 2, 0); 

$ = 36 + 47 + etc. = (34 + 45 + etc.) 8 = (12 + 34 + 45 + etc.)', 
or = 13 + 57 + etc. = (12 + 23 + 56 + 67 + etc.)*. 

i% ((10; 3, 1, 1, 1, 1, 1, 1, 1,0) 
(10; 2, 2, 1, 1, 1, 1, 1, 1, 0). 



ch. 



*M 



11). ch. 4> (10; 5, 2, 2, 1, 0); 

0= 46 + 57 + 68 + etc. = (45 + 56 + etc.) 2 = (12+45 + 56+ etc.)*. 

ch *U (10; 4 ' *' *' 1>h 1,1,0) 
1(10; 3, 2, 1, 1, 1,1, 1,0). 

12). ch. $(10; 6, 4, 0); 

$ = 17 + 28 + etc. = (12 + 23 + etc.)* = (13 + 24 + etc.) 8 

= (14 + 25 + etc.)*, 
or = 27 + 38 + etc. = (23 + 34 + etc.) 6 , 

" = 37 + 48 + etc. = (34 + 45 + etc.) 4 = (12 + 34 + 45 + etc.) 4 

= (35 + 46 + etc.)* = (12 + 35 + 46 + etc.) 2 , 
" = 14 + 58 + 69 + 710 = (12 + 23 + 34 + 56 + 67 + etc.) 8 . 



ch. $* 



' (10 ; 


4, 


2, 


2, 


2, 


0) 


(10; 


3, 


3, 


3, 


1. 


0) 


.(10; 


3, 


3, 


2, 


2, 


o), 



ch ** $( 10; 2 ' 2 ' 2 ' 2 ' 2 - ) 

*(10; 2, 2, 2, 2, 1, 1,0). 



ch A* S (10} 3 * lf *' lf lf lf *' 1,0) 
*(10; 2, 2, 1, 1, 1, 1, 1, 1,0). 



13). ch. $ (10; 6, 3, 1,0); 

<p = 47 + 58 + etc. = (45 + 56 + etc.) 3 = (12 + 45 + etc.) 8 

= (12+ 23 + 45 + etc.) 3 , 
or = 13 + 68 + 79 + 810 = (12 + 23 + 67 + 78 + etc.)* 

= (12 + 23 + 45 + 67 + 78 + etc.)*. 

r t — *s. m - « - « « « 



ch d>* $( 10; 4 ' 2 ' 2 ' 1 ' l >*) 
?(10; 3, 3, 2, 1, 1, 0), 

14). ch. $ (10 ; 6, 2, 2, 0) ; 
$=57 + 68 + 79 + 810 



ch. tf 



(10; 4, 1, 1, 1, 1, 1, 1, 0) 
- (10; 3,2, 1, 1,1, 1, 1,0) 
^(10; 2, 2, 2, 1, 1, 1, 1,0). 



(56 + 67 + etc.)* = (12 + 56 + etc.)' 
(12 + 34 + 56 + etc.) 2 . • • 
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| (10; 5, 1, 1, 1, 1,1,0) 
ch. $* ] (10; 4, 2, 1, 1, 1, 1, 0) 



L (10; 3, 3, 1, 1, 1, 1,0). 



15). ch. $ (10; 7, 3, 0); 
$=18 + 29 + 310 = 
or = 28 + 39 + 410 = 

" =38 + 49 + 510 = 
" =48 + 59+ 610 = 



" =58 + 69 + 710 = 



(12+ 23 + etc.) 7 , 

(23 + 34 + etc.) 6 = (24 + 35 + etc.) 8 
(25 + 36 + etc.)', 

(34 + 45 + etc.) 5 = (12 + 34 + 45 + etc.) 5 , 
(45 + 56 + etc.) 4 = (12 + 45 + 56 + etc.) 4 
(12 + 23 + 45 + etc.) 4 = (46 + 57 + etc.) 2 
= (12 + 46 + 57 + etc.) 8 , 

(56 + 67 + etc.) 8 = (12 + 56+ 67 + etc.)* 
(12+23+ 56 + etc.) 3 = (12+34 +56+etc.) 3 . 



ch. $r 



ch. 4>* 



f (10; 5, 2, 2, 1,0) 
(10; 4,3, 3,0) 
(10; 4, 3, 2, 1,0), 

MlO; 4, 1, 1, 1, 1, 1, 1,0) 
I (10; 3, 2, 1, 1, 1, 1, 1,0) 
[(10; 2, 2, 2, 1, 1, 1,1,0), 



ch. 4> 



(10 
(10 
(10 
(10 
(10 



5, 1, 1, 1, 1, 1, 0) 

4, 2, 1, 1, 1, 1, 0) 

3, 3, 1, 1, 1, 1, 0) 

3, 2, 2, 2, 1, 0) 

3, 2, 2, 1, 1,1,0). 



ch i ((10; 3,1,1, 1, 1,1,1,1,0) 
((10; 2, 2, 1, 1, 1, 1, 1, 1,0) 



16). cA. $ (10; 7, 2, 1, 0); 

<p = 68 + 79 + 810 = (67 + 78 + etc.)* = (12 + 67 + 78 + etc.)* 

= (12 + 34 + 67 + 78 + etc:)*. 

f (10; 6, 1, 1, 1, 1, 0) 
ch. $* -j (10 ; 5, 2, 1, 1, 1, 0) 
L (10; 4,3, 1, 1, 1,0). 

17). ch. $(10; 8, 2, 0); 

$=19 + 210 = (12+ 23 + etc) 8 =(13 + 24 + etc.) 4 

= (15 + 26+ etc.)*, 
or = 29 + 310 = (23 + 34 + etc.) 7 , 
" = 39 + 410 = (34 + 45 + etc.) 6 = 

= (35 + 46 + etc.)' = 
= (36 + 47 + etc.)* = 



44 



(12 + 34 + 45 + etc.)* 

(12 + 35 + etc.) 3 

(12 + 36 + 47 + etc.)*, 



372 



Metzler : On the Roots of Matrices. 



ch. 4>* 



ch. $ < 



or = 49 + 510 = 



u 



= 59-1-610 = 



(( 



= 69-|- 710 = 



li 



= 79 + 810 = 



1,0) 
1,0) 

0) 
0) 
1,0) 

0) 



(45 + 56 + 
(12 + 23 + 
(56 + 67 + 
(12 + 23 + 
(12 + 23 + 
(12 + 57 + 
(67 + 78 + 
(12 + 23 + 
(12 + 23 + 
(12 + 34 + 
(78 + 89 + 
(12 + 34 + 



67 + etc.) 6 = (12 + 45 + 56 + etc.)* 
45 + etc.) 5 , 



(10 


; 7, 1, 


1, 


(10 


I 6, 2, 


1, 


(10. 


; 6, 2, 


2, 


(10: 


; 5, 3, 


2, 


(10; 


: 5,- 3, 


1, 


(10 j 


, 4, 4, 


2, 


(10; 


4,4, 


1, 


(10; 


5, 1, 


1, 


(10; 


; 4, 2, 


1, 


(10; 


; 3, 3, 


1, 


(10; 


, 3, 2, 


2, 


(10; 


2, 2, 


2, 


(10; 


; 2, 2, 


2, 



68 +etc.)*= (12+34 + 57 + 

etc.) 3 = (12 + 67 + 78 + etc.) 3 

67 + 78 + etc.) 3 

45 + 67 + 78 + etc.) 3 

67 + 78 + etc.) 3 , 

910)* = (12 + 78 + 89 + 910) 8 

78 + etc.)* = (12+34+56+78+ etc.) 8 . 



ch. tf 



1,0), 

1, 1, 1, 0) 

1, 1, 1, 0) 

1, 1, 1, 0) 

1, 1, 1, 0) 

2, 2, 0) 

2, 1, 1, 0), 



(io. 


; 6, i, l, i, i, o) 


(io: 


I 5, 2, 1, 1, 1, 0) 


(io, 


; 4, 3, 1, 1, 1, 0) 


(10; 


4, 2, 2, 2, 0) 


(io, 


I 4, 2, 2, 1, 1, 0) 


(10 ; 


1 3, 3, 2, 2, 0) 


(10; 


; 3, 3, 2, 1, 1, 0), 



h. $ 



i 



j-(10; 4,1, 1, 1, 1, 1, 1,0) 
-1(10; 3,2, 1, 1, 1, 1, 1,0) 
((10; 2, 2, 2, 1, 1, 1, 1,0), 



ch d>* | (1 ° 5 8 ' 1 ' 1 ' 1 ' 1 ' 1.1.1.0) 
1(10; 2, 2, 1, 1, 1, 1, 1, 1,0) 



18). ch. $(10; 9, 1, 0); 

$ = 110 = (12 + 23 + etc.)* = (14 + 25 + etc.) 3 , 
or = 210 = (23 + 34 + etc.) 8 = (24 + 35 + etc.)* 

= (26 + 37 + etc.)*, 
" = 310 = (34 + 45 + etc.) 7 = (12 + 34 + 45 + etc.) 7 , 
" = 410 = (45 + 56 + etc.) 6 = (12 + 45 + etc.) 6 

= (12 + 23 + 45 + 56 + etc.) 6 = (46 + 57 + etc.) 8 
= (12 + 46 + 57 + etc.) 3 = (12 + 23 + 46 + etc.) 3 
= (47 + 58 + etc.) 2 = (12 + 47 + etc)* = etc., 



Metzler : On the Roots of Matrices. 



373 



or = 510 = 



<( 



= 610 = 



11 



= 710 = 



11 



= 810 = 



56 + 67 + etc.) 5 = (12 + 56 + etc.) 5 

12 + 23 + 56 + etc.) 5 = (12 + 34 + 56 + etc.) 5 

12 + 23 + 34 + 56 + etc.) 5 , 

67 4- 78 4- etc.)* = (12 + 67 + 78 + etc.) 4 

12 + 34 + 67 + etc.) 4 = (12 + 23 + 67 + 78 + etc.) 4 

12 + 23 + 34 + 67 + 78 + etc.) 4 

12 + 23 + 45 + 67 + etc.) 4 = (68 + 79 + 810)* 

12 + 68 4- 79 + etc.)* = (12 4" 34 + 68 4- etc.)*, 

78 4- 89 4- 910) s = (12 4" 78 4- etc.) 8 

12 4- 23 4- 78 4- etc.) 8 = (12 4- 34 4- 56 4- 78 4- etc.) 8 

12 4- 23 4- 45 4- 78 etc.) 8 

12 4- 23 4- 45 4- 56 4- 78 4- etc.) 8 

12 4- 34 4- 56 4- 78 4- etc.) 8 , 

89 4- 910)* = (12 4- 89 4" 910)* 

12 4- 34 4- 89 4- 910) 2 = (12 4" 34 4- 56 4" 89 4" 910)*. 





'(10; 


8, 1, 1, 0) 




ch. $ " 


(10 ; 7, 2, 1, 0) 
(10 ; 6, 3, 1, 0) 






(10; 5,4, 1,0), 






"(10; 


6, 1, 1, 1, 1, 0) 






(10; 


5, 2, 1, 1, 1, 0) 




ch. $r ~ 


(10; 
(10; 


4, 3, 1, 1, 1, 0) 
4, 2, 2, 1, 1, 0) 






(10 j 


i 3, 3, 2, 1, 1, 0) 






. (10 


; 3, 2, 2, 2, 1, 0), 






f (10; 


: 4, l, l, l, l, l, l, 


o) 


ch. $* < 


(10 


; 3, 2, 1, 1, 1, 1, 1, 


o) 




1(10 


; 2, 2, 2, 1, 1, 1, 1, 


o), 
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; 4, 4, 1, 1, 0) 


(10 


; 4, 3, 2, 1, 0) 


[(io 
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4, 2, 1, 1, 1, 1, 0) 
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3, 3, 1, 1, 1, 1, 0) 
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2, 2, 2, 2, 1, 1, 0), 



ch d>* i (10; 3 ' lf lf lf *' 1( *' 1,0) 
I (10; 2, 2, 1, 1, 1, 1,1, 1,0). 



374 Metzler : On the Roots of Matrices. 

29. Proceeding now to the consideration of matrices having some latent 
roots zero and others different from zero it may be observed that: 

(1). The nullity of N depends on the nullity of $ and in the following way: 

And consequently when the nullity of $ is equal to its vacuity the nullity of -AT is 
G), and therefore N vanishes. 

(2). When the nullity of $ is equal to its vacuity it has an n th root, and 
when the nullity is less than the vacuity $ obviously cannot have a root with 
index greater than its nullity. 

(3). If N v [$]=p, $ cannot have a (p — (if* root unless N has a (p — p)** 
root. 

30. N is a nilpotent matrix — a root of zero — such as was considered in 
Art. 28, and as was there shown will have a 9 th root unless the law of nullity 
prohibits. The relation existing between the nullities of N and $ shows us 
that if the law of nullity permits one it will also permit the other to have a 3 th 
root, and consequently we have the theorem that : There will always be a 3 th root 
unless the law of nullity prohibits. 

§6. — Transcendental Functions of a Matrix. 

31. In this section I shall consider a few cases of the elementary transcen- 
dental functions of a matrix. 

(a). Exponential function. — I define e+ by the ordinary series, viz.: 

e+= 1 +•? + %, + $-. + etc. + £ + etc. 



1 ^ 2! ^ 3! ^™"^n! 



00 



^ 

Let $» = (A + nA 1 +n*A i + .... + n*>A Pi )fi + (B + nB x + + n»B p ,)g* t 

then 

an /*" 

(A + ( iA 1 + .... + n»A Pt )g$ + .... +(S + ftS^ ....+(i»SJg* 
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00 0* 00 00 



+ 



+ 



E B v + E" B ^.+-- + E"'- B 4- 



OB OD OB 





Pi 



= Arf** + g x A^ + +y?^il Pi ^ 



Pt 



+ B<ff>* + g t B^ + ....+ ^?^5 Pt e». 

i 
+ 

p« 

+ <V* + ^.^* + . . . . + y^^e". 

Again * 





CO 



00 00 





+ .... 



+ S ^7 (- !>■+•** + ....+ ]►?(- iy+V%$ . 







= lA-^-^-siM,-. . . . -^?(-i)* +, j7r4,>-" 



l 
p% 



+ \B -g t B 1 -(g i -gl)B t _^?(_i)m+i#5J*-* 

i 
+ 

P* 

+ \8,-9&-(g.-fi)S,- .... -^T{-lY +1 g;S p .\e-'-. 
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(b). Logarithmic function. — I define log $ by the series : 

log * = ($ - 1) - M* - 1)* + M<*> - 1)' - i(4> - 1) 4 + etc. 

i 
Let <F = A^g" + B&1 + ....+W«gZ, 

then (* - If = A ( 9l - 1)* + B (g t - if + . . . . + W {g m - 1) A 
and 

1 1 

= 4, log g Y + B log g % + + W log g m . 

Again let $" = (A + nAjg? + (B + nB^gl +....+ ($, + nS^fi 

then (*-l) A = M91-1Y + lA&to—iy-* + B (g t -iy + iBtffa-iy- 1 

+ .... + £„(&— 1) A + *%*(&- 1) A_1 . 
and log $ = A log g x + B t log g % + ....+ S* log & 

Having defined e* and log $ independently, let us see what e loe * becomes, using 
the definition given for log <p . 
We have 

which shows that having defined e+ by the ordinary series, we were justified in 
defining log $ as in (b). 

(c). Sin $. — I define sin $ as follows : 



Metzler : On the Roots of Matrices. 377 



Let <p n =A Q g? + B ( $+ +W Q gZ, 



then sin 



in»= V(-1) A \ Aog? +1 + B ( g?+ i + .... +TT^+4 
o ( (2*+l)! J 

= A sin </j + i? sin g t + ....+ W sin $f„. 

Again if <p n = (A + n^,)^ + (£ + nB^gl + + (£ + nS v )g*, , 

then sin $ = A sin #j + 2? sin g % + ....+ S sin g t 

+ g^ cos gr, + giBi cos ?,+ .... + &/Si cos g t . 

(d). Sin -1 ^. — I define sin -1 $ as follows : 



• i ^ 4 , H' , 1.3 4 1 , . 1.3 ... . 2r— 1 a* +l . 

8m * = T + 2- 3 + "2^- 5 +•••■+ 2.4.... 2r ' 27+T + ■ 



_v?i.3 aa,— l <j>** +1 



=£ 



2.4 2X 2A, + 1 

o 

Let 4>"= Atff + Batf + + Wtfl, 

then 



oo 



sin 4> - ^ 2.4.... 2X ' | 2*+l 

= ;4 sin -1 ^, + B sin"- 1 gr 2 + ....+ W Q sin"" 1 &, . 

Having defined sin ty and sin"" 1 $ independently, let us see what sin sin" 1 $ 
becomes, using the definition given for sin" 1 ty. 
We have 



. - _! . - V^ 1.3 .... 2* — 1 A 2 ** 1 
sin sm 1 = sin>A — _ _ — . J 

r £J 2.4 2X 2X + 1 



00 

= sin \* 



1.3 ... . 2*- 1 4#f + 1 + B ofl f + 1 + ....+ TF«s£ A+1 



2.4 23, J 2X + 1 

l 

= sin{^ 8in- 1 gr 1 + 5 8in- 1 ^ + .... +W 8iir l g„\ 
= A^ + B$ % + ....+ W<>g„ 
= 4>, 

which shows that having defined sin $ by the ordinary series we were justified 
in defining sin"" 1 q> as in (d). 
Worcester, Mass., April 15, 1892. 



Simple Groups from Order 201 to Order 500. 

By F. N. Cole, Ph. D. 



In a recent number of the Mathematische Annalen* Dr. Otto Holder has 
determined all the simple groups as far as order 200. The importance of this 
class of groups and the lack of any general method for their construction render 
it desirable to extend this census as far as possible. Only the simple groups 
furnish new algebraic problems, the reduction of a compound group being effected 
by means of a series of simple groups of lower orders. The number of simple 
groups is very limited. Beside the (necessarily cyclical) groups of prime order, 
which are always simple, Dr. Holder finds below order 201 only two other cases, 
both of which have long been known, viz., a simple group of order 60, isomorphic 
with the alternating group of permutations of 5 letters, and a simple group of 
order 168, isomorphic with the group identified with the transformation of the 
7th order of the elliptic modular functions. 

From order 201 to order 500 there is one known simple group of order 360, 
isomorphic with the alternating group of permutations of 6 letters. Beside this 
I find only two other possibilities of compound order, both of which present 
more serious difficulties than I have as yet been able to meet. I do not here 
prove or disprove the existence 1) of a second simple group of order 360 not 
isomorphic with the group of even permutations of 6 letters, or 2) of a simple 
group of order 432. It seems, however, a measurable advance to have restricted 
the necessity of further consideration to these two cases. 

I. — Preliminary Theorems. 

The general method here employed is identical with that of Dr. Holder's 
article, to which and to the works of Netto and Serret the reader is referred for 
further particulars. It is to be especially noted that, the simple or compound 

•Math. Ann. XL, 1, p. 55. 



Cole: Simple Groups from Order 201 to Order 500. 379 

character being a property of a group in itself, independent of the particular 
form in which its operations are expressed, we deal here primarily with groups 
in the abstract, only recurring when convenient to their representation in terms 
of substitutions of n letters. 

In the analysis of the structure of a group the theorems of Sylow * are 
indispensable : 

I. — A group the order of which is a potcer of a prime number is compound. 

II. — If p a is the highest power of a prime number p which divides the order r 
of a group G, then the subgroups of order p a contained in G are all conjugate, and 
their number is xp-\-\, where 

r=p a .v.(xp + 1), 

the integers v and x remaining to be determined in each partiadar case. 

From these Dr. Holder deduces the two following : 

III. — If the order of a group is a product of two or of three prime factors, 
including the case where any of the factors are equal, the group is compound. 

IV. — If the group G of Theorem II is simple, it is holoedrically isomorphic 
with a transitive group of substitutions of xp + 1 letters. 

It follows at once from the last Theorem that the order r of G must be a 
divisor of (xp + 1)! Also, since there is only one group of substitutions of 6 
letters, the alternating group of order 360, the order of which lies between 201 
and 500, we must always have xp + 1>6, except when r = 360. 

The following well known theorem f is also of great use for the present 
purpose : 

V. — If a transitive group G of substitutions of n letters contains a transitive 
subgroup of lower degree, then G is either doubly transitive or non-primitive. 

It is to be noted further that if a simple group G of an order above 120 
is non-primitive, its number of systems of non-primitivity must exceed 6. 
Otherwise it would be possible^ to construct a simple group of substitutions 
holoedrically isomorphic with G and affecting not more than 6 letters. 

Finally, a simple group G, expressed in substitutions, cannot contain any 
odd substitution. For the even substitutions would then give a self-conjugate 
8ubgroup.|| 

*L. Sylow : Math. Ann., V, p. 284. 
t Cf. Netto : Theory of Substitutions, p. 95, Corollary. 

t Ibid., p. 76. . || Ibid., pp. 86 and 81. 

45 
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II. — First Reduction of the Number of Possible Orders. 

Between 201 and 500 I find the following 84 numbers which are not powers 
of a single prime or products of two or of three primes : 



♦204= 2*. 3. 17 


♦312= 2 s . 3. 13 


* 408 = 2» . 3 . 17 


* 208 = 2* . 13 


315 = 3*. 5. 7 


♦414 = 2. 3'. 23 


210 = 2 . 3 . 5 . 7 


** 320= 2 s . 5 


♦416 = 2M3 


** 216 = 2* . 3* 


♦♦ 324 = 2* . 3 4 


420=2'. 3. 5. 7 


*220 = 2».5.11 


* 328 = 2» . 41 


* 424 = 2» . 53 


1 224 = 2 8 . 7 


* 330 = 2. 3. 5. 11 


432 = 2* . 3» 


* 225 = 3' . 5' 


336 = 2* . 3 . 7 


♦ 440 = 2 8 . 5 . 11 


* 228 = 2 s . 3 . 19 


♦340=2*. 5. 17 


*441 = 3'.7' 


*232=2 3 .29 


* 342 = 2 . 3M9 


♦444 = 2».3.37 


* 234= 2. 3'. 13 


* 344 = 2 s . 43 


t448 = 2«.7 


240 = 2 4 . 3 . 5 


♦348 = 2', 3. 29 


♦♦450=2.3'. 5' 


* 248 = 2» . 31 


♦350 = 2. 5*. 7 


* 456 = 2» . 3 . 19 


* 250 = 2 . 5* 


351 = 3*. 13 


♦459 = 3'. 17 


252 = 2* . 3* . 7 


*352=2M1 


♦460= 2*. 5. 23 


* 260 = 2- . 5 . 13 


360 = 2» . 3* . 5 


* 462 = 2 . 3 . 7 . 11 


264 = 2 s . 3. 11 


♦364 = 2'. 7. 13 


* 464 = 2* . 29 


** 270 = 2 . 3 8 . 5 


* 368 = 2* . 23 


* 468 = 2' . 3' . 13 


* 272 = 2 4 . 17 


* 372 = 2'. 3. 31 


* 472 = 2 8 . 59 


* 276 = 2'. 3. 23 


* 375 = 3 . 5 s 


♦476 = 2*. 7. 17 


280 = 2 s . 5 . 7 


♦376 = 2*. 47 


480 = 2* . 3 . 5 


288 = 2* . 3* 


♦378 = 2.3 8 .7 


♦484=2'. 11' 


♦294=2.3.7' 


380= 2 s . 5. 19 


♦ 486 = 2 . 3» 


* 296 = 2 8 . 37 


♦♦384= 2 7 . 3 


♦488 = 2 s . 61 


♦297 = 3Ml 


♦390=2.3.5.13 


*490=2.5.7* 


** 300 = 2* . 3 . 5* 


f392 = 2 8 .7» 


♦492 = 2*. 3. 41 


* 304 = 2* . 19 


396 = 2'. 3'. 11 


495 = 3'. 5. 11 


306 = 2 . 3* . 17 


400 = 2 4 . 5' 


* 496 = 2* . 31 


♦308 = 2'. 7. 11 


♦405 = 3 4 . 5 


*500=2*.5 8 



Of these those marked * or ** are to be rejected, the former because for 
one or another factor p the number xp + 1 can only be 1, the latter because 
xp + 1 is less than 7. Further, the three cases 224, 392, and 448 are excluded, 
since these orders are not divisors of corresponding numbers (xp + l)!. The 
possible simple groups are therefore included among the following 18 orders : 
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210=2.3.5.7 306 = 2. 3*. 17 396 = 2».3Ml 

240 = 2*. 3. 5 315 = 3*. 5. 7 400 = 2 4 . 5* 

252 = 2 2 .3 2 .7 336 = 2 4 . 3. 7 420 = 2*. 3. 5. 7 

264= 2 s . 3. 11 351 = 3M3 432=2 4 .3 8 

280 = 2 8 . 5. 7 360 = 2 8 .3\5 480 = 2 s . 3. 5 

288 = 2 i .3 2 380= 2 2 . 5. 19 495 = 3*. 5. 11 



III. — Further Reduction of the 18 Cases to 7. 

1. Of the remaining 18 orders the following 7 are at once disposed of: 

240, 280, 306, 351, 380, 396, 495. 

Thus, if r = 240= 5.r .(5*+ 1), we must take 5x + 1 = 6 or 16. 6 is 

excluded. A simple group of order 240 must therefore be isomorphic with a 

transitive group of 240 substitutions of 16 letters. The subgroup which leaves 

240 
one of the 16 letters unchanged is then of order - T r-= 15. But a group of 

16 

order 15 is necessarily cyclical; its operations are all powers of a single one 

among them, s t . The powers of * lf the exponents of which are divisible by 3, 

form a self-conjugate subgroup of order 5. Every operation of this subgroup, 

except identity, must consist of exactly 3 cycles of five letters each. Otherwise 

the same subgroup of order 5 would occur in several of the groups which leave a 

single one of the 16 letters unchanged, and there would therefore be less than 16 

subgroups of order 5. The operation s x accordingly cannot consist of cycles of 5 

letters with cycles of 3 letters, but must be a single cycle of 15 letters. 

Every power of 8 X therefore affects all the 15 letters. The group of order 240 

then contains 16.14=224 distinct operations of order 15, leaving only 16 

further operations. There can therefore be only one subgroup of order 16. 

Consequently a group of order 240 is compound. 

Again, if r = 280 = 7 .i>.(7x + 1), we have 7* + 1 = 8 . There is therefore 
to be a simple transitive group of 280 substitutions of 8 letters. This requires a 
subgroup of order 35 affecting 7 letters. But a group of order 35 is cyclical, 
and such a group cannot be constructed with 7 letters. 

For r=306 = 17.i/.(17*+ 1) we have 17* + 1 = 18, and a simple transi- 
tive group of 306 substitutions of 18 letters, with 18 subgroups of order 17 
affecting 17 letters. These give 18.16 = 288 operations of order 17, leaving 
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only 18 further operations, each of which must affect all the 18 letters. Among 
these there must be a substitution of order 2, which must then consist of 9 cycles 
of two letters each. But such a substitution is odd. 

For r = 351 = 13.i>.(13* + 1) there must be 27 subgroups of order 13, 
involving 27.12 = 324 distinct operations. There remain only 27 further opera- 
tions, which can furnish only one group of order 27. 

For r=380 = 19.i/.(19x + 1) we have 20 subgroups of order 19, with 
20.18 = 360 distinct operations. Also from 380 = 5. v .(5* + 1) it follows that 
there are 76 subgroups of order 5, with 76.4 further operations. But these 
cannot all be included in a group of order 380. 

If r= 396 = ll.r.(ll* + l), there must be a simple transitive group of 
396 substitutions of 12 letters, containing 12 subgroups of order 33 affecting 11 
letters. But a group of order 33 is cyclical, and is impossible with only 
11 letters. 

Finally, if r=495= ll.i/.(llx+ 1), we have 45 subgroups of order 11, 
containing 45.10=450 distinct operations of order 11. But from 495 = 
5.i>.(5* + 1) it appears that there are also 11 subgroups of order 5, containing 
11.4 = 44 operations of order 5. These two sets of operations together with 
identity make up the entire group, leaving no. opportunity for any operations of 
order 3. 

The 7 orders just discussed therefore afford no simple groups. 

2. Of the 11 cases remaining, the following 4 also present no considerable 

difficulty : 

210, 264, 315, 336. 

For r= 210= 7.r.(7*+l) there must be 15 subgroups of order 7, con- 
taining 15. 6 = 90 distinct operations of this order. Also from 210 = 3.i>.(3x + 1) 
we have 3x + 1 = 7, 10, or 70. In the last case there would be 70. 2= 140 
operations of order 3, which could not all be included in the group. Also if 
3*+ 1 = 7, there must be a simple transitive group of 210 substitutions of 7 
letters. This would contain subgroups of order 30, affecting 6 letters. But a 
group of order 30 contains a cyclical subgroup of order 15, and this cannot be 
constructed with 6 letters. Finally, if 3*+ 1= 10, the isomorphic group of 
210 substitutions of 10 letters would include a circular substitution of 7 letters, 
and. must therefore be doubly transitive or non-primitive. Both of these possi- 
bilities are here excluded. There is therefore no simple group of this order. 
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Again, if r= 264= ll.i>.(llx + 1), we require a simple, transitive group 
of 264 substitutions of 12 letters. This will include 12 subgroups of order 22, 
affecting 11 letters. Such a subgroup consists of the powers of a circular substi- 
tution of 11 letters and 11 substitutions with 5 cycles of two letters each. The 
latter substitutions being odd, there is no simple group of this order. 

If r = 315 = 9.v.(3# + 1), there must be a simple, transitive group of 315 
substitutions of 7 letters. This group must contain a circular substitution of 
6 letters. But the group is neither doubly transitive nor non-primitive. 

For r = 336 = 7 .r . (7* + 1) , we must have 7x + 1 = 8 . The corresponding 
simple, transitive group of 8 letters contains subgroups of 42 substitutions of 7 
letters. Such a subgroup contains a further, self-conjugate subgroup of order 7, 
consisting of the powers of a circular substitution of 7 letters. It contains further 
an operation of order 2. This operation cannot consist of 1 or of 3 cycles of 
two letters, since both of these cases are odd. But 2 cycles of two letters cannot 
transform the circular substitution of 7 letters into any of its powers, as must 
here be the case. 

IV.— The Orders 252, 288, 400, 420, and 480. 

These require a more detailed consideration, involving a somewhat elaborate 
determination of the possible orders of the included operations. 

1. r = 252. This case requires 36 subgroups of order 7 , furnishing at once 
36.6 = 216 of the 252 operations. The corresponding simple, transitive group 
of 36 letters contains 36 subgroups of order 7 affecting 35 letters each. Every 
actual substitution of these subgroups must consist of 5 cycles of 7 letters each ; 
otherwise there would not be 36 distinct subgroups of this type. The remaining 
35 actual substitutions affect all the 36 letters. Every one of them must be 
regular, i. e. must consist of cycles all of which contain the same number of letters. 
Otherwise a proper power of one of them would affect less than 35 letters, 
without being identity. 

There can be no operation of order 9 in the group. For such an operation 
must consist of 4 cycles of 9 letters each. An operation of order 7 could not 
transform this operation into itself or into any of its powers. Every operation 
of order 9 would therefore give rise, on being transformed by an operation of 
order 7, to 7 conjugate operations of order 9. The 1st, 2d, 4th, 5th, 7th, and 
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8th powers of these 7 operations must all be distinct. We should have there- 
fore 7.6 = 42 distinct new operations, whereas there can be only 36. There is 
therefore no operation of order 9, 18, or 36 in the group. 

The possible orders beside 7 , which must all be divisors of 36 , are therefore 
reduced to 12, 6, 4, 3, and 2. An operation of order 12 must consist of 3 cycles 
of 12 letters each, and one of order 4 of 9 cycles of 4 letters each. Both of these 
cases are odd. There therefore remain only the orders 2, 3, and 6. The sub- 
stitutions of these orders, like the hypothetical substitutions of order 9 , must be 
joined in conjugate sets of 7 each. At least one subgroup of order 2 and one of 
order 3 are present. These give rise to at least 7 operations of order 2 and 
7. 2 = 14 of order 3. If any operation of order 6 is present this gives rise to 7 
conjugate groups of this order, the first and fifth powers of whose generating 
substitutions are all distinct. These would furnish the 7.2=14 missing 
operations. 

On the other hand, if no operation of order 6 is present, then no operation 
of order 3 can transform an operation of order 2 into itself. For in this case the 
product of the two operations would be of order 6 . Consequently the number 
of the operations of order 2 is a multiple of 3 as well as of 7 , and is therefore a 
multiple of 21. There are therefore at least 21 operations of order 2 in the 
group. These, with the 14 necessarily present operations of order 3 and identity, 
make up the 36 operations to be supplied. 

In any case, then, the group contains exactly 14 operations of order 3. 
From these 14 operations at least 7 subgroups of order 9 are to be constructed. 
These groups consist of 8 commutative operations of order 3 and identity. Two 
such groups, if distinct, cannot have more than 3 operations in common. In the 
present case they must have 3 operations in common ; otherwise they would 
furnish 16 operations of order 3. If they have 3 operations in common they 
furnish together all the 14 possible operations of order 3. A third group of 
order 9 must therefore have all its operations in common with these two. But 
it can have only 3 (including identity) in common with each, or 5 with both. 
Accordingly, from the 14 operations of order 3 only two (if any) groups of order 9 
can be constructed. A group of order 252 is therefore simple. 

i. 

2. r=288. We must have here 9 conjugate subgroups of order 32. 
There is therefore to be a simple, transitive group of 288 substitutions of 9 letters. 



Cole: Simple Groups from Order 201 to Order 500. 385 

The 9 subgroups which affect 8 letters are those of order 32. The operations of 
such a group are of orders 32, 16, 8, 4, and 2; 32 and 16 are here excluded. 
Also a circular substitution of 8 letters, being odd, is inadmissible. Every 
operation of the subgroups of order 32 therefore consists of cycles of 4 and of 2 
letters ; 1 cycle of 4 letters, or 1 or 3 cycles of two letters are odd ; 2 cycles of 
2 letters cannot occur in a primitive group of degree 9 ; 1 cycle of 4 letters with 
1 of 2 letters is excluded, since its square would have 2 cycles of 2 letters. 
There remain only substitutions of 2 cycles of 4 letters, or 4 cycles of 2 letters. 
Every substitution of the 9 subgroups of order 32 therefore affects all the 8 letters. 
These subgroups accordingly furnish 9.31 = 279 distinct substitutions, leaving 
only 9 . The latter can form at the most one subgroup of order 9 . 

3. r = 400. In this case there must be 16 conjugate subgroups of order 25 , 
and therefore a simple, transitive group of 400 substitutions of 16 letters. The 
subgroups which leave one letter unchanged are the 16 subgroups of order 25. 
These cannot be cyclical, since they affect only 15 letters. Any one of them 
therefore consists of 24 commutative substitutions of order 5 and the identical 
substitution. Suppose that ^ and s 8 are any two of the substitutions of such a 
group. Then s 2 transforms s x into itself, and since s x contains at the most 3 cycles, 
** must transform every cycle of s x into itself. Consequently the cycles of s 2 are 
powers of cycles of s x so far as s x and s % have letters in common. It follows that 
the 15 letters affected by the group divide into 3 transitive systems of 5 letters 
each, and that every substitution of the group is a combination of one, two, or 
three circular, substitutions u, v, 10, of order 5, each of which affects one of the 
three systems of transitivity. 

No substitution of the group of order 400 can consist of a single cycle of 5 
letters. For the group would then be non-primitive. The only admissible dis- 
tribution of the 16 letters would be into 8 systems of 2 letters each. But 400 is 
not a divisor of 2 8 .8 ! Also the substitutions of the subgroup of order 25 
cannot all consist of three cycles each. For then these subgroups would furnish 
16.24 = 384 distinct operations, leaving only 16, from which only one subgroup 
of order 16 could be formed.* 

A subgroup of order 25 therefore contains some operations with two cycles 
of 5 letters. Suppose one of these to be uv. There can then be no other 
operation u*v J (i d£j) in the group, for (uv)"* uV would consist of a single cycle. 
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The 5 powers of uv cannot make up the entire subgroup. We must therefore 
add to these some uw, or vw, or uv x vf. Whatever choice is made, there is 
essentially only one result. The subgroup must contain the combinations 

uv y uw, vw A , 
uvPw*, uxPuP, uv 4 u?. 

These with their powers furnish all the 6.4 + 1= 25 operations of the sub- 
group. 

1 6 

The group of order 400 contains therefore —.12=32 substitutions of order 

6 

6 with two cycles. These divide into 8 groups. There must therefore be a 

simple, transitive group of 400 substitutions of, at the most, 8 letters. But such 

a group is impossible, since 400 is not a divisor of 8 ! . 

4. r = 420. Here 7x + 1 must equal 15. We require therefore a simple, 
transitive group of 420 substitutions of 15 letters. A subgroup which leaves one 
letter unchanged is of order 28, and therefore contains an operation of order 7. 
This cannot be a circular substitution ; it consists then of two cycles of 7 letters 
each. The subgroup composed of the powers of this operation is self-conjugate 
in respect to the group of order 28 . Of the remaining 21 operations of this 
group none can be of order 14 or 28. For a cycle of 14 letters is odd, and any 
combination of a cycle of 7 letters with one of 2 or 4 letters contains among its 
powers a single cycle of 7 letters. 

All the 21 remaining operations are therefore of order 2 or order 4 . One 
of order 4 is inadmissible, for an operation of order 4 cannot, transform an 
operation of order 7 into any of its powers except the first. And in the latter 
case the product of the two operations would be of order 28 . Also the opera- 
tions of order 2 cannot transform the operation of order 7 into itself, for then 
we must have operations of order 14. Consequently every operation a of order 
2 must transform the operation 8 of order 7 into its 6 th power ; a cannot inter- 
change the two cycles of «, for then a must consist of 7 cycles of two letters. 
Accordingly a leaves 1 letter of each cycle of 8 unchanged, and interchanges the 
remaining 6 letters of each cycle in pairs. As soon as the two fixed letters are 
assigned, a is fully determined. Moreover, a given letter of the one cycle cannot 
be paired as fixed letter with two different letters of the other cycle. For then 
the product of the two corresponding substitutions of order 2 would be different 
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from identity, but would not affect the letters of the first cycle of $, and could 
not therefore transform this cycle into its 6 th power. It is therefore possible to 
construct only 7 of the 21 required substitutions of order 2 . 
There is then no simple group of order 420. 

5. r = 480. We must have here either 16 or 96 subgroups of order 5 . In 
the former case the corresponding group of substitutions of 16 letters contains 
subgroups of order 30, affecting 15 letters. Each of these subgroups contains a 
self-conjugate subgroup of order 5 . Every actual operation of the latter consists 
of 3 cycles of 5 letters each ; otherwise the group of order 480 would not contain 
16 subgroups of order 5. A group of order 30 contains, moreover, a cyclical 
subgroup of order 15, the generating operation of which must here consist of a 
single cycle of 15 letters, since its 3 d power is of order 5. The remaining sub- 
stitutions of the group of order 30 are of order 2, and each consists of 7 cycles 
of 2 letters each, and is therefore odd. Consequently a simple group of order 480 
contains 96 subgroups of order 5. These furnish 96.4 = 384 distinct operations 
of order 5, leaving 96 — 1 to be identified. 

The number of subgroups of order 3 cannot now exceed 48 . Below this 
limit we find Sx + 1 = 10, 16, or 40. The last two numbers are impossible. 
For 40 subgroups of order 3 would furnish 80 operations, leaving only 16 from 
which to form groups of order 32. And 16 groups of order 3 would require a 
simple, transitive group of 480 substitutions of 16 letters, which, we have just 
shown, does not exist. There are therefore exactly 10 subgroups of order 3. 
The corresponding group of substitutions of 10 letters contains 10 conjugate 
subgroups of order 48 , affecting 9 letters. Each of these contains again 1 or 3 
subgroups of order 16. We show that every actual substitution of such a sub- 
group affects exactly 8 letters. 

In the first place there can obviously be no operation of order 16 present. 
Also an operation of order 8 must here consist of a single cycle of 8 letters, which, 
being odd, is also excluded. Every operation of the groups of order 16 under 
consideration must therefore be of order 4 or order 2 ; 1 or 3 cycles of 2 letters, 
1 cycle of 4 letters, and one cycle of 4 with 2 of 2 are excluded, being odd ; 2 
cycles of 2 letters are also excluded. There remain only 2 cycles of 4 letters, 
4 cycles of 2 letters, and 1 cycle of 4 letters with one of 2 letters. The last case 
is also excluded, since the square of such a substitution would consist of 2 cycles 

46 
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of 2 letters. Every substitution of the groups of order 16 therefore affects 8 
letters. The 8 letters are the same for every substitution of the same group. 
For if we multiply 4 cycles of 2 letters into 4 cycles of 2 letters having 7 letters 
in common with the first set, it is impossible to remove one letter, without 
removing two. 

Now a primitive group of substitutions of n letters contains a subgroup 
actually affecting any n — 1 letters.* If a subgroup of order 16 contained in a 
group of order 48 is transformed by a proper operation of the group affecting all 
the 9 corresponding letters, the result is a new subgroup of order 16 affecting a 
different 8 of the 9 letters. Each group of order 48 therefore contains more than 
1 subgroup of order 16, and therefore contains 3 such subgroups. Each of these 
subgroups, leaving 2 of the 10 letters unchanged, occurs in two of the groups of 

order 48. There are therefore —.3= 15 subgroups of order 16. The actual 

I* 

operations of these groups must all be different, since each group affects a different 

set of 8 letters. They furnish therefore 15.15= 225 new operations, whereas 

only 75 are admissible. 

There is, then, no simple group of order 480, and the possible orders of 

simple groups of compound order between 201 and 500 are reduced to 360 and 

432. 

Ann Arbor, June, 1892. 

•Netto : p. 94, Theorem XXII. 



Extrait d'une lettre de M. d'Ocagne a M. Craig. 



.... Une faute s'etant gliss6e dans mon M6moire Sur certaines courbes . . . . , 
paru en 1888 dans V American Journal of Mathematics, je vous serais oblige de 
faire savoir a vos lecteurs qu'il y a lieu de substituer au passage qui commence a 
la page 59 (14 e ligne en remontant) par les mots: " En particulier pour 
p = 2, . . . . ■' et qui finit a la page 60 (6 e ligne) par ceux-ci : " . . . . tangente en 
ft la parabole ", le suivant : 

"Inequation de la droite n est, d'aprfes ce qui vient d'etre vu, 

(JP + 9)y — (PQ — l ) x — a = ° • 

Celle du cercle d6crit sur OP comme diam&tre est 

t? + y 2 — olx = . 

Multiplions la premiere de ces equations par x et retranchons les Tune de 

l'autre ; il vient 

y*+pqx % — (p + q)xy = 
ou 

[y — px){y — gx)=zO. 

Ainsi, la droite n passe par les points de rencontre du cercle OP avec les 
droites y — px = et y — qx = . 

Faisons p= 2(i, q = (i. Nous avons alors pour equation de la courbe, en 

posant &* = %, 

(y-2^) 8 _ ;i 

y — fix 

(Test Pequation g6n6rale des paraboles passant en et coup ant normale- 
ment Faxe Ox au second point oil elles le rencontrent. Pour une telle parabole, 
y — 2fix = est le diam&tre passant au point 0, y — fix = 0, la tangente en ce 
point. Comme d'ailleurs le point P est pris d'une mani&re quelconque sur Ox, 
on peut, dans ce cas, 6noncer comme suit le th6or&me pr6c6dent: 

Si sur une normale h une parabole, coupant cette courbe, en dehors de son pied, 
au point 0, on prend un point P quelconque, la droite n, qui passe par les pieds 
des deux autres normales qu J on peut mener du point P h la parabole, rencontre le 
cercle decrit sur OP comme diamitre au& points oh ce cercle est coupkpar la diamUre 
issu du point et la tangente en ce point" 
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Prelse. 2 Heftemitlithogr. Ansichten u. Xetzen je 9 M.— (Zu Nr. 5, Sechshundertzell] : 5 Carton- 
Mod. 20 M-, 5 Netze (bohufs Auaschneiden u. Zuaamtnenkleben) 1.50 M.— (Zu Nr. 6, Hundertxwan- 
zigzell) : 3 Carton-Mod. SO M. , 3 Netze 2.50 M. 



NeunzehrUe Serie. 

10 Modelle zur Darstellung von regularen 

Gebietstheilungen des Raumes. 

Von Dr. A. SCHOENFLIES, 

Privatdocent an der Universitut zu Guttingen. 
Eine reguliire Raumtheilung ist eine aolche Zer- 
legung des Raumes in lauter gieiche Bereiche, bei 
j welcher jeder Bereich auf analo^e Art von den 
Nachbarbereichen umgeben ist. Eine regelmiisaige 
Anordnung von Wiirfeln biiilet den einfachsten ! 
Fall derselben. Die Zahl derartiger Raumtheil- 
ungen iat unbegrenzt gross. 
Die Modelle sollen an Beispielen veranschau- 
^ lichen, wie sich die Raumtheilung aus den einzel- 
nen Bereichen aufbaut. 
Aus jedem der 10 Typen ist ein gnisserer Block hergestellt. Dm diesen Blockvergrosaern 
werdene von jedem Typos noch einiga Einzelbereiche geliefert. 

Die Serie besitzt ein Interesse auch fiir Pliy.sik und Mineralogie, insofern ee sich um die regel- 
miissige Anordnung gleichartiger Molekel n handolt. 

jEike Abkandlusto ist bbigbkSot.— PrelM der ganzea Serie HO Mk., excl. Emballage u. 
Verse ndungakosten ; fur erstere kommen o 11. pro ganze Serie in Anrechnung. Auf Verlangen werden 
von Jedem Mod ell -Ty pus einzelne Steine mm Preise von je 5(1 Pf. nachgeliefert. 





u kiinnen, 



Zwanzlgste Serie. 

Modelle der abwickelbaren, der verschlungenen und 
der geschweiften Regelschraubenflache. 



C. TESCH, 

Aaaistent an der Grosah. badischen technischen Ilochschule zu Karlsruhe. 
Iat fiir eine olfene Regelschraubenllache " der Kteigungswinkel dcrKehlechraubenlin 



r der 



f Schraubenaxe normale Ebene, ao sind drei Fiille zt 



Neijrunnswinkel der Krzcugendei 

untersthcideii : 

I. Die abwlckelbnre Sehraubvnflucue (>=«). II. Die verscIHungene Kegel, 
sell run beiillJiclie ('<"). III. Die gescliweifte ReKclHchraiibenflachc (*><").— Der 
abwickel baron Sehraubenttache ist noch die Abwicklung beigegeben. 

Eisk AwnsDi.uyo ist beigkkUgt.— Prct* der tt»ii7,eii Sorie 100 Mk., excl. Emballage u. 
Venipndungakoatcn, fiir erstere kommen 2 Mk. in Anrechnung; bei Elnzelbeznc koatet Jedem 
Hodell 35 Mk. _ 

Allc Modollc kutinen Im lu u. Atislande direct von der Yerlagshaudlung bezogen werden. 
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